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Sur un Problème relatif à là déformation des surfaces. 


Par E. Goursar. 


1. Dans son. Mémoire sur la déformation des surfaces * Bour a montré 
qu'on. pouvait toujours, étant donnée une surface de révolution quelconque, 
trouver une infinité d'autrés surfaces de révolution applicables sur la première, 
de telle façon que les méridiens et les parallèles se correspondent. Une pro- : 
priété analogue appartient encore aux surfaces moulures et à une classe plus 
générale de surfaces que nous allons définir. Nous nous proposons pour cela le 
problème général suivant :T | 

Peut-on déformer une surface de telle façon qu'une série de sections Sus dont 
les plans sont parallèles, se change en une série de sections planes dont les plans sont 
parallèles ? 

Soit z — f(x, y) l'équation d'une surface S. Toute surface S' applicable sur 
la première peut être définie en regardant les coordonnées X, Y, Z d'un point 
de S’ comme des fonctions de x, y, assujetties à vérifier la relation 


BOUE alae 2pgdedy --(1--g)dy ^ — (1) 


ou ` == of of 
P= Sn" 1= 3y ` 


Chacune des fonctions X, Y, Z doit vérifier l'équation aux dérivées partielles 
du second ordre] 


(—7)( Pr 9—1-F(—- RT) PT) TR WSP @)=0, (2) 


* Journal de l'Ecole Polytechnique, 89ème Cahier. 

t Depuis que ces lignes sont écrites, j'ai eu connaissance d'un travail de Mr. B. Mlodzieiowski, publié 
dans le Bulletin des Sciences Mathématiques (Avril 1891), oà l'auteur signale en passant les gurfaces 
étudiées ici. Mais il ne s’est pas posé la question à un point de vue général ot n’a pas indiqué le mode 
de génération de ces surfaces. - EG. 

t Darboux ;: Leçons sur la théorie générale des surfaces, t. IIT, p. 262. ME 

1 : | : 
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P, Q, E, SS, T désignant les dérivées premiéres et secondes de la fonction incon- 
nue. On ne restreint évidemment pas la généralité du problème en supposant 
que ce sont les sections planes parallèles au plan des yz qui se correspondent dans 
les deux surfaces, de facon que X se réduise à une fonction de a seulement 


= 9 (x). 
L’équation (2) devra admettre pour intégrale une fonction de x seulement. Pour 
cette intégrale on aura Q = 0, S=0, T= 0, et l'équation (2) se réduit à 

(£ — r)(P* — 1) + tpRP — 0. 
On a toujours la solution évidente P? = 1, ou 
X=+xtxzx | 
qui ne fournit que des surfaces S’ égales à S ou à sa symétrique. Pour qu'il 
existe d'autres solutions que celle-là, il faut et il suffit que 
| — rt 
tp 





soit une fonction de æ seulement | | 

& — ri = ip F(x), (3) 
et le problème se ramène à l'intégration de l'équation (3). - Nous voyons déjà 
' que les solutions connues ne peuvent être les plus générales, puisque l'équation 
(3) contient une fonction arbitraire F'(x), et l'intégration en introduira deux 
autres. On voit en outre que, si la surface S satisfait à l'équation (3), il éxistera 
une infinité de surfaces $' répondant à la question et dépendant d'une constante 
arbitraire, car on aura pour déterminer X = $ (x) une équation différentielle 
. du second ordre 


F(a)i¢"— 1} + q9'—0, 
dont l'intégrale générale est 


qz f": + Qe Sand, + o. 


On peut toujours supposer C' = 0, car cela revient à transporter la surface par- 
allélement à elle-même. | 
l 2. L’équation (3) s'intègre facilement par la méthode de Monge et d'Ampère. 
` On aura pour les équations différentielles des caractéristiques* 
dpdz + dgdy + p F(x)d# =0, 
dpdq + p F (x) dgda = 0; 


* Darboux : t. II, p. 264. 
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on en déduit aussitót les deux combinaisons intégrables 
dq 0; dp+p F(a)da=0. 
Comme F (x) est une fonction arbitraire p w, on peut toujours poser 


* (x) désignant encore une fonction arbitraire: ` On obtient alors pour l'équation 
(3) l'intégrale intermédiaire i . 
pi (2) =o), | | (4) 


$ (q) étant une fonction arbitraire. Pour intégrer cette équation par la méthode 
de Lagrange et Charpit, je pose g=a, a étant une constante arbitraire; on 
aura ensuite | 


=? (a) 
PU) 
$ (a) ; 
dz = LC dx + ady, 
ce qui fournit l'intégrale Fe 
Pa f(a) + av +2, (5) 
oü | 
f= 


TO 
La méthode de la variation des constantes donnera ensuite l'intégrale générale et, 
en changeant un peu les notations, on a les formules définitives i 
y =f (v) 4! (a) +Y (a); | (6) - 
a= («)[ (a) — ad! (a)] + (a) — a uh 
qui donnent l'intégrale générale de l'équation | | 
| (P—7)/ (a) + pf (= 00 5 (3) 
3. Les surfaces réprésentées par les équations (6) dépendent des trois fonc- 
tions arbitraires f, $, V. Ces surfaces sont susceptibles d'une définition géomé- 
trique analogue à celle des surfaces moulures, Remarquons d'abord que les 
courbes æ = Of, a= C* forment sur la surface un réseau conjugué. . On a, en 


“effet, en os æ et a comme les deux da indépendantes, j 
Ox 


sph aO. dr =f (ee (a) — ae! (a)], 
dece A = fey + Vo, =A + Vo (7) 
eom 


wag = 0, = f (us) 9! (a), = —af (a) 9" (a), 


4 Goursar: Sur un Problème relatif à la déformation des: surfaces, 


et, par suite, 
oy Oz 1 
Ox Ox 
oy Oz 
"a da 9|-? 
| y ae 
dads dadu 


Les courbes «= Ot sont les sections de la surface par des plans parallèles au 
. plan des yz; par conséquent, les courbes a = C* sont les courbes de contact des 
cylindres circonscrits ayant leurs génératrices parallèles au plan des yz. Or ces 
courbes a = C* sont des courbes planes dont le plan est parallèle à l'axe des x, 
comme on le voit immédiatement d’après les équations (6). Il suit de là que, si 
on considère les sections de la surface par des plans parallèles au plan des yz, 
les tangentes à ces différentes sections aux points où elles sont rencontrées par 
une même courbe a= Ot sont parallèles. Si on projette toutes ces sections 
planes sur le plan des yz, on aura un réseau de courbes planes jouissant de la 
propriété suivante: les points de ces courbes où les tangentes sont parallèles sont 
toujours sur une même ligne droite. On en déduit la construction suivante de 
la surface : : 
Prenons dans le plan des yz deux courbes quelconques C, C' et faisons cor- 
respondre les points M, M' des deux courbes où les tangentes sont parallèles. 
Joignons M et M! et prenons le point m qui divise le segment MM! dans un rap- 
port donné x. Lorsque les points M, W décrivent les courbes C, .C’, le point m 
décrit une certaine courbe C,, et, en faisant varier lé rapport x, on forme un 
réseau de courbes planes. Déplaçons chacune de ces courbes d'une quantité 
arbitraire parallèlement à Oz; la surface ainsi engendrée est la surface la plus 
générale répondant à la question. Les deux courbes C, O' et la loi du déplace- 
ment donnent bien trois fonctions arbitraires. Parmi les cas NE partonier remar- 
quables, on peut eiter les suivants : AN" 
1°. Si les courbes ©, O' sont des circonférences concentriques, la surface 
obtenue est une surface de révolution. Plus généralement, si les courbes C et C 
sont deux courbes parallèles quelconques, la construction précédente donne'une 
surface moulure. On aura dans ce cas 


?(a) = Va Fi, 
et, de plus, 4 (a) = 0, si Ja surface est de révolution. 
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2°, Prenons pour C et C' deux courbes égales, C' se déduisant de C par une 
simple translation. Alors toutes les courbes C, seront égales à C et la surface 
sera engendrée par un. mouvement de translation de la courbe C, chacun des 
points de cette courbe décrivant une courbe plane dont le plan est paralléle à 
l'axe des s. Si on suppose en outre que ce plan est parallèle au plan des 
xz, $ (a) se réduira à une constante, et la surface aura une équation de la forme 

= F(x) + Ay); 
on voit qu'elle admet un double mode de génération par un profil animé d'un 
mouvement de translation. 

3*. Supposons que les courbes C et O' soient homothétiques ; les courbes ` 
- C, seront également homothétiques aux deux premières. Si en particulier C 
et C' sont des ellipses homothétiques et concentriques, la construction donnera, 
en choisissant convenablement la loi de déplacement, les surfaces du second 
degré. Il faudra prendre ici 4 (a) = 0. 3 

4°. Si f(x) — Aw + B, la surface (6) est une surface ae ce dont 
il est aisé de se rendre compte par quelques considérations géométriques. 

4. Les fonctions f, $, 4j étant connues, proposons-nous maintenant de 
trouver toutes les surfaces S’ applicables sur la surface S, de telle facon que les . 
sections planes parallèles au plan des yz se correspondent. Il est clair que ces 
nouvelles surfaces seront de méme nature que la première. Pour simplifier les 
formules, nous écrirons les formules (6), en changeant un peu les notations, 


y =f (x) (a) + n id (7) 
a= f(a) 6 (a) +n(a), 
les fonctions 0, 0,, 7, 7, satisfaisant à la relation 
l ila) _ (a) _ 
TO= (8) 


On en tire: 
dy =f" (x) 6, (a) dæ + Lf (a) 61 (a) + «i (a)] da, 
da = f! (x) 0 (a) dx + [F (x) 9 (a) + 4 (a)] da, 
ds! = da? + dy? + dé = da? + f" (x)[® (a) + 6 (a)] dæ, 
+ 2 (a) Lf (x) {6,(a) 01 (a) +6 (a) 8 (a) | -- 6, (a) 74 (2) 4-0 (a) n'(a)] dada: (9) 
+ LP (a) 16" (a) + OP (a)} + 27 (x) (8 (a) v' (a) + 6 (a) v (a)] | 
- Fn” (a) + ni (a)] de. 


‘Soient X, Y, Z les coordonnées d'un point de la nouvelle surface, que nous 
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. Bupposerons escis en fonction de z et de a; ; X étant gupposée fonction de x 


seulement, on aura, nous l'avons vu, 
$C X' X" =" zt m. (x) | 





A"—1 —1' F(a)’ 
` et on en déduit, en négligeant une constante additive, , 
x= SVEO Faf" (@) de, (10) 


| n deie un EA bite Nous prondrons pour YetZ des expres- 
. sions de la forme suivante ; l 
Y — f (z) @i (a) + Hı @) | a) 
Z- f (s) 0 (a) +H (a), | 
O (a), €; (a), H (a), Hi (a) étant des fonctions à déterminer. Des formules (10) 
et (11) on déduit, pour le carré de l'élément linéaire de la nouvelle surface, 
dS? = da? + f" (z)[8? (a) + À (a) + n] de? 
+2 (a) LF (21 Qe) + 9 (a) © (a); | 
+ O, (a) Hi (a) + © (a) H' (a)] dada | (12) 
+ D” (2)( 0" (a) + ef (a)}+ 3f (w){© (a) H'(a) + Oi (a) Hi(a)f | 
+ H^ (a) + Hf (a)] da. 
En identifiant les formules (9) et (12), on obtient les relations ci-dessous: 
(A) © (a) + Gt (a) =H (a) +Æ (a) —n, 
(B) O(a) 9 (a) +O (a) Gt (a) = 0 (a) # (a) + 6: (a) 0i (a) , 
(C) © (a) H'(a) +0, (a) Hi (a) = 9 (a) w' (a) + & (a) mi (a), . 
(D) €^ (a) + OF (a) = ^ (a) +67 (a), 
(E) ©! (a) B' (a) + Gi (a) Hi (a) — 9 (a) v' (a) + 6: (a) m (a), 
(F) HB" (a) + Bi (a) =x" (a) +m (a). 
La relation (B) est une conséquence de la relation (A); les deux équations (A) 
et (D) déterminent © (a) et ©, (a) par une quadrature. On en déduit, en B eiet 
(@ (a) + €i (a) K^ (a) + OF (a)) 
—(6 (a) 9' (a) + €, (a) 61 (a) + {0 (a) @ (a) — e (a) € (a) }, 
c. à d. 
(re) + (a) — n H^ (2) + oF 
= [0 (a) (a) + 9; P 6: (P4 + (8 (a) Oi (a) — €: (a) 8 (a) f’, 
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et par suite 














O (a) C Beek) (a) O(a) _ arc tg ©, (a) 
© (a) + OF (a) = à O(a ) 
a 10 + 8—aH [7 + Of} — 100 + 0,01}? 
PIS E 


Une fois © (a) et ©, (a) obtenus, on aura 3 équations (O), (E), (F) pour calculer 
H'(a), Hi (a). Les équations (C) et (E) étant du premier degré, on en tire | 


_ 8i 165 dus Pu — 9, {9m + Gini | 











— 9,0! | 
H = e {On + " Oe 10x! + Ont} 
aa 90; — G,0/ i 


En tenant compte des relations (8), (A), (B), (D), on vérifie sans peine que ces 
valeurs de H', Hi vérifient la dernière équation (F). 

5. Les formules précédentes renferment, comme cas particuliers, les formules 
de Bour. Si on suppose (a) —1, on est conduit au résultat suivant, dont la 
vérification est immédiate: toutes les surfaces représentées par les formules 


X= [VIFO Fa) de, 


LT F? (y) dy, 


hr 4 aw i | 


sont applicables sur la surface qui a pour équation 

a= F(z) + F (y). 
Si on suppose 7 =y = 0, on aura aussi H'— H/= 0, et on n'a plus que deux 
quadratures à effectuer, l'une pour avoit X, l'autre pour avoir arc tg &. 


Remarquons que ces deux RARE sont absolument indépendantes l’une de 
l’autre. 
Prenons par exemple l’ellipsoïde 


/ g? 
y —A/1— 2 B cost, 


PY a C gin t, 
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où A, B, C sont les trois demi-axes, a et iles paramètres variables. Posons 

- Of) + py = B? cos? t + O? sin? t — n; on aura ensuite, 
FEX: 
RE TROT "T cos? t| — (B*— CY sin*t cost 


Ur cos? £ + (C? — n) sin*t 








toutes les surfaces représentées par le systéme des 3 équations 





sont applicables sur l'ellipsoide. Si on pose tg 4 = 4, il vient: 
€ - VE n (On) eH Bw + 07] —(8 — I ` du ; 
re 000 Pn (Ono XIF 
' on est ramené à deux intégrales elliptiques de modules différents. 
On trouverait de même des surfaces applicables sur le paraboloïde quel- 


conque, mais les résultats obtenus plus haut fournissent une solution encore plus 
simple. Ainsi les surfaces représentées par les trois équations 


x= fv + (1— 9) S de, 


r- fie (1 — d) de tm 


Lam Vy 
4= 5% * wm 
sont toutes applicables sur le paraboloide 
g- HE + y 


PARIS, Mai 1891. 


Sur une expression nouvelle des fonctions elliptiques 
par le quotient de deux séries. 


Par P. APPELL. 


D'après les théorémes généraux de la théorie des fonctions, on reconnait 
a priori l'existence d'une infinité de représentations analytiques d'une fonction 
méromorphe dans tout le plan, c'est à dire uniforme et n'ayant que des pôles à 
distance finie, ces représentations analytiques étant assujetties à donner la fonc- 
tion pour toutes les valeurs de la variable. Bi l’on se limite aux représentations 
qui donnent la fonction sous forme du quotient de deux séries convergentes . 
pour toutes les valeurs de la variable, il existe encore une infinité de représen- 
tations différentes. Les plus simples sont 1°) celle qui donne la fonction sous 
forme du quotient de deux séries entières, par exemple celle qui donne les 
fonctions elliptiques sous forme du quotient de fonctions ©; 2°) celle qui donne 
la fonction sous forme d'une série unique mettant en évidence les pôles et les 
parties principales correspondantes, série qui est définie par le théorême de M. 
Mittag-Leffler. y 

Plus généralement, en admettant que la fonction ait pour zéros les points 





. 031,03, se ss Q4 wane 
et pour pôles les points - : 
| | bij Das sers Onan eG 
on pourra la regarder comme le quotient de deux fonctions méromorphes 
P (2) 
Q(z)’ 


la fonction P(z) ayant pour zéros une partie des points a, et pour pôles une 

partie des points b,; la fonction Q (z) ayant pour zéros les autres points b, et pour 

pôles les autres points a,. Ces deux fonctions P et Q sont, d’après le théoréme 

de M. Mittag-Leffler, représentées par des séries convergentes dans tout le plan. 
2 
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` © La seule difficulté qui se présentera et qui pourra être considérable sera de 
calculer les coefficients des séries et surtout ceux de la partie entière des dévelop- 
pements. 

Nous nous proposons ici de faire ce calcul pour les fonctions elliptiques en 
prenant, pour Q (z), une fonction entière ayant pour ' zéros les póles de la fonc- 
tion situés dans une moitió du plan et, pour P (z), une fonction ayant pour póles 
les pôles de la fonction situés dans l'autré moitié du plan. - 

Ces recherches se rattachent à une étude dejà ancienne* sur les ados 
que Heine a introduites comme une généralisation des fonctions Eulériennes I',T 
et à des résultats que M. Poincaré a indiqués dans ses mémoires sur les inva- 
Fi&üts arithmétiques (Oomptes Rendus 1879 et Cougrés. de l’Agéociation francaise 
pour l'avancement dés Sciences, Alger 1881). Elles donnent les fonctions 
elliptiques sous une forme nouvelle méttant en évidencé là double périodicité 
dùie manière différenté de celle qui se présenté dans les éxpressions connues. 
Voici comment l'on arrive à cette forme. 

Soiént o et a! les deux périodes choisies, éommié on le fait habituellérient, dé 
telle façon que le module de la quantité 

l= em 
soit inoindre que l'unité. Posons 


Q,-1(1—29)— agi a(t). 
Q-ü-2)- (2 + e040 T 4)... 


- Q) 


La fonction entière de z 
i. NC. l ght) et 
G (z) = —— | 1 — 1 ét 2 2 
97 - PO pus" "| 0 
vérifie, comme on le voit sans peine, les deux relations 
Métracen] 
2rsi - 
(i—ge*) G@ +0) = 8) 








7 (8) 


* Comptes Rendus des Séances de l’Académie des Sciences, TT. 89, pages 841 et 1081. —Mathematische 
Annalén 1881. ; 


: t Héine: Handbuch der Kugelfunctiqnen; p, 109 et suiv. 
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cette fonction G(z) est x à la fonction qui, ‘d'après DT notations de 


Heine, s'écrirait ] 
1 


# 
GT 
Si l'on avait une autre fonction F(z) satisfaisant aux deux relations 
o Fe+o)=F), 
iE ae FE) FG+0) = = — F(), | 
je quotient el fournirait une fonction doublement périodique de z aux périodes 


(4) 


oet 29. Cherchons d'abord s’il n'existe pas de série entière en ee de la forme 
n= + 
Bassi 
Fez» Aee. 
convergente dans une certaine bande Fa plan des z et vérifiant les relations (4). 
Si, pour simplifier, nous faisons 
E 2xsi 
62 =a, Gxt 





la série cherchée F'(z) deviendra 


et elle deyra -vérifier la relation ; 
(tæ — 1) Fo (iz) = F(z). (5) 
Cette équation donne entre deux coefficients consécutifs la relation 
A, (1 +.) — Ani? = 9. 
D'où, en supposant n positif © 
ping 


4. — ^a T8)... (8) 
et | - AL, = 24 (I T 00 +6)... (+8). 


Par suite, en -prenant 4, — 1, et posant 
| pois 


| iom Feet: 


* Handbuch der Kugelfunctionen, page 105, éq. (4, b). 


" iun pU (6) 
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t f * no t j S 7 
e | Hab tay Crete, on | (7) 


on aura, pour satisfaire à l'é équation’ (5) la fonction 

F (2) = $ (2) + 4 (a). 
La série (6) est convergente quel que soit x, mais la série (7) n'est convergente 
que si le module de x est plus grand que l'unité. Il résulte de là qu'il n'existe 
pas. de fonction entière de z satisfaisant aux relations (4). Les deux fonctions 
(x) et d (x) vérifient, respectivement, les deux relations 


| (i — 1) 6 (tæ) = — 2 + 9 (2), | |. (8) 

(i —1)v(ix)- 2+4%(x). | (9) 

La fonction 4 (z) n’est définie, d'après ce qui précède, que pour les valeurs de x 

de module plus grand que 1. Pour achever de définir cette fonction, considérons 
. la série 


(— 1) 
(e i9 L1 Len ü—PFj'z— zs] 9) 


Cette série est convergente pour toutes les valeurs de x, sauf pour x = 0 et pour 
certaines valeurs particulières z — 1, æ=—t, etc, qui rendent infini un des | 
. termes. Je vais montrer que cette série (10) est identique à la série (7) lorsque 
le module de x est plus grand que l'unité; et dans la suite lorsque je parlerai de 
' la fonction 4 (x), j'entendrai par là Ja fonction (10), me rappelant. seulement que 
cette fonction (x) peut être représentée par la série (7) lorsque mod. 2 7» 1. 
Pour montrer l'identité des séries (7) et (10) lorsque mod. z > 1 je remarque : 
que, dans ce cas, la série (10) peut étre ordonnée suivant les puissances positives 


croissantes de i et que les deux séries vérifient la premiére la relation (9), 
la deuxième une relation de la forme x 
(tz — 1) (Ez) = 2h + 4 2), ! (o™) 


h désignant une constante exprimée par une série en £: c'est” ce qu'on voit sans 
peine sur le développement (10). En cherchant par la méthode ee coefficients 
indéterminés la fonction la plus générale de la forme 


AAT ede 


elliptiques par le quotiént de deux séries. 13 


. vérifiant la relation (9*5), on trouve que cette fonction est égale à la série (7) 
multipliée par la constante A. La fonction (x) définie par la relation (10) est 
donc égale à la fonction 4 (x) définie par la relation (7) multipliée par A. Mais 
si on multiplie la série (7) par (zx — 1) et qu'on fasse tendre x vers 1, le produit 
tend vers la limite 2 dr A +), c'est à dire 2Q,, d’après un théoréme que j'ai 


démontré, * et il en pen de même évidemment de la série (10); donc les deux 
séries sont identiques, et A= 1. 
En revenant à mon probléme, j'ai une fonction méromorphe satisfaisant aux 
relations (6) en prenant g 
: 2vsi Brzi . 
Po =pl) tele") (11) 


* (n +1) Inesi 


is iust Mx» 
se) 201 imt. De Za m 


- Si alors on pose 


où ‘ (+) 





® (2) = - F (2) 
` G (z N 
F(z) et G (z) étant les fonctions (11) et (3), cette fonction D (z) est doublement 
périodique, car elle vérifie les relations 
e (s-4- e)-—d(2), (z + o) = — D(z). 
E les infinis de cette fonction. Le dénominateur G(z) étant égal à 
d’après les notations de Heine a pour zéros les valeurs | 
CES a). | 
. [2—1,..., l=—o 
lo! + po De 
P pL—9,...,p-—-- 


le numérateur F'(z) se compose d'une partie entière ple) et d'une partie méro- 
morphe qui a pour infinis les valeurs — 

t=0 ,..., [=t 
p=—%,..., p= +o 





* Comptes Rendus, tome LXXXVII, page 689. 
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Donc les infinis.de c» (z) sont (lo! + po), 4 et p étant deux. entiers qui recoivent 
toutes les valeurs possibles. .Or la. fonction © (z) admet les mêmes valeurs pour 


zóros; donc le produit . 
V (z) = 6, (z) BC) 


est une fonction entière qui satisfait aux relations 
V (z + 9)— — P(e), 
Brzi 

V (a 4- 9) = T1579 (z) 


par conséquent, en employant les notations de l'ouvrage de Briot et Bouquet 
| V (2) = CO, (2), 


` C étant une constante. La fonction doublement périodique & (2) est, de cette 
façon, exprimée à l'aide des fonctions ©, et l'on a 


F() _ ,s(2) 3 
Ga) = 86) 2. 


Pour dns O, multiplions les deux membres de la relation (12) par #, puis 








‘faisons tendre z vers 0. Le produit zF(z) tend vers E Qi, et comme G (0) 





0 
est égal à 1, et Ero à V/H, on a: 


UNE MP 
On a donc enfin pour la fonction elliptique v (z) la formule 
| F(z) o a! ` 
Wa) — xe +T 


L'on obtient ainsi des expressions nouvelles des trois fonctions elliptiques 
A (2), u (2), v (z) au moyen du quotient de deux fonctions définies par des séries 
convergentes pour toutes les valeurs de z: il suffit, pour avoir A(z) et w(z) de 
transformer la. formule ci-dessus en ajoutant ou retranchant à z des demi-périodes. 


Fourth Memoir on a, New Theory of Symmetric 
Functions. 


By Mason P. A. MacManon, R. A., F.R.S. 


$15. 
194. At the conclusion of the previous memoir I applied. the linear operations 
Jor ir J-i. 
directly to the theory of separations ; I proceed to the further development of 
this part of the subject; it will be merely necessary in general to consider sym- 
metric functions symbolized by positive non-zero integers. 
À previous result, given in $14, may be written 


(—} — jns Fr 1 : 23993171 À | i T T x 
cee = ge tal mi © (2. 92322117 ) dant 3322-7311 ); 


the right-hand side may be broken up into D ne in each of which the 
-numbers 


» 70, Tg, 75 
are constant. 


We may thus write 


(—) 9s 2 gs — E —y* E = DNE : 3 P2921 P1) O... gP t met mini tri), 


m! %! 75! 





where the lineàr opérator 


> (. E 9P:29:1P)) OC... gPa tTagPi o ma Pim), 
= | 
in which.the numbers 
+ 70, My, 7t 
„are constant, and the summation is merely in regard to the numbers 


** Ps; Pa Pis 
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that is, to every separate 
Ce .. gts atr 1p otn), , 


is one of the fragments above mentioned. 
This fragmentary operation has of course a weight 8; but LS it may be 


regarded as having a partition 

Le .9n 9n17) 
of the number 8; we may so define the fragment and ey write, for brevity and 
convenience, 


, G6 eee 99:99:19) OC... ga egret mpi ni) = (. ... sm . 


The operator relation i is now written 


a = Der — 


mel 741 m1 I 


the summation being.in regard to every partition 
(e. e. 8271"), 


of the number s, which occurs in the given separable partition. 
«196. Considering a perfectly general separable partition, every partition of s : 
may occur, and it is, in consequence, convenient to discuss the full result 


Ta —)* (Zn — DE 
D . Ml Tal 7 my 97972171)» 
‘the summation having reference to every partition of the number 8. 

196. Just as in the ordinary theory we meet with a linear differential 
operation corresponding to every number, so here in the wider theory of separa- 
tions we are brought face to face with a linear differential operation which is in 

- correspondence with an arbitrary partition of an arbitrary number. 
197. In the simplest cases we have the equivalences _ 


Ji — Ja): 

s = Jan — 20e 

s = ga» — 39a» + 39; 

94— Jay — 49a» + 298» + 4985 — 49q - 
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each weight operator 91, 93, Jay Ja, . . - - being expressible as a linear function of 
its fragmentary partition operators according to the same law as the sums of 
powers are represented by elémentary (that is, unitary) symmetric functions. 

| 198. Let g(....9797307:)) 9(.... 9519). | 

be any two partition operators of the same or of different weights. We bave 
the known theorem : 4 
(.. . 972372171) Q (39521191) —9(.. 97197171) £C. 891) T9(.... grant) T QC ama mim) 


where the bar written over the product on the right denotes that the operators 
are to be multiplied together symbolically and the symbol T denotes the per- 
formance of the operation g(.... sss) upon the operator g(...s"msm1n), Where 
the latter is considered to be a function of symbols of quanuty only. 

Now since 


..gragrayri) — p» s oy Ya 1%) 0 gi + maf yi Tu), 


gi.. ..BP3gPay Pi) == — 2 (is . obe Tn) À... gh tet pagdi m P fem +p), 


there results 
JC. .giaram) À C. enr) = QC. gta Pagrat He), 


and, thence, the multiplication theorem 





g(... rmm) J... Pen) == 9C... aia LISE . goxgP3]P1) + QC. . t hb mann), 
analogous to the known theorem | 


g= 94 + fee 
with which it should be contrasted. 
199. We are now led to the result: 
JC... 973573171) J., . angi) — J... rur) gio frm) = = 0. | 
The expression on the left has been termed by Sylvester (in his Lectures on 
Reciprocants and elsewhere) the alternant of the operators involved. 


Theorem.: The alternant of any. two partition operators vanishes. 
200. This theorem again leads us to two corollaries— 
` Corollary 1. The alternant of any partition operator and any weight operator 
vanishes, | 
3 


4 s 
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Corollary 3. The alternant of any two weight son vanishes. 
This last corollary is already well known. 

- The theorem may be otherwise stated by enünciating a | necessary conse- 
quence. : 
201. Theorem. Any partition operator and any weight operator is com- 
mutable with any other partition or weight operator. . ` 

202. Consider now the solutions of the linear partial differential equation 


P=0, 

where P is any partition or weight operator. 
If @ be one solution, so that identically 
| P$=0, 


it follows that Q$ must be another solitam where Q is nm other sifon or 
weight opetan: 


For |. PQp—QP?=0, 
and since , | || Pp=0, 
- therefore also P(Qo)= 0, 


or Qo is also a solution of 
= P=0. 


203. Theorem. If bea jdidon of P= 0, Qo is also a solution uo P 
and Q are any two partition or weight operations. 
204. The partition operators are of most importance in : the case of the 
` differential equation ee 
J: =0. 
For we have seen that 


a =P y" (En — 1)! 


. My! 76 n, 2C 


Satu) , 


and if jos 0, where ? is expressed in terms of separations of the separable 


partition 
(xau 8P2P), 


the effect of the partition operator ` ` 


Gl... 97997917) 
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will be the production of terms each of which is a separation of the partition 
Er |. SP gammy Pion), 


No other naui operator can PM separations of this partition. Since 
: therefore 
: 9,0 


is identically zero, we must have also 
g(....903705:) D = 0. 


205. Theorem. If a function be annihilated.by a weight operator, it must 
also be annihilated by each partition operator of that weight. 

This important and comprehensive theorem renders the calculation of tables 
of separations a straightforward and comparatively easy matter. 

206. As an example, suppose we have to calculate the function (3°) in terms 
of separations of (31°). 

- Assume | 


2 (3) = A (315) + B (8191) + C (EX) + D (1)07) +E E +F GO), | 


there being of necessity no term: (31). 
We have 


Ja = do + (1) dan + (1) dan + (3) den + (81) Gory + (81°) Jan, 

Jan = dan + (1) dan + (3) d + (31) Qi»; 
ga». = Van + (3) $us; 
$e = ds +(1) Py + (1°) A + (19) anr 
Jen = den + (1) 9m + (1?) Qu», 
Jan = dns + (1) Jer, 
Jen = du , 
. and these are the only operations we are concerned with; their number is 
(1 4- 1)(8 -- 1) — 1 — 4, viz. one for each separate. The weight operators which 
annihilate the function are 9, ga, g, aid gs. Hence we have as annihilators 
the partition operators | | | 

| Jar Jar Jeu» Jary 
Further, |. gÈ (3A = — 6 (3), 
9,2 (3) = +6, 
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that is, 
[Aa + (3) ery + 8 {Iq + (1) Mey + (177) lam + (15) Oars} ] 2 (8*) = — 6 (3), 
6 ds 2 (3) = + 6. 


These operations are more than sufficient to determine all the coefficients and 
to verify the result to be found in Vol. XI, p. 17 of this Journal. 


| | "816. 
207. Recalling the equivalences 


Jı = Jays 

s = Jan — 296; 

4s = Jan — 39m + 39a, 

Ja = Jan — 49m» + 29a + 49e — 4J 
I find it convenient to write them in a new notation, so as to bring into better 
evidence their law of formation. I write | 


Ju = gu! 

Je = Jun — Jm» | | i 

Ja = Jur — 99nnm + 3gn3 $^ 

t = Joy — Adan T: 290 + 490m — Anar 
where gg^p4..., takes the place of gau... and gx that of g,. This notation is 
quite consistent. In general gp... 3m... ;.... denotes that the operator is formed 
according to the same law as the symmetric function (A... .)(u TM .) +... when 
expressed in terms of elementary symmetric functions. 

The theorems | | 
Ja T Ja = atan: 
Sos... T Be... = oa.... sp... 


now become in the new notation . 
gw T tà = gut: 
Jorn"... T Jan... nn... nf)... 


that is, a partition suffix addition is transformed. into a partition suffix multipli- 
cation. ' | l 
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208. We have now in succession 


JaJa = InJur + iua: 
III = 9d WI te) + Jago + Ioga + usa fiai + Tobit 


& € 9 * $ $ € 9? €$ * 9 ess * * * 9*" * » s» » » * * * 





which are collateral with the symmetric function theorems: : 


MO = Qu) + (à +u), 
(eX) = (xu) + (x, à + u) + (à, utat Geta) + (x Ag). 


* 9 à 9$ »5»5 $ 9 à à» se 9* » $9 9 9» à 9 ? e * $9 * e s v» 9 * » $9 ^? e * $ * 


and further, 





IIa = 9op3gu3— tata» : 
MAI AI oy = 9g o9u— Diago Paca — Suv + Iiae 


in Goiienpendénts vidi the known. results: - 


(Ap) = 8,8, — Sat pi 
(xAu) = 5,58, No i N feof TT LE Re 


209. In both systeme of the same modifications, i in particular cases, 
are necessary. . 
N. B.—Note the seat 
Joa = Jour F Japu. 
and so on; inei ii proceed exactly as in the case of symmetric 
functions. 


817, 
210. Reverting again to thé previous notation, 
| g= Ga» | 
92 = Jay— 29) 
. ete. = etc, 
and recalling the well-known relations, viz.. 
f > G;, 
Js = Gi a 2G, 
gs = Gi— 8G2G, +36, 
etc. = etc., 
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- where Gi, G,, G,.... are the bros before met NH we notice the simi- 
- larity of the two laws of operation. 
211. We deduce 


G= gı = Jm: yR 
2G, — gi — gs = Jh — Jan + 29e» 
6G, = gi— 39291 + 29s, 
= gty.— gago + 2gay + 61 ai + 89s 
24G, = gi — Oggi + 393 + 89. — 69. | 
= ghy — 6gasly + 395» + 890590 — 89a» 
t 1219596 — Joan — ana + 29m] + 12198 — Gan} - 
+ 249mm — Yan} + 24g: 
after some slight reduction. 

212. We can thus always express the obliterators Gh, Gs, G, ....in terms 
.of successive operations of the linear partition operators. 

To see the law, on the right-hand side of the identity, last obtained, sie 
each partition by a partition containing a single part equal in magnitude to the 
weight of the partition and omit the literal symbols altogether. . We thus obtain 
| ire 6 (2)(1)°+ 3 (2? + 8 (3)(1) —6 (4)] + 12{(2)(1)— (2) — 2 (3)(1) + 2 (4)} 

+ 12{(2)?— (4)} + 241(8)(1) — (9 T94(4, |. 7 
which is ` 
24 (15) + 12. 2 (21°) + 12.2 (2) + 24 (81) + 24 (4) 
| = 24((1*) + (217) + (2) + (31) + (4)]. 

It is easy to establish à priori that this must be so. The expressibn of 
24, breaks up into 5 portions corresponding to the 5 partitions of the number 4. 
In general the expression for G, breaks up into as many portions as there are' 
partitions of s, and in general 


E Y A ao mpare 


Tl mT. Li m,!.. 








j Jaham. . aedem. ; e UT 
where (Arua... ) (ur...) 


is any separation of any partition 


| UIT S eod) 
of the number s. 
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213. Instead of expressing G, in terms of successive operations of linear 
partition operators, we may express it in terms of operators formed by multiply- 
ing together the partition operators DUT, The system of relations is 

6; — go, 
2G, = jin + 299; 
6G, = gi + 69e + bga» 


24G, = gy + 129; + 199% + 249g + 249. 
etc. = etc., 


and in general | 


di bd ml. a 


$18. 
214. In what has preceded in respect of the linear operations gi, gs, gs; +... 
a generalization has been made from a number to the partition of a number and 
weight operators were broken up into linear functions of partition operators. 


À like generalization can be made in respect of the obliterating operators 
Gy, Gs, Gui... | 


215. Suppose a symmetric function 
J (a3; Az, dg, . + Qs; oes Jm 
to be the product of m monomial functions, and write 
ffs... 

If a, be changed into a, + ua, .,, we have from previous work 
(1 Fu G3 tH 6G, FG. E. woe Lu, +.. F JF 

2 | =(1+uG,+0G,+....¢WG+...)A 

KA + eG + WG... ++... jf 


X (1-- u G4 + WG, +....+uG +... o) So 
and now expanding and equating coefficients of like powers of u, there result: 


Gf =E (GA hfs +++ Sos 
G,f—E (GANGA) A. - Sante ae ++ Fans 
Afi == (AA) GAA) Gf) Ss 

e EECA E) Sa- ra n : (Gf) fas ++ 2. 
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and so on, the summations being in regard to the different terms obtained by 
permutation of the  suffixes.of the functions f, fa eus 
216. In general, in the expression of G, there appears a summation corre- 
sponding to each partition of the number s. 
- The summation in correspondence with a ED Pay + + + Pa) I8 


E (Gs (G5) + +++ (Go fe) Sora > 


Thus, when performed upon a product of functions, the UR G, breaks up 
into as many distinct operations as the weight s possesses partitions, 
I denote the operation indicated by the summation 


E(G,AY(8,A) + + (Go aia e e 
by Cone cp) 


. and speak of it as a partition obliterating Speratore 
| 217. We have now the equivalence 


Gi = — E Gips «i 9201 ` 


the summation being in regard to every partition of the weight s. 
This theorem indicates the method of operating with G, upon à product of 
symmetric functions. 
.In particular, 
= y, 
G, = Gay + Ge, 
G= Ga» + Gay + Go, 


e 9 © * * $ ^2 9 c$ 9 $5 9 39 8 


218. Interesting relation’ may be ‘established between the partition g and . 
the partition G operators. à 
From the.relation 


2 Ore BaD! go ge, 
See 75! "melle 





there arise the relations 
Iq = = Ga, 
Jay — 29a = Gi — 24, = Ay — 2Gay — 28» 
go» — 3905 +. 3g = LI GF —= 3G. 304 + 3G, ` | - 
= D x d 3[ oo — Gy] + 368; 


and so forth. É | = 


t 
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219. Considering particularly the relation mt written, I say that it may be 
broken up into three relations, viz. | 
Jan = Gy — 8Gan Ga + 3 an 
Say = = Go Go — Gap, 
Ie = Ga; 
for it is easy to see that the two sides of the unfractured operator relation must 
produce upon any operand the same result identically. Hence after operation 
those functions which are separations of the same function must separately 
-vanish, and hence we must lave the equivalences of operations above set forth, 
220. In general there exists the relation 
(—)77 (Zim —1)! = 3 (—* ps — 1)! 
7 


d (Ja) * 


mil... Serpe...) ATA. 
the summation being for all separations 
Q^. 
of the partition ( ppp soc): 

221. This result gives the general relation between the partition g ind the 
partition G operators, and should be compared with the formula which expresses 
à function symbolized by a single part in terms of separations of (pppz;...). ` 

222. The relation when réversed is | i 


ptt TUE ) 


xd —)5-1(Xm — 1)! Emi M . 
ii Jil xi ete ee ET Thy! . + Ty Ts | PPM Keep. ppa...) DR 
the TM being for every separation of the partition (pipe ee): 
223. The following results of operations should be remarked: 
Gn pn...) Se... = d, | | i 
1 1 i Kripta Mi( piny" h = 
A AC to Sont oipstp at (PEPE ES :) (prey...) e 1. 


§19. 


224. There is a more extensive law of reciprocity than that established in 
§10 of the Third Memoir. The latter sprang from three identities of the form 


| 1 
llits Ag +. dE en zz) t zz TM 


AE +4 3 E +.. 
4 , 


80 that eliminating (m), we have 


yt 
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which for brevity may be written 
© F(A)=f(a). 


236. We may instead consider any number of such identities; but first of 
all, for the sake of ay let us consider four identities 


F(A) = f(a), 

F(B) —/(8), 

F(0)=f(y), 

; | | F(D)=f(5), 

and add the auxiliary identity 
M | F(E) =f (x). 


226. Assume the quanti herein involved, to be connected aed the two 
relations 


1+K)+Ky + Ka? Fa =H HEB ud spesso 
Ea ae i T ~ Bay tante 
TEX ; + D, +- Iri Ket i Tr) +... 
Day DD tx Li yy Rire. 





. Denoting Sa? by (m),, it has been ghown in. " that these relations lead 
to the identities 
. (m) = (m) (m)s, 
(m), = (m) (m), 


(m), = (m), (m)(m),; 


- thisis equivalent to the result of the elimination of the guanina K between 


the two cos relations; in fact we find immediately 
LRDGRD +Dy +. -m +BytayBy — eia! +. 
1 
BAS "RENT EE qo. rH. yt npe 


Lay 
ad. the result is then reached by taking logarithms and expanding in powers | 
of y. | 
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(m) (mm), 
m may be any integer, positive, zero or negative. 
227. The expression Si remains ORNE for any permutation of the. 
sets of quantities 


In the found relation 


Ay; Ag, Ag, + 
Ba Bs; Bs, eee 
Yis Yai Yo. 


and hence every symmetric function of the quantities 


Ôi, Ôa, cess 


remains unchanged for all permutations amongst the three sets mentioned. 
228. Thus. if we have found 


CEAD ps ee FJ(pppp...NQRAR. oum Rees 
we necessarily have — — | 
(ne...) =....+J{(prpr... (PAR... (ua...) +5 similar ex- 


pressions obtained by permuting a, 8 and y} +... 
229. The two assumed relations lead, as shown in $10, to the operator 
relations ge = (m), gs; | 


s = (m), Jm: 
and thence 
(m), 9m = (m) an = (M)s 59m = = (m), ym; 


showing the invariant character of the operation 
| (mage, l 
_for any transformation of a function of the quantities D into a function of either 
of the sets of quantities A, B, C as given by the relations assumed. 
230. Since ' aga = (m), (2), Jus | 
we may write 
BoF 8919 " — +959 » A 
Tay — 549223 yp 
= (0). (0), + -Q. QE = i (2).(2)y pyr +... 

TAN OTAR — — (2) Go ae 
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and by taking the exponential of each side. we reach by previous ` work the 
relation ; 


DG a da. dieron 
+ Ga + Gs +. 


a =i Sa Gy Haray +.... 
1 ? 
ur Ty + art. 
showing that in any relation, connecting the no D with the quantities B, 
we obtain an operator relation by writing 


f | an for Dn, 
and 5G, for Bn. 


231. In the relation just established we may make any permutation of the 
letters a, 8, y, so that, regarding the quantities D as expressed in terms of the 


quantities À or C, we may write : 
Qn for Dy, 


sOn for An, 
or 3G for Ds; 


ss for On 
in either case. 


232. Consider now the quantities D expressed in terms of the quantities C, 
so that by multiplication we obtain a relation such as | 


DpDp....—..- bh LA... (um...) Oe... +... I 
and also two others such as | | 

DRDR....—.... FU (pipe... (nus... pCR OB... +... U 

DD. ..=....+ UNQUAM. xps...) 0202.cbe. TI. 

233. Assume, moreover,. : | 
(ap...) m... TJQQI.. va (irse Ja pres sas es LY: 
The relation I yields the operator relation 

GG + LOIR...) mu dass Le 


which, performed upon opposite sides of IV, gives 
e L(A... DE (Tum... CPE QUIAE ET RES ses 
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whence i=, 

and similarly; — . M=N=J; 

that is, | L=M=N - 
234. Hence in the relation 
DpD»....—m.... LOIR... JUU o o Onn bees, 


if any permutation be impressed upon the-three partitions 
(528 ...), (uu... e), (pripe..., 
the numerical coefficient Z remains unchanged. 
235. More generally consider n identities 
| F(A) =F) 
F (42) = f(a), 


o.. © © © © 9 5$. o 


| F(A) =S (aa) 
and therewith, n — 3 auxiliary identities | 
FR) =f), 
. FU) =f), 


F (Ks) = f (Xans) 


29 


236. Assume to exist between the quantities involved n — 2 relations, viz. 


1+K thy HE pau teh H 


1 . d 
FR This "eus y oi. 
which for brevity write | 
p (K) = (as, €); 
and also PR) -—2$(m,x), 


o9 9 s.e t1 9$ t$ à 5 c$ 0$ c? 7 $3 


D (Kus) = 0 (Gas) t) 
| | Q (A,). = (a.i, sea), 
237. Observe that the relation 


p (K,) = (CAE Mit) 


1 1 1 . 
A ay + Ass tee 
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is symmetrical with regard to the sets of quantities 
Q,--1,1: Tetig Os 18) eee . and x, 11s: i2) %s— nire] 


238. We can now eliminate all the auxiliary quantities. 


We have 
(m), = (mm 
(m), = (m)., (mei 
(m), = (ms im), 
A (m), -(mX,..(m), , 
and thence ' 
(nm), = (m), (m), . ... (m), ,, 


and thence, as before, we obtain the identity 
1+4,0+ 4019 chay d.e. 
ea e | t 
| = II... 144; 94-05, 28, 2, * An], si, 19 +24, 5,08, 8 °° a Le Ay, 4 +.. ig 


83 En 1 
Qs, 8%, 83° ++ Oni, f. 51 "er y + Q5, 2,08, 83° ma By 1 M y im 


239. This result is invariant for every substitution that may be impressed 
upon the sets of quantities 
Al, 05; Ag, ++ * An—1e 
. 940. Proceeding by the same method, as in the preceding particular case, it 
is easy to prove that if the oe above given lead to a result | 
A A ns | 
+ L (Aag .. n Ga. QG Ja, * A (2% xl ABA. . Jus Ab Aba e +. ‘oes 3 


wherein L is a numerical coefficient, the number E remains unaltered when any 
substitution i is impressed upon the n — 1 partitions 
(Aran. e 
8—=2,8,....n. 


241. This theorem expresses à very general law of symmetry. For its 
. further examination I shall restrict myself to partitions which contain positive 
"integers, zero excluded. This restrietion is made with the sole idea of avoiding 
complexity in the expressions. ` | 
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242, Consider these relations 


1 F A, ie + A, a? + eO = (1 F auae)(1 a, sx) . 
(= I; 94 voccm, | 
. and 1+ E,;z + Kyst +... = (1 + mx) + xn). 


de, 2,....(n— 8)}. 


243. The relations, assumed to exist between the quantities involved, 
become 


1TELy TE, + PR i (1+ as, s La, iy T 0, a, A, s" : + x Je 
1+R 17 T E, d +...= TL (1 Fas, i Ks ig + où, Ki, y . +...), 


$9 8 5 9 9 9 9 9 8 SO 5 €* *& *» * * » » * $ 6 » X. v» * v» 


1+Ks19 + ESO sa +. = HG+a- —28&. TEN K, 439 d- . ..), 
144,17 HA + .. . = Tata —1l 84 K,_ -8314y + a, Sai Kas, s+ ee J; 
y being an akenei quantity. . d 

244. Multiplying out the right-hand sides of these identities) E coeff- 


cients of like powers of y in each and employing the partition notation, we 
obtain 


Ej =(iadin ions 

Ej = (2)a 4i a + (Ai . = 
Ky, m (8).,41, st (31),A,, 4i, it (18 Ja A$ 11! 
Ko = (14K, 1 

Kj; = (2).,.Ba,3 + (7), Eli 

Ky, = (3), Ki, st (21) ag. Ky, it iu LEN. 


€ 0v 9 9 9 08 9 98 99 9 $9 $ 9 ?* » 9 * » » * *» s» » s 3 * » 3. 5 


K-31 = (e sen 
Kas, = (2), ,E, 45 + (07), ES un | 
Kiss = (8), aue + (21), ,K, 4E uid (0L EL 


$ 9 9 9$ 9 P9 9 9 P$ a 9 9 ss ss * 9 8 » € 3 * 53 * €$ 9 * * $9 4 » * * € » * v * 


Lr = (1), et 
Ana = (2) Kass + CPL CE ep 
Ans dris (8) es T (21), ,K, s Kasi + (15, Ego 


€OR 0808 8 9 $9 9 9 c9 5 t€ c9? s a4 c $9 9$ ? 8 à * v à &* ? €* * * » * 9 9? * 5 35 9 9? 5 8 
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245. We can now, by direct and successive substitution, express the quén- 
tities Ans - 
in terms of the quantities 
TNT 
and the symmetric functions 


( Jas ( ere Jaa 
zd thence form directly any product E 


An nn T ERE 


` expressed in.the same manner. 
246. We can also verify the relations. 


y À,, i= (1,4), : : ex D E 1: | z 
A 177 24. 9 = (2),,(2)., : . teh Dyes (41 l1^-— 24; a): 
4,1 845 rån, 1 F 84, 8 = (Ba (8) + + (8) (Aa — Mad pss » 


(m)., an = (m), (m),,. s e e (M) (m), 
which have been previously established. 


247. Reverting to the làw of symmetry, which it is convenient to express 
in the form i 


Ad eem HL (AA Ja AAE Mt din bes 
where L is unchanged for any substitution impressed upon the n — 1 partitions 
(GAZ...) 
(8—=2,38,....n); 


I recall that: in the present instance the partitions are restricted to contain as 
parts, positive, non-zero integers. 

. 248. Guided by the distribution theorems of ihe first and second. memoirs : 
in this Journal, we may enquire the meaning of the number L in the theory of 


. distributions and of the law of symmetry connected wR it which is here brought . — 


forward: Sa er he wis us NM tated 
| $20. 
249. In the first and second memoir I considered the distribution of objects 
of a certain type into parcels of a certain, type and obtained a law of symmetry 
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by observing that it was immaterial whether an object was supposed attached to 
a parcel or a parcel attached to an object. 

250, The consideration of both objects and parcels is in Sont of fact unneces- 
sary. The parcels may be considered to be objects also, but of a different nature,. 
and the distribution to be of objects of the first set with objects of the second 
set 80 as to form a number of pairs of objects, each pair consisting of an object 
from each set. 

251. The result of this distribution may be regarded as the formation of a 
new set of objects of a two-fold character. Thus if the two sets of objects be 

04, 04, (s, dg, the first set, 
$5, b1, bi: 5, the second set, 
we may make a distribution l 
Mbi, aybi, dabi, agbs, 


and look upon this as a new set of four 2-fold objects. We may then say that 
we have distributed objects of type (2°) with objects of type (31) so as to form 
two-fold objects of type (21?).* 


252. The new method of statement arises naturally from the observed 


reciprocity between parcels and objects. Together with the new set of two-fold 
objects we may now consider another set of objects, say 


R ; Cy, €: 61; Cas 
ab, a,b, dsb;, abs, 
Gr G, | Cry Gy 


we arrive at a new set of three-fold objects 


and making any distribution 


bici, bic, AbC, Aybyre, 
which constitutes objects (3-fold) of type (21°) obtained by distributing objects 
(2-fold) of type (21°) with objects of type (31). | 
253. Thus from the three sets of objects 
| . O41 Ay, Ag, Ag of type (2), 
bi, b, b, bs of type (31), 
Ci 61, 01, Ce of type (31), 





* In the first memoir this was stated to be a distribution of objects of type (21) into parcels of ty pe 
(81)-with a partition of restriction (21). 
5 
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we have obtained a distribution 
| Abii, b, abs dsbs6s, 
which constitutes objects (3-fold) of type (21%). 
254. Consider the problem of finding the number of distributions obtained 
from these three sets of objects, given by their types, so that a distribution may 
be constituted of 3-fold objects of given type (215). 
255. The two sets of objects 


G1; Ay, Ag, Q5, 
b, b, bi, bs , 


may be distributed into sets of two-fold objects of a variety of types. - Each of. 
these sets may be then distributed with the objects ; 


„Ĉi er, €, C$; 


and one or more sets of threefold objects of type (21°) may | or may not be thus 
reached, 
256. Forming the relations . 


E xd (5E, i, 

As, 47 (8) Es + (21) Ei 5Es1d- (1 El, i, 
we find | 

Ag, pAg y=... . 2(2, E Ky H. 
which (see first memoir) shows that when objects of type (2°) are distributed 
with objects of type (31), the set of two-fold objects formed is PAPA of type 
(21°), and they are 2 in number. 
257. Wé have now to find the number of distributions of objects of type 

(21°) with objects of type (31) so that the distributions S be of type (21%). 


Writing K, = (15, 
| K= (25 + (19.7? 
we find PT. 


- .From. this it appears that any set of objects of type pr may be distcibated in 
two different ways with any set of objects of type pus in such wise that the dis- 
tribution is of type (21°). 

258. Combining the two results, we T 


Ag p 45,1 = ss. s, + 4 (2%),(31), 772 + ss. 
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showing that the whole Harber of distributions, of the given type, of the three 
sets of objects is 4. | 
These are in fact - i 
f abC, ab, asbye;, ` abaca; 
a,b,c, be; Q55,65, 3501; 
“abc, a5b,0;, a,b,c), bas; 
Ash; ici, Mbics, bee. 
259. Consider n sets of objects of types 
PD, JU VD (nz 
and let it bé demanded to find the number.of distributions into n-fold objects of 
type A ES d 


. 260. The two sets of objects whose types are PP, PP may be distributed 
into a set of two-fold objects of r, different types, say 


D, PR,.... PY. 


261. Selecting at pleasure any one of ‘these sets of two-fold objects, say one. 
of type Pi, we may distribute it with the set of objects of type PP and thus 
obtain a set of three-fold objects which may be of 7, different types; say these 


Bre | PD, PE e P. 
EL : | 
262. Again selecting one of these sets at pleasure, we may proceed succes- 


sively until finally we arrive at a set of n-fold objects which. may be of r, differ- 
ent types which may be denoted by 


Pg... Phu PS 
One of these types may or may not be identical with the given iype T. 

263. Performing the process above indicated in all possible ways, we reach 
all the distributions into n-fold objects of the given type T. 

264. The analytical process for arriving at the number of such distributions : 
is simple and iid | We have mm to combine the successive processes 
which has gone before. 

265. Recalling the previous notation and writing down the relation 


ASA AB ome + LA.) (ARR. Je AR AR, eee +. 
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I now state definitely the meaning to be attached ? the number L which: may be 
gathered from the preceding. 


266. Let there be n — 1 sets of objects of types 


Gaa), 
ORS 


(abs | ess 
The number of distributions into  — 1-fold sets of objecta of type | 
oe QAM...) | 
is equal to L. 
267. From this statement it is immediately obvious that any substitution 
. Whatever may be impressed upon the » — 1 partitions | 


GSM); 
(8=2,38,....n), 


and hence in the above written identity the number Z is unchanged when any 
substitution is impressed upon these n — 1 partitions. 

268. This distribution theorem thus involves an intuitive pes of” the gen- . 
eral law of symmetry. 


269. It should be borne in mind ‘thet the general identity i is ATA 
through the medium of the identitiés 
Ky, 1 (1), 45,15 
Ki, 3 — = (2), 41,5 + (1 AP. 1,1: 
Ka, = (9). An, s + (2), Ay SAC) in 


d = (Daa K 81,13 : + 
K, = z(2, E 8—1, is 8—1,17 
Rio = (3)... E, ar. uua E Laut (1 9, E (nr 


À cnp dos | se 
je Esa ac (I)a — 8,1 | 
Ay. g— (3), K 12-8, diu. bn |. —8, E, —8, rt(ü 2 Fai 


S08 9 9 8a 9 nes 9 * *« 8$ * 4 9 9 t€v 9 35 + à 
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270. I propose to iun the general result for the ease of n — 4 and three 
objects in each set. There are then three sets of objects. 
We have 
Ki1= (1), 451, 
Ki, 3 = (2), Ata + (r Ja Zu 1: 
Ka, = (3), 41,58 + (21, 418411 + (1 s), A li; 


e 9 9 ee c 5 à à c» c 9 » c? 85 ? s» * » e» s * * s 


41 = (1),, Ky 1! à 
ds (2), Ka, 8 + (1°) Kia, 
EN s= (3). Kis + (21), Ki, E 1 + (1° ), KE 1: 
in order to eliminate the quantities K. | 
- 271. The result is, writing (3), = (3), for brevity, and so on, 
Ay s= (9) (8) Ane + {(8)(21) + (22) (3)] Ar, 14,1 + {(B) (15) 
(00 FPE AR, (22). (21), (din + AB) 
+ 3 ((22),(19), + (1,(21).) AP 1+ 6 (1). (19) Air 
454i = (8)}(8} Aen + 1(3) (21), + (21)(8)] Gas 4s + 48) 


+ 3 {(8)(1°)a + (1°)s(3)a} Ai + (21)(21)s (4o Ass + 444) 


F 9 10213 (15); + (1)4(21), ] 41; + 18 (1.(15), Ah, 
Air = (8}(8); Ai + 3 LME) 41 + 81(8) 05s + (18) Ah 
+ 9(21),(21) 4 o + 18{(21)(1°) + (19)(21) AB 
+ 36 (1°)s(1°)s 4i. | 
272. The symmetry is manifest, and representing by | 
KHY] 
a distribution of three sets of objects of types (3), (21) and Ln) and so forth, we 
obtain for the numbers of the different types 
[(8) , (8) , (3) J= 4 
[(3)., (3) ; (22) Ts 
[(8) , (8) , (1) ] = Ais 
| [() ; (21), (21)] = 4r s41 + 4i, v 
[(3) , (21), (1°) ] = 341, 
(3) , (19, 09] — edt, 
[(21), (21), (21)] = 41,41 + 4411, 
[(21); (21), 15] = 941: 
[(21), (1), (1?) ] 1842, 
LQ), 05, (1°) ] = 8645, | 
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. where for example the seventh of these results is to be interpreted as indicating | 
that of three sets of objects of types (21), (21) and (21) respectively, there is 
one distribution of type (21) and four of type e. 
273. Taking the objects to be | 
ay, à; as of type (21), 
o b,b, S E 
Ci, C1 & of type (21), Pvt 
the five distributions are in fact | 
(0 G6, abo, abs of type (21) . 
and ` | ab, Gbrcs, asbye, 
ab), Abs, Asb101 
i aber, bic, gb Cy 
` AybyCg, AbC, Qabi, 


and observe that there are no others. 


of type (1°), 


274. I have extended the subject of these four memoirs in a paper under 
the title “Memoir on Symmetric Functions of the: Roots of Systems of Equa- 
tions" in the Philosophical Transactions of the. Royal Society of London, Vol. 
181 (1890), A, pp. 481-536. 

WooLwicH, January 10, 1890. 


Multivalent and Univalent Involutory Correspondences 
in a Plane determined by a Net of 
Curves of n* Order. 


A paper read before the New York Mathematical Society at the Meeting of February 6th, 1891. 


By Cuas. Proteus Srernmetz, Yonkers, N. Y. 


INTRODUCTION. 


[In the following, points will always be denoted by German letters, lines and curves by Latin 
: letters ; planes, pencils and nets by Greek letters.] 


§1.—Ranges of Points. 





Let us assume two straight lines g and À. Then, between the points r and 
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9 of these lines g and A, a correspondence-can be established so that to any point 
r on g corresponds a point $ on A. 

The simplest way to produce such a correspondence is from a point p taken 
at random, but outside of g and À, to draw a pencil of rays and attribute to 
each other the two points of intersection of any ray with the two lines g and A. 

The correspondence established in this way is called ‘ perspective,” with the 
point p as the “centre of perspectivity," and has the essential property that the 
anharmonic ratio of any four points rrr, is the same as the anharmonic ratio 
of their corresponding points 9195959, : : 


(ritarsts) À (91929594) ; 


or . Fits . Tike _ Dis _. Did 
Xafs — Ygf4 Yes — Yay 


At the point of intersection q of the lines g and h lie two a ponen 
‘points, one in each range. 

Analytiealy this correspondence is represented by a bilinear equation 
between the coordinates z and y of the points r and y of the ranges or dorms 
g and h. 

But if we reverse this reasoning and define the correspondence between. the 
two ranges g and A by the condition that the anharmonic ratio of any four 
points r,rjr,r, is the same as the anharmonic ratio of their corresponding points 
$1929,9,, then in general the connecting lines of corresponding points r and $ do 
not intersect in a centre of perspectivity p, but envelop a conic curve, and the 
- correspondence is called projective or homographie, so that perspectivity AP 
as a special case of projectivity. . 

But even two general projective ranges of points can be brought.to per- 
spectivity by merely moving them so that the pom of intersection q of the 
. ranges g and À corresponds with itself. 

Now, if these two ranges g and À coincide with the same line, then by the 
relation of projectivity a correspondence between the points of this line—con- 
sidered as double line—is established so that to & point r, considered as a point 
of g, corresponds a point ÿ of À, and to this point $, considered as a pons on g, 
corresponds again a point 3 on A. 

If, now, this point 3 is again the same point r, 80 that to a point r, con- - 
sidered as point on g, corresponds. on A the same point $, as to r, considered 
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as point on A, corresponds on J, then this pair of points r, 9 is said to be. in 
involution, and it can be proved that when in two coincident projective ranges of 
points one pair of corresponding points is in involution, every pair of corre- 
sponding points r and 9 is in involution, and the correspondence between these 
coincident projective ranges of points is called-an involutory correspondence, or in . 
short an involution. 

Then we see the individualities of those ius coincident projeëtive ranges of 
points g and À disappear, and the quadratic involution can be considered as such 
a combination or configuration of the points of one range, that to any point r 
corresponds a point $, and to point ÿ again the point r. 


Ot p | . 
| | E Eo a 
| Fia. 2. ` 


Such an involution is formed for instance by the third and fourth harmonic 
point. Because, when you assume 2 points a and b, to a point r always corre- 
sponds a point y as fourth harmonic point with respect to a, b, and to 9 corre- 
sponds as fourth harmonic point again the point r. 

.The points a and b are the self-corresponding points or centre-points of this 
involutory correspondence. | 

This harmonie range is a particular case of the general quadratic involution : 
the involution with real centre-points. 

We call this involution ‘a, univalent correspondence, because to a point x Cor- 
responds-always one point 5. ; 

Analytically it is given by the roots of a quadratic ee the coefficients 
of which are linear functions of a variable parameter. i 

A multivalent involuttn on a range of points will be such a correspondence 
that to one point r corresponds a certain number of points $i, 95... . Yaoi, and 
to every point $ corresponds again the point r and all the other points ÿ, so that 
the points of the range are joined into groups of n, so that to a point r of a 
group correspond the other (n — 1) points of the same group, and inversely. 

Such a correspondence is, for instance, produced by a linear pencil of curves 
of n* order. Through any point r of g passes one, and only one, curve of the 
pencil which intersects g in (n — 1) additional points ÿ corresponding to r, and 

6 | 
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to any .one of. those points y gus again the other points > etes 
with r. 

" Therefore this correspondence is bn — 1)-valent.. 

Tt contains 2(n— 1) centre- -points, ‘or self-corresponding points, because 
2 (n — 1) curves of the pencil of curves of n™ order touch the line g. 

` For further particulars ón involutions i in ranges of points see Mey Wiener — 
Berichte, 1879. 


$2— Planes à T ne I 





Fia. 8. 


In the same way as between ranges of points, between two planes e'and # 
a correspondence of points, can be established so that to every point r on e 
corresponds one, or several points $ on 7, and this cotreapondence can therefore . : 
be either univalent or multivalent. 

If, now, the two planes s and y coincide, to a point r, considered as point 
on e, corresponds a point ÿ on y, and to $, considered as point on e, corresponds 
again a point 3 on: x, and if this point 4 is always the same as r, that is, if toa 

, point r as point on e corresponds on ‘the same point $, as to r, considered as 
point on 7, corresponds in e, then the two coincident planes are said to be in 
involutory coincidence and produce an involufory correspondence ; ‘and again the 
individualities of the two different planes disappear. 
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Such an involutory correspondence of elementary character is, for instance, 
the correspondence by reciprocal radii. ^ MN 

Let us assume (Fig. 3) a point D as centre. Then to every point r is 
attributed on the ray [Ox| a point $ by the condition : | 


LECT 


[DE] x [Dy [= 5 


or 


where 7° is a given quantity ; and to 9 corresponds again the point r. 

All the points corresponding with themselves lie upon a circle with D as 
centre and r as radius, which is called the centrecurve or self-corresponding curve 
of the correspondence; and this correspondence is called quadratic or of the 2° 
order, because to the points of a straight line corresponds a circle, that is, a 
curve of 2° order. 

In this correspondence by reciprocal radii the points of the plane are joined 
into groups of two, and the connecting lines of corresponding points all going 
through the point ©, the correspondence is perspective, with point © as the centre 
of perspectivity. 

Again, a multivalent involutory correspondence in the plane is a correspon- 


dence in which to a point r belong a certain number of points $1, ÿ....9, , 
and to any one of these points ÿ correspond the other points » ieia with 
point r. 


This multivalent involutory correspondence is (n — Y)-valent,. and joins the 
points of the plane into groups of n. 

Itisthese multivalent and.univalent involutory TENERE in’ the plane 
which I propose to consider here, the corresponding relations in spaces having 
been published in the "Zeitschrift für Mathematik und Physik," Dresden, 1890, 
p. 219. 


CHAPTER I. 
CoRRESPONDENOES DEFINED BY A GENERAL NET. 
§3.—Definition and Quantivalence of the Correspondence. . 


Let us assume in the plane a general net of curves of n™ order; that is, all 
those curves which, from three curves given at random—but which we first sup- 
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pose to have no common point of intersection—are produced linearly, that is, 
by continued formation of pencils of curves. 

Analytically, this net of curves is represented, by the equation 

F(x, y) =A (2, y) + Of (a, y) + 6s (m, y) = 0. 

Then all the curves c of this net K, which intersect in one point r, form a pencil 
of curves of n™ order, and therefore intersect in (n° — 1) additional points y, 
which, together with x, are the base-points of this pencil. 

Therefore, to every point r correspond (n? — 1) points 9. 

On the other hand, to every one of those points 9 correspond the point r 
and the other (n? — 2) D 9. 

Hence these points r....9 define an involutory 


N= fr — 1)-valent 


correspondence of the points of the plane. 

The locus of all those points r which coincide with one of their correspond- 
ing points ÿ, and thus correspond with themselves, is a curve of the 3(n — 1)'^ 
order H®®~», the centre-curve or self- à cürve of the gortespogHanon 
(Proof, see 86) 


$4.— The Order of the Das 


To determine the order of the correspondence, we produce the curve o 
which corresponds to the straight line g. . 

For this purpose we make usé of a representation of the curves c of n 
order of the net K by the straight lines / of the plane E, in attributing to each 
curve of n^ order c its linear or last polar-line with regard to a fixed point Ÿ 
of the plane.* 

Then to each line Z of E corresponds a curve c of K, and to each curve c of 
K corresponds a straight line / of E. 

To each pencil of curves c in K corresponds a pencil of rays in E, and 
inversely. ; : | 
Hence to every point p of K corresponds in E one point q, the base-point of 
the pencil of lines / in E, which corresponds to that pencil of curves c in K, 
which is uStormged by p as one of its base-points. 





* But which point $P is supposed to be no particular point of the net K. 
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But, to every point q in E correspond n? points p in K, the base-points of 
the pencil of curves c corresponding to the pencil of lines with q as centre: 

This représentation is therefore 1 -- n?-valent, 

To a straight line g in K corresponds in E a curve k, which cuts any line 7 
in the same number of points q, as g cuts the curve c, corresponding in K to the 
line 7 in E, that is, in n points. 

Hence % is a (unicursal) curve of the n‘ order. 

- To this curve %™® corresponds in K a curve of the n*th order, which consists 
of the line g and a curve C'*—? of the (n° — 1)™ order, the curve POLTSRDUD SINE 
tog. That is— 

“To every straight line g corresponds a curve C'— of the order 


M= (n! — 1), 


as the Min of the groups of (n? — 1) points $, corresponding to the points r of i 
the line g.” 


‘The order of this involutory multivalent correspondence is: M= (n — 1); - 
that is, the same as the quantivalence."* 


Secon and Lines in the Correspondence. 


Each line g intersects the corresponding curve aia in (n? — 1). points, of 
which 

3(n— 1) points are centre-points or self De points, as ponto of 
intersection with the centre-curve H®®~, 

The other (n° — 1) — 3(n — ipee = (n — 1)(n + 2) points correspond to each 
other mutually : 


‘On every line there are { 


n — 1)(n + 2) 
2 


pairs of conjugate or mutually cor- 
responding points.” | 
—e + 2) 


If a line gy contains more than * (n pairs of conjugate or mutually 


corresponding points, it corresponds to eae that i is, all the points of the line gy 





que 


* Butthese values of theorder, and of the quantivalence of the correspondence, are derived only under 
the assumption of the non-existence of fundamental points, or common base-points, in the net, and do 
not hold if all the curves c of the net K contain common points of intersection. For this case see 
Chapter III ` 
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correspond to one: another, and the corresponding curve of g is of the order ; 
(n? — 2) only, or even of lower order. | 

“On two lines g, and g,, given at random, there are (n? — 1) pure of cor- 
responding points." 

For g, intersects C(^' ^? in (n* — 1) points. 

“On every line g there are 3 (n — 1)(n° — 2) points which have a centre-point 
as a corresponding point.” | 

For CC'-P intersects H?9-» i in 3 (n — Ve — i points, of which 3 (n — 1) 
points lie on g. 

. Hence : l 

“AI the. points r, which have a centre- point as corresponding point, produe 
a curve Æ@-D%—9 of the 3 (n — 1)(n® — 2)? order, which I call the conjugate 
curve to the centre-curve Be, because K?@—X™'—® together with H?°—” cor- 
responds to H?(*—," 


$6.— The Centre-curve H**" —? of the Correspondence. 


‘Let; be a centre-point, that is, a point which corresponds to itself, or 
rather to a point à infinitely near to 3. Then the line tw is common 
tangent of all the curves c of the pencil determined by 3: 

Hence the centre-curve is the locus of contact-points of all the pencils with 
a common tangent, or of those points where all the curves of a pencil touch each 
other. | . 

In such & pencil of tangent curves c, always one curve d is determined by a 
point 3, infinitely near to the contact-point 3, but outside of the common tan- 
gent ¢ = |34]. 

This curve d has a node or double point in 3. 

Hence the centre-curve is the locus of the nodes of the curves ¢ of the net K. 

Now the first polar-curve of any point of the plane mur respect to a given 
curve passes through all the nodes of this curve. 

In a centre-point intersect therefore the first polar-curves of all the points of 
the plane, or what is the same, of three points not being in a straight line, with 
respect to that curve d of the net K, which has a node in this centre-point. 

Now the first polar-curves of the points of the plane, taken with respect to 
the curves of n^ order c of the net K, produce projective nets of curves of 
(n — 1)* order, which are projective also to the net K. 
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. Hence the centre-curve H is the product of 3 projective nets of curves of 
| (n — 1)™ order, which are the first polar-curves of 3 points a, b, c, given at ran- 
dom, but so that they do not lie in & straight line, with respect to the curves of 
n*' order c of the net K. | 
Let these three projective nets be called A, B, I’, their curves a, b, c. - 
Assume at random a straight line g. Every point p of this straight line g 
determines a pencil a of curves a in net A, to which corresponds in B a pencil 8 
of curves b. One of these curves b passes through p, and to this curve b corre- 
sponds in net T one curve c, which intersects g in (n — 1) points q,.80 that to a 
point p correspond (m — 1) points q. 
On the other hand, every point q on g determines a pencil: y of curves c of 
(n — 1)™ order of the net I', to which correspond two projective pencils æ and 8 
of curves a and b of the nets A and B. 

. These pencils of curves a and 8, of (n — 1)™ order, produce by their pro- 
jective correspondence à curve of 2 (n —1)® order, which intersects g in 2 (n —1) 
points p corresponding to q. "Thus: | 

to every point p correspond (n — 1) points q; 
to every point q correspond 2 (n — 1) points y; 
hence the coincident ranges of points p and q on line g have 3(n — 1) double- 
points or selfcorresponding points,* which, as points of intersection of 3 corre- 
sponding first polar-curves a, b, c, are points of the centre-curve H. That is, 
“ The centre-curve H?—» of the correspondence is of the 3 (n — 1)™ order." 


` CHAPTER II. 


CORRESPONDENCES DEFINED BY A NET wirH Fixep BASE-POINTS OR FUNDAMENTAL 
Ponts. 


87 — Definition and Quantivalence. 


If all the curves c of n order of the net K pass through the same point P, 
there intersecting each other, we call-this point Ÿ a (simple) fundamental point of 
the correspondence. 

* In general, #-projective (4 — 1)-dimensional linear systems of curves of mà order produce as the - 


locus of their common points of intersection of. corresponding curves a curve of the order t, and there- 
fore, for m= n — 1, #=8, 8 (n — 1). 
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If all the curves c pass through the same point O, and have this point as a : 
*-ple point, we call this point O a fundamental point of the correspondence of mul- 
tiplicity x, or à x-ple fundamental point. 
| At a simple fundamental point P, one curve c has a node or ie -point, 
but in general, at a x-ple fundamental point no curve c has a multiple-point of 
order higher than x. - 
Therefore all fundamental points are e points of the centre-curve H. 
Every x-ple fundamental point is a x*-ple point of intersection of the curves 
c of the net K, and therefore consumes x* points $, corresponding to every point 
r ofthe plane. Hence 
| M " The quantivalence of the correspondence i is 


N= 7 — xi — 1, 


| Where x, is the multiplicity. of the fundamental point ©, . 


$8.—Singular Curves and Singular Points. 


“Of fundamental points of a higher multiplicity than n/2, only one can 
exist. Then all the other fundamental points must be of a ma Speo equal 
to or less than n — x, where x is the multiplicity of the first point.” 

. “Tf the fundamental points Q,, D... . D, of the multiplicities x, x, . .'. . x, 
lie upon a curve, 8 of the m™ order, and have for this curve 8% the multiplici- 
ties 6;, 0,....6,, we must have | 

| 2x0, < mn.” 


"Otherwise this curve S™ would be a part of all the curves c of the net K, and 
this net K therefore would reduce to a net of (n — m)™ order. 

A special case is— 

“The sum of the multiplicities of all the fundamental points lying on a 
straight line must be equal to or less than n.”* . 


` *In the corresponding relations in space these conditions do not exist, but fundamental curves and 
fundamental lines, that is, curves and lines common to all the surfaces of nth order of the tri-dimen- 
sional system which defines the correspondence, can exist, and indeed must exist, if the correspondenos 
is univalent, 
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“ If the fundamental points $9; of the multiplicities x, lie on a curve S™ of 
the m order, and are for this curve of the multiplicity 6,, and if 


ZXx0, = mn, 


we call this curve S™ a singular curve of m™ order of the correspondence.” 

The pencil of curves c, determined by a point of a singular curve of .m'^ 
order S, consists of this curve 8% and of a pencil of curves of (n — m)™ order 
which intersect in 


(n — my — Ex? — X (xl! — 0) 


points (where x; is the multiplicity of those fundamental points O; which do not 
lie on S™, and x! the multiplicity of those fundamental points Q!! which are 
6,-ple points for S™). These points we term the singular points G, associated 
with the singular curve (S. 
- To any point of a singular curve S™ corresponds the whole singular curve 

'? and their associated singular points €. 

To a singular point € correspond its other associated singular points and the 
whole associated singular curve S™, 

Therefore every singular curve S™ is a part of the centre-curve H of the 
correspondence, but not in general any singular point. 

Hence the order of the centre-curve H is 

3(n—1) —Zm,, 

and 

“The sum of the orders of the singular curves S is equal to or less than 


3 (n — 1), 
Xm, S3(n— 1)." 


$9.— The Order of the Correspondence. 


The fundamental points have no influence upon the order of the correspon- 
dence, and, if no singular curves exist, the order of the correspondence is 


M — n° —1. 

Every line g intersects a singular curve S™ of mt order in m points, - 
to every one of which the whole curve S™ corresponds, together with its sin- 
gular points. 

. Hence, if a singular curve of m order exists, the curve corresponding to a 
7 
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“straight line g consists of the curve am counted m-fold, and a curve C of the 
(nr? — m? — 1)* order. Thus: 
“The order of the correspondence is 
M= 7 — Emi — 1, 


where m, is the order of the singular curves S™.” 


$10.— The General Curve C. 


“To a general straight line g corresponds.a curve C of the 
M = (n! — Sm? — 1)* order, 
which has every x,-ple fundamental point ©, as a 
y = nx-ple point, 
if Q, does not lie on a ce eurve, but only 88.8 
= (nxi — Xm,0,)-ple point, ` 


if O; lies on the singular curves S™ and is a 6,-ple point for those curves.” 
This curve © has every singular point ©, which is associated with a singular 
curve S™ of mt? order, as a 
p! = m-ple point, 
if S does not lie on any singular curve, but only as a 
y!!! = (m — Zm,0,)-ple point, 


if € is a 0,-ple point of the singular curve S™, 

' Between these numbers v, vl, v/, v'", the quantivalence N and the order M 
exists the relation 

E (9? + v + Vl + V!) = (M + 1)(M — N). 

To prove these results, we make use of a construction for the eurve C 
different from that given in 84. 

We produce the curve O, corresponding to a straight line g, by two — 
a and @ of curves a and b of the net-K, which pencils a and b, as belonging to 
the same net, have one curve c in common. 

These curves a and b have with each other an n-valent correspondence by 
means of the points of the line g; to every curve a corresponding to the n-curves 
b, which are determined by the points of intersection of a with g. 
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Now these n-curves b intersect a in n? points. nof these are pos of the - 
line g, and the other n? — n = n (n? — 1) points are the points of intersection of ` 
the curve a with the curve C, and, a being of the n™ order, O therefore is of the. 
(n? — 1) order. ; | | 

If §™ is a singular curve of m* order, it intersects a in nm points. Each 
one of these is a m-ple point of the locus corresponding to g, because correspond- 
ing to m points of g, and the real curve C has therefore only n(n? — m — 1) 
points of intersection with a; that is, C is of the (n? — m — 1)® order. 

Now, let ©, be a fundamental point of multiplicity x,, then it is x-ple point 
of intersection of a curve a with any curve b. Therefore it is a nxj-ple point of 
intersection of a with the n corresponding curves b, that is, with the curve C, 
and, D, being x-ple point of a, it is nx,-ple point of C. But if it is a 6-ple point — 
of a singular curve §™ of m^ order, it is mÓx,-ple point of intersection of a with . 
the curve |$'?, counted m-fold, and therefore only a (nx — m0x,)ple point of 
intersection of a with C, that is, a (nx, — m6):ple point of C, etc. 


$11.— Particular Curves C. 


If a line g passes through a p-ple fundamental point 3t, the pencils a &nd b 
are put in a correspondence only (n — p)-valent, because every curve a intersects 
g in only (n — p) variable A If g passes through a singular point 98 asso- 
ciated with a singular curve of w™ order, S™, this curve S™ disintegrates from 
the curve C corresponding to g, and in considering the number of points of 
intersection coinciding with a fundamental. pom or with a angular point, we 
get in the same way as in §10: 

“To a straight line g, passing through: the fundamental points 3t, of pe 
multiplicity and the singular points %8,, which are associated with the singular 
curves S? of w,™ order, corresponds a curve C of the 


M — (n (n — Xp,) — Xm, (m, — 0) — Xw, — 1) order, 
where 6, is the multiplicity of R, for |/Sj. And this curve, at a fundamental 


point Q; of the multiplicity xı, which fundamental point is 0.-ple point for the 
singular curves S™, and 6,-ple point for the singular curves S“, has a 


v= ((n — pr) x; E,m0, — 20,)-ple point ; 
at a point 9t, it has a 
1! = ((n — Sp.) f, — Emb, — X0, — 1 }ple Sn 
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at a singular point ©, it has a ; 
= (m, — Xm,0,)-ple point, 
where m; is the order of the singular curve ,S/?, associated with the singular 
point S,; which is a 6,-ple point for the. singular curve S°; finally, at a singu- 
lar point ©,,, associated with a point W,, O has a | 
y"! = (w, — Zm,0, + 1)-ple point. 

Between these numbers v, »/, s”, a and vı, vi, 1, v1" of two curves C and C, 
of orders M and M, respectively, and the quantivalence N, exists the relation 
E (vw, + 9/71 + vot! + o + l 

= MM, — (M— )(N — 1) = MM, — (M, — «(Y — 1), 
‘where e is the sum of the ‘multiplicities of the fundamental and singular points 
on g, for C." 

As a particular case of this theorem, we have— 

“To a straight line s, which connects the fundamental points ©, of multi- 
plicity x, 80 that Ex =n; corresponds a curve of Oh. order, which consists 
merely of a number of separate, eagna points associated to the line s as a. 
singular line." 


- 8$12.— The eee H. 


“ The centre-curve H is of the order 
8 (n mme: 1) Ero Em, 


and contains any x- „ple fundamental point Q which is of the Tips 0, for 
the singular curves S®, if x >> 1, as a 
(8x — 0, — 2)-ple point, 


but a simple fundamental point as a double-point or node, if no singular curve 
passes through it, otherwise as a point of the multiplicity 
2 — 20," 


The latter, because the simple fundaméntal point is a double-point for one 
curve of the net, while the x-ple fundamental point in general is not a (x +1)-ple 
point of any.curve c of the net K. 

" [n.a simple fundamental point, the Td H has the same two tan- 
gents as the one curve of the net which has this point as double-point.” - 
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- We prove these results by producing the centre-curve Hin the same way as 
in $6, by three projective nets of first polar-curves, but by using as the point a 
the fundamental point © and drawing line g through 9. 

‘ The sum of the orders of the singular curves S{” is 
=m, = 3 (n TT Ly" 
“If _ EÈm=8(n—1), 


the correspondence has no centre-curve or self-corresponding curve, but only 
separate centre pointe or self-corresponding TP d 


N. B.—In the foregoing we did not specially mention the case that all the 
curves of the net K had'a certain number of common tangents in a fundamental 
point, because this case affords nothing new. For any fundamental point with - 
one or more common tangents can be considered as consisting of, and dissolved 
into, two or more separate fundamental points lying infinitely near each other. 


CHAPTER III. 
RESEARCH ON THE ExiSTENCE OF UNIVALENT CORRESPONDENCES. 


§13.—Fixed Base-points and Elements of Determination. 


A net of curves of n™ order is determined by 


(n. +1) epe E RED points or elements, 


and ean contain in maximo 


Q = n? — 2 fixed points of intersection. 


Now one simple fundamental point represents 1 element of determination 
and 1 point of intersection. 
- One double fundamental point represents 3.elements of determination and 4 
points of. intersection. 3 
One triple fandamental point represents 6 elements of determination and 9 
points of intersection. | 
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x (x +1) 
2 


` One z-ple fundamental point represents elements of determination 
and x? points of intersection. 
The correspondence is univalent when the number of fixed points of ‘inter- 


section is 

xé =Q=r-2, 
Then must be either | 
| gosta pe CR CEE 


and the correspondence i is fully determined by its fundamental points, or 


and the correspondence is not fully determined by its fundamental points. | 


S14— Univalent Correspondences produced by Simple Fundamental Points. 


That a TA correspondence might be produced by simple fundamental 
points alone, the condition is 


E 4) < "E 


hence n<3: 


P By simple fundamental points univalent correspondences can je produced 
only by means of nets of conics and cubics.” 
n — 1: no-correspondence defined. 
x (% +1). 
g — 


. n= 2: 2 simple fundamental points. P—3. X — 2. The corre- 


spondence is not yet defined by the fundamental points alone. 


X ala Ela 


n= 8: 7 simple fundamental points. P=7. X. — 7. The corre- 


pote is just Geverauned by its fundamental points, 


§15.— Univalent Correspondences produced by Multiple Fundamental Points. ` 


If a fundamental point is of higher multiplicity than n/2, only one of this 
kind of fundamental points can exist, and the other fundamental points must be: 
of a multiplicity equal or lower than n — x. 
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“Tt is always possible to determine univalent correspondences by means of 
nets of curves of n*^ order with x-ple fundamental points, if x >n/3.” 

For let the correspondence contain 6 x-ple points, where x<n/2. Then 
these à x-ple points represent 


PLACE) 
2 


elements of determination 


and ôx? fixed points of intersection. 


Now, in neglecting at first the condition that ô is an integer number, and 
supposing all fundamental points to be x-ple points, the condition of univalence is 





um bx? =n? — 2, 
but sæt) c (n— 1n + 4) 
m a m 2 | 
whence n? — 2 
l 12 5n— à" 
That is, 
“The multiplicity of the fundamental points must be equal to or higher 
"Di l À 208, 
.than AD to determine a univalent correspondence." 
Now, in excluding the case 
n<3 
as considered already, we get 
i n* — 2 
$i cas 


Therefore 
' x n[3 determines univalent correspondences,” * 


N. B.—Very different conditions exist in space. There, by a tri-dimen- 
sional system of surfaces of n™ order, it is impossible to produce univalent invo- 
lutory correspondences by mere simple or multiple fundamental points (except 
when n — 2), but only the existence of fundamental curves, that is, curves which 
are common curves of intersection of all the surfaces of n*^ order of the tri-dimen- 
sional system, produces univalent correspondences in space. 





. * This proof is not rigorously correct because we neglected thé condition that ô is an n integer number. 
But, by a slight modification, this condition can be accounted for. 
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CHAPTER IV. ' 
PARTICULAR ‘CORRESPONDENCES. 
‘A.——UNIVALENT CORRESPONDENCES. 


$16.— Perspective Quadratic Oorreépondence, n = 2. 





ge 


A net of conics, which have two points Ÿ and © as common points of inter- 
section, determines a univalent correspondence, because any point r determines 
. 8 conic pencil which has an additional base-point $. 


Fra. 4. 
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This -correspondence is not fully determined by its fundamental points 
P and Q. l 

The line joining the fundamental points, s — | 932 |, is singular. line of the cor- 
respondence, and therefore corresponds to every line of the plane. 

Hence the correspondence is quadratic. 

With the singular line s is associated as corresponding point the- centre © of 
a pencil of rays, which, together with e, form a particular conic pencil of the-- 
net. (Fig. 4.) n° te 

The centre-curve of the net being of the third order, consists of the singular 
line s and a conic H®, which passes through the fundamental points Ÿ and ©, and 

there has as tangents the lines p—|€$|.and g=|GQ|. Hence the singular 
line s is the polar-line to the singular point © with regard to the centre-conic ZO. 

To a straight line g corresponds a conic, which passes through the funda- 
mental points P and © and through the singular point ©. 

To the rays g,, of the pencil with its centre at the fundamental point P cor- 
respond the rays g, of the pencil with its centre at the other fundamental point 
©, and inversely. These two corresponding pencils of rays P and © are pro- 
Jjective, and the locus of their points of intersection is the centre-conic H®, 

The rays gẹ of the pencil, with the singular point © as the centre, are cut 
by the corresponding pencils P and Q in corresponding points r and ÿ, which 
have the points of intersection of gẹ with HP) as. self-corresponding points, and © 
and (s, gg) as a pair of corresponding points, and therefore lie in quadratic involu- . 
tion. -> E : 

© Thus this quadratic correspondence is perspective, with the singular point € 
as the centre of perspectivity. 

The rays of the pencils Ÿ and © correspond to one another, those of the 
pencil © correspond to themselves and contain quadratic involutions of corre- 
" sponding points. | E | 

To the line s corresponds point ©, and conversely. 

a ít p íi it p ; La [11 
[11 [11 q tt tí D, ít íí . 

The corresponding curve of a conic is a unicursal quartic, which has the 
points P, Q and © as its double-points. 

The corresponding curve of a conie, which passes through one fundamental 
point ), isa unicursal cubic, which passes through the points ) and €, and has 
the other fundamental point Q as its double-point. 


8 
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The corresponding curve of a conic, which passes through the singular point 
€, is a unicursal cubic, which passes through the fundamental points P and 9, 
and has tlie singular point © as its double point. 

The corresponding curve of a conic, which passes through both dame 
points P and ©, is another conic which touches the former one in the funda-. 
mental points Ÿ and ©. 

The corresponding curve of a conic, which passes through the singular point 
€ and one of the fundamental points Ÿ, is another conic which passes through 
the other fundamental point © and through the singular point €. | 

The corresponding curve of a conie, which passes through the three points 

P, Q and ©, is a straight line, and conversely. ` 
| This correspondence is determined by the centre-conic H and the singular 
point €. The singular line ¢ is the polar-line of & with respect to the centre- 
conie H®, and any pair of corresponding points forms an harmonie range with 
the self-corresponding points (Jes H®), on the rays gg of the pencil €. 


$17.— Correspondence by Reciprocal Radii. 


Of special interest is a particular case of this perspective quadratic corre- 
spondence which we derive by assuming as fundamental point 3? and © the 
two imaginary circular-points at infinity. 

Then all the conics of the net are circles. 

The singular line is the straight line s, at infinity. | 

The centre-contc H" is a circle, because passing through the ie -points 

. 99 and © as fundamental points, which has the singular point S as iis centre, 
because © is the pole of the singular line &, at infinity, with respect to the 
centre-circle H®, l 

Let the radius of this centre-circle = r. 

Any pair of corresponding points r, 9 forms. an harmonic range on a ray 
Je which has the points of intersection of |rÿ|— Ie ‘with the centre-circle H® 
as double-points. 

Hence, from the properties of the harmonic range, we derive . =: | 


Sid a2 


the definition of the correspondence by PTE radii. 
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To a straight line g corresponds a conic through €, $9, D®, that is, a circle 
through © which intersects g upon HO. 

To a circle, that is, a conic through % and Q®, corresponds another conic 
through 99, $9; that is, a circle. 

To a circle through © corresponds-a straight line, etc. 

In this way we derive the properties of the well-known circular correspon- 
dence by particularization of the general perspective quadratic correspondence. 
into which it can be transformed by collinear transformation. 


$18.— Correspondence of 8^ Order, n —8. 


A net of cubics, with 7 common base-points, X, B....G, as fundamental 
points, defines a univalent ponteepondence which is just determined by its funda- 
mental points. ; 

This correspondence is of the 8* order, and to any straight line i de 
a unicursal curve of 8*^ order, which has the 7 fundamental points 91, 8.... © 
as triple-points. 

The corresponding curve of a straight line, which passes through one of the 
fundamental points, A, is a unicursal quintic which passes through % as simple 
point, and has the other 6 fundamental points 8... . © as double-points. 

The corresponding curve of one of the 21 connecting lines of two funda- 
mental points, is the conic determined by the other 5 fundamental points. 

The centre-curve H® of the correspondence'is of the 6 order, with the 7. 
fundamental points A, B... . © as double-points. 

Here again a particular case of the correspondence is of special interest. 
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819.— The Quadratic Steinerian Correspondence. 





Let the 7 fundamental points.Y, B...., 6 of the correspondence considered 
in $18 lie three upon each of 6 straight lines, 80 that the configuration of these 7 
points forms a complete quadrangle.. » 

Let A, B, € be the diagonal points, Ð, €, 8, © the vertices of this quad- 
rangle. Then those 6 lines , 


INDE), [456], 
[BDF], |BGE|, 
|GDG|, | CEs], 


disintegrate from all the curves of 8 order of the correspondence às | singular lines. 

Hence the corresponding curve of a straight line is a conic which passes 
through the diagonal points A, B, €, for these points are triple-points in the 
general O9, but only double-points in the quadrangle. That is, 

“The correspondence is quadratic," . l i 

From the centre-curve H® these 6 singular lines disintegrate also, and the 
general centre-curve being of 6™ order, we derive | | 
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“This quadratic correspondence has no centre-curve, but only 4 separate self- 
corresponding points, D, €, $, G.” | 

For these 4 points are triple-points in the quadrangle; but only double-points: 
in the general centre-curve. | 

Every pencil of cubics of this particular net contains. 6 special cubics wbich 
consist of a singular line and a conic passing through the 4 fundamental points 
not lying on this singular line. 

Any two of those conics have two fundamental points:in common. 

Hence, to construe the point.$, which corresponds to r taken at random in 
the plane, we make use of these particular cubies of the:cubic pencil determined 
by x, and thus get the point ÿ as fourth point of intersection of two conies, which 
have the point r and two fundamental points in common. 

Therefore the construction of $ is linear. | 

Thus we get the point 9, which corresponds to r, as the fourth point of inter- 
section of two conics, which are parts of cubics of tlie cubic: pencil r, the other 
` part of these special cubics being singular lines. 

` Let these two special cubics of the cubic pencil r be 

1) The singular line | XG | and the conic K, passing through rBCDE. 

2. 9 " " |ADE| i DEP 8 " — rBCFG. 

These two conics K, and Æ, intersect in r BE and the corresponding point y. 

Now, by the projective properties of the conic, we get in the conic Æ, the 
projective pencils of rays, with the centres 35 and. €, | 


B (ryDE) À € (ryDE), (a) 
in the conie Æ, the projective pencils of rays, with the same centres B and ©, 

8 (186) A € (r986), (b) 
or, what is the same, 

| B (DE) A G (1562); | (e) 
bence (c) combined with (a), A | 
| C(YDE) AC (15€); 

therefore € (ry: €) = — 1, 


or © (93D &) forms an harmonic range; that is, 

' The pairs of corresponding. points r, ÿ of this quadratic involutory corre- 
spondence are projected from any diagonal point A, B, € by the rays of a 
quadratic involution, which has as its self-conjugates the two singular lines inter- 
gecting in the diagonal point." 

Now the construction of the corresponding point.$ is the following : Connect 
r with two diagonal points 8 and € and produce the fourth harmonic rays with 
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respect to the pairs of singular lines intersecting in 8 and € to | Br! and | €r|. 
These fourth harmonie rays intersect in ÿ, which corresponds to r in this Ue 
ratic correspondence. 
| But this is the construction of the Steinerian quadratió involutory correspon- 
denée, which has the diagonal fundamental points 9(, B, € as its base-points, and 
the four other fundamental points D, €, &, © as its self-corresponding points, or 
as the base-points of that conie pencil, the conjugate poles of which are the cor- 
responding points of the Steinerian correspondence, so that we need not enter 
further into the consideration of this particular correspondence. 

Therefore, we get a new property of the Steinerian correspondence— 

“Any pair of corresponding points of a Steinerian correspondence gives 
with the three base-points and the four self-corresponding points of the corre-: 
spondence, a set of 9 base-points of a cubic pencil.” : 


Laos Co PRU di of 5^ Order, n= 8. 


Another univalent correspondence is defined by a net of cubics with one 
double fundamental point D and three simple fundamental points 9f, B, €, but 
is not fully determined by its fundamental points. 

This correspondence is of the 5 order, and contains three Spots inea 
IDAJ], [DB], i58, every one of which is associated with one singular point, 
35, Bı, €,. ` 

The centre-curve is a cubic H®, passing through 9f, 35, €, D as simple points. 

The corresponding curve of a straight line is à unicursal quintie, which has 
the point D.as triple-point, the points X, B, € as double-points, and passes 
through the singular points Mi %,, €, as simple points. 


$21.— Nes of Quartics. 


Number of fixed points of intersection, Q = n° — 2 = 14. 
Number of elements of determination, P — @— Doct 4) 


. Tbe quartic net gives the following univalent m dx 
1). 2 double-points, Dı; Ds, and 6 simple fundamental porna P. 
The correspondence is fully determined thereby.’ 
14" Order.—Centre-curve, H® of 8™ order, an 2.triple-points, D,, Ds, 
aid 6 double-points, P,. 
One singular line, s=|D,D,|, with one associated singular point, €, which, 
together with D,D, and Ÿ,, gives a set of 9 base-points of a cubic pencil. 
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The general curve C09 has two points, D,, D, of the multiplicity 7; 6 PUR 

ruple points Ÿ,, and passes through ©. 
` 2). 3 double-points, D,, D,, D,, and two simple fundamental points, 95, 9» 

The correspondence is not fully determined thereby. 
: 89 Order.—Centre-curve, H® of 45 order, with Di, D, Ds, 34, Vo as 
simple points. 

3 singular lines, |D,D,|, | DDI, Bi; each with one és gingular 
point, €,, &,, S, and | 

1 singular conic through the 5 fundamental points, with one associated 
point &9, E 

The general curve C® find 3 quadruple points, $4, $,, D, 3 double-points, 
95, 95, S®, and passes through the 8 singular points, ©,, G,, &,. 

3). 1 triple-point € and 5 simple fundamental points 9$. 

The correspondence is not fully determined thereby. 

10 Order.—Centre-curve H9? of 4'^ order, with € as double-point and %, - 
as simple points. 

5 singular lines s, — | $3], each with one associated singular point ©;. 

The general curve C? has a point of the multiplicity 7 in T, 6 triple points 
in ;, and passes through ©, as simple points. 


$22.— Nets of Quintics. 


N umber of fixed pom of intersection, Q = n? — 2 = 28. 
(1). 


Nu of elements of determination, P= 


The quintic net gives the following univalent noc n 
1). 5 double-points, D,, and 3 simple points, Ÿ,; fully determined. 
20 Order.—Centre-curve, H% of 10“ order, with 5 triple-points, D;, and 
3 double-points, 3. 
One singular conie through the 5 double-points, D, with one associated sin- 
gular point, €, 
General curve, C99, with 5 8-ple points, d;, 3 quintuple points, D, and one 
- double-point, €. 
2). 1 triple-point, T, 2 double-points, $,, Ds, and 6 simple points, $,; fully 
determined. 
22* Order.—Centre-curve, H of 10 order, with z as quintuple point, 2 
triple-points, D,, D,, and 6 double-points, $5, .: 
2 singular lines, ei and | £:5,|], each with one associated singular potus 
©, e. s í 
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General curve, 0%, with 13-ple ;point, T, 2 9-ple. points, Pi $,, 6 quin- 
tuple points, Ÿ,, and 2 simple points, ©, ©. 

3). 1 triple-point, £, 3 xi E D,, De; De, and 2 guis points, Pa, P; 
undetermined. 

189 Order,— Centre-curve, Ho of 5b" order, with double-point, €, and 
simple points, Di, Ds, Ds, 93, 3. 

3 singular lines, | £2], [TD |, |£35,], each with one associated singular 
point, €,, €, S,, and 

2-singular conics, each passing through T, D, Da, $$, and one -of the sinple 
points, Ÿ,, each with 2 associated singular points, GP, SP); S{?, SP. 

‘General curve, O99, with 8-ple point, T, 3 quintuple points, D,, D,, Da, 
2 triple-points, P4, Pa, 4 double-points, SP, eg. S0, SP, and 3 simple points, 
Si, €, Ss. 

4). 1 quadruple point, 9 ,:and 7 simple points, },; tan 

17 Order.—Centre-curve, H® of 5™ order, with: triple-point, ©, and 7; simple 
points, 35. 

7-singular lines, | 239,], each with one aso dated point, &;. 

General :curve, O%, with 13-ple point, ©, 7 ME points, P, : and 7 
simple points, eh 

$23. — Nets of Sextics. 


"Q— 34. P= 2. 
1). 1 triple point, 6 double oints, 1 simple oint; full decre: T order. 
pie p p pie p y 
2). 9 u “u g n 4 u u In 30% . u 
3). 2 “ " A si - “ undetermined. 18” ‘ 
4). 8 " Hs. a 7 A fully determined. 323 “ 
‘5:) 8 " "o se 3 as undetermined. 20 « 
6). quadruple 3 af 6 M fully determined. 32% “ 
7) 1 Fi, cH B " 2 “ ' undetermined. 27 « 
8). 1 quintuple (E i 9 i “ 96% u 


:ete. | | . etc. . 
B.—MULTIVALENT CORRESPONDENCES, 
$24.— Trivalent Cubic Correspondence, n= 2. 


À net of conies, which have no common point.of intersection, determines a | 
trivalent cubic correspondence, which has & cubic as its centre-curve, H®, 
‘To any point r of the plane correspond 3 pants 91, $2, $3, which, when x 
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moves along a straight line g, produce a cubic curve C. This cubic CÓ? inter- 
sects the straight line g in 3 self-corresponding points. 

In general, a line g contains no pairs of conjugate or mutually correspond- 
ing points, -But if a line g contains one pair of points which correspond to one 
another, the line gy contains an infinite number of pairs of mutually correspond- 
ing points, which produce a quadratic involution on the line gp. 

Such a line may be called a self-corresponding line. 

To any one of the self-corresponding lines g, corresponds (besides go) a 
conic; and all the self-corresponding lines g, envelop a curve of the third class. 

For, the curve C®, corresponding to a straight line g, is produced as the 
locus of points of intersection of two conic pencils of the net, which have one 
conic in common, and are put into correspondence by the points of the line g, so 
that to a conic of the one pencil always correspond two conics of the other 
pencil. These two conic pencils cut the line g in two quadratic involutions, 
which have as their common pair of elements the two points of intersection of g 
with the conic, which is common to both conic pencils. 

If the line g contains a pair of mutually corresponding points, this is a com- 
mon pair of elements of the two quadratic involutions also, and these involutions, 
therefore, are identically the same; that is, all their pairs of elements are mutu- 
ally corresponding points on g, and g is a self-corresponding ray. 

All the self-corresponding rays passing through a point x contain a point 
corresponding to r in their quadratic involution, and therefore in the cubic cor- 
respondence. Thus they are the three lines joining r with its corresponding 
points $,, 9s, 93. Hence the self-corresponding rays envelop a curve of third 
class, q. e. d. - . 
§25.—Bivalent Correspondence of 4° Order, n= 3. 


6 points, Pi, Pa... . Pe on a conic K determine as simple fundamental 
points of a cubic net a bivalent correspondence which has the conic Æ as singular 
curve, and therefore is of 4" order. . 

With the singular conic Æ is associated a singular point €, 

This correspondence is perspective, with the singular point S® as the centre of 
perspectivity. The two points $, 9,, corresponding to r, lie on the straight line 
connecting r with ©”. . These lines of the pencil €? are self-corresponding lines, 

. and contain cubic involutions of conjugate or mutually corresponding points. 
The centre-curve H is a quartic, passing through the 6 fundamental points. 
: The general curve C passes through the 6 fundamental points, and has the 
singular point S® as a double-point. 
9 
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On the Algebraic Proof of a Certain Series,* 


By Emory MoC.intoox. 


The following series was poelinhed in 1879 CNE Journal of Mathematics, 
IT, 108): 


— 1 2a — 1 2a — : 
loge =y + = gy z PE eroi (1) 





Here y=2'-*—a2*% In visse this series at that time I PRT that it 
might be obtained by the aid of Lagrange’s theorem, or by the aid of another 
expansion-theorem, somewhat simpler than that of Lagrange though less compre- _ 
hensivé, which I published (p. 147). in the same paper; and I added that the 
“temporary lack” of an algebraic demonstration was “certainly to be regretted, Dr 
I am now able to supply the desired algebraic proof. 

It was shown-in the paper referred to that, writing e for x, (1) is equiva- 
lent to 





loga =i- (y + dpa) | | (2) 
where y = 7" ze phe that when a = 0 and à = 1 respectively we have as 
special cases of (1) the known series 

| log a = (æ — 1) -7 @—17 + zeny ses (3) 
lgz-(1—2)4-(—z)--xü—sy-...5 A 


that when a= m/n, a proper fraction, the coefficients of y^, y”, etc., disappear ; ; 


that, in particular, when a = E , the even powers of y disappear, whence, 








* An abstract of this paper was read before the New York Mathematical Society on March 6, 1891. 
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writing 2% for y, so that t= + (at — =è), 
1 ë 13 Ë 1.3.5 Ø k 
Oges-if[e- cg cbok 405 3 4 $ 7 Puer (5) 


a series possibly novel for real values of æ, though known when x is. a certain 
symbol of operation (the usual series for z = arc sin u may be obtained from [5] 
as a special case if x = e”); that (5) is a remarkably convergent logarithmic 
series; that if, in (2), A tends towards 0, we have 

o. logz = lim (ai — a) /hA, - (6) 


a general limit-expression.of which log a = lim (z^ — 1)/A is a known case; and - 
that if a= — ^7, and À tends towards 0, lim y/h = — lim ay = lim (z**— a) /h 
= y lim (z^ — 1)/h = æ log, so that (2) becomes . . 
log æ = v — €? + 35/2! — 431 4 689/41—.... | ; (3) 
where v = x log x. ; 
As regards the validity of thesẹ results, the general series (1) will be found 
convergent when (using mod to express mere arithmetical value) 


., mod (æ — 1) x7° < mod (a — E E 
and (2) will be found convergent when 
mod y < mod (a — 1y 7a a”, where y = a7 ^ — g^, 


Applying this statement to.special cases, we may say that (1) is convergent if 
a>1 when x >1, or ifaZ0 when 0<a<1, unless perhaps when x — a/(a — 1), 
` in which cage (x — 1)a-^ = (a— 1) la"; also, that (1) is convergent if a = E 
when mod y < 2, that is, when x lies between the two values of 3 - 2/2. In 
the case (a= — œ) represented in (7), where (2) is modified by putting a= — A^! 
and diminishing À towards 0, the application of this criterion shows (7) conver- 
gent when mod v< e^!, because v = limy/A, and we must have 


mod y/h< mod (a — 1)^71g7*|[h, where a = — h^, 


the limit of the second member being el. It is easy to prove ‘convergency in 
any of these special cases, or in any case in which a is an integer; and I have 
assumed the truth of the criterion for all other cases. For elementary presen- 
tation, however, it is enough to say that (1) is convergent when y is sufficiently 
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small, that is, when the value of x has a certain range according to the given 
value of a. 

. The two known & series, (3) and (4), a1 are, one or the other, valid for all values 
of x. The algebraic proof of (1) which I have now to present consists in show- 
ing, first, its equivalence to (3) whenever both (1) and (3) are interpretable,* 
and, secondly, its equivalence to (4) whenever. both (1) and (4) are interpretable. 
If a is assigned, any value of œ which makes (1) interpretable will make either 
(3) or (4) interpretable, so that by this means we have a demonstration of (1) 
for all interpretable cases. 

Let us suppose that (excluding x = 2) æ and a are such “that both (1) and 
(3) are interpretable. For any such value of z the binomial series for (1 +278, 
where z = œ — 1, is known to be valid; for, if z is a quantity, mod z< 1, and if 
z is dn operation affecting a function of ¢, say 4 (¢), it and 4 (¢) must be such that 
ato) (¢) is arithmetically less than #4 (f), the binomial series being interpre- 
table in both cases. Employing that series, therefore, after observing. that 
= gt — gw *-—z(1-2) ^, and denoting the second member of (1) byf (y), 

ss have 


Fy) = 
S MAL ES. 


ud $i 











M pu 


+73 Qa De (1 — 2a + 1 s [2a + iP...) e) 





+ CE 1) (1— 3ag +...) 


Here (a -- 1)? means (a + 1)a, and in general c" means 


.e(ec— 1)(e— 2)....(e—n+1). 








* A series of quantities is interpretable when it is convergent. A series of symbols of operation is 
interpretable when, if the operations indicated are performed upon a given function, the result is a 
convergent series. Thus, the exponential series 1-+ z--2*/21--. ... has always a meaning when z is 
a quantity, but not always when + is the symbol of differentiation (Taylor's theorem). For all series 
ad infinitum (i. e. without remainder) a convention is necessary that the symbol’ can have no values 
assigned so as to render such series uninterpretable. Subject to this restriction, &ny power-series con- 
vergent for small values of the variable may be handled freely as long as the variable has no meaning 
assigned to it. 
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Collecting the several terms composing the coefficient of 2*, we find them to 
be identical with the several terms of $ (m, ma — 1)/m! — (— 1)^/m, where 


p (m, v) means v*-? — m (v — KJ"? + s m%v — 2*7» — ...., in which 


k=a—1. I shall prove that, for all positive integral values of m, and for all 
values of v and k, (m, v) — 0. Assuming this for the moment, it follows that 
the coefficient of z* in (8) is (— 1)"—1/m, whence 


fy) =e get ae. 
A ; 
The second member of this is the second member of the known equation (3); : 
hence, for all values of y which make both E) and (3) interpretable, J (y) = log a, 
and (1) is true. 

Again, let us suppose that x and a are such that both (1) and (4) are inter- 
pretable, in which case the binomial series for (1 — u)*—1, where w= 1 —& | 
is also interpretable. . Since y = a!-* — z-*- u(1— u)^-!, we shall find, on 
substituting this for y in f(y), and performing the binomial expansions indi- 
cated, that the coefficient of w" is identical, term by term, with $ (m, ma — 1) 
+1/m, wherein &— a. Since $(m, v) — 0, the coefficient of w" is 1/m, 
80 that i 


Sy)=ut gu Sut. 


The second member of this is the second member of the known equation (4); l 
hence, for all values of y which make both (1) and (4) interpretable, f (y) — = log x, 
and (1) is again true. 

The necessary algebraic proof of the known theorem in finite differences 
that @(m, v) = 0 may be supplied as follows. . By definition, 





$ (m, v) = v*-» — m (v — kd --m Lit. (v — 2%) -9 — 

Let the multiplications indicated in (v-FE— m -F1)$(m, + 4%) and in 
(v — mk — m + 1) $ (m, v) be performed, and the first term of the latter series 
placed beneath the second term of the former; and so on, thus: 





(v + k) — m (v pd 1)v^—? + m = Ce ee 1)(v — E)-" 
—.... (vc — mk — m + 1)ve*—9 — m (v — mk — m + 1)(0 — E)» 4-.... 
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Subtracting the lower series from the upper, term by term, after due considera- 
tion of character of the respective progressions, we find the difference to be 
identical with $ (m + 1, v + k). In brief, 


p(m+1, v+k)=(v+k—m+1)ġ(m, v+k)—(v—mk—m+1)p(m, v). (9) 


If, then, we know for any given positive integral value of m, and for all values 
of v and k, that $ (m, v) — 0, we learn by (9) that the same is true for the value | 
of m next higher, and therefore süccessively for all higher integral values of m. 
But we may see at once that $ (2, v) = 0, as well às $ (1, v) — 0, for all values 
of v and k, since $ (1, v) = 1 — 1, and 9 (2, v) =v — 2 (v*— k) + (v — 2h); 
therefore $ (m, v) — 0 for all positive integral values of m. | 


. On Independent Definitions of the Functions 
log (x) and e** 


By Emory McCumvrocg. 


oh 


Twelve years ago there appeared in the second volume of the American 
Journal of Mathematics “An Essay on the Calculus of Enlargement,” in which I 
presented, and urged the acceptance of, a certain unified view of several branches 
of mathematical science. Giving the name of Enlargement to that opération (£^) 
by which (x) becomes $(#+ A), corresponding to the symbolic equation 
E* (a) =o (@ +h), I remarked that the symbolic algebra of the rational func- 
tions of E, commonly known as the Calculus of Finite Differences, and the 
symbolic algebra of the logarithmic functions of Æ, commonly known as the 
Differential Calculus, were really parts of one symbolic algebra of the functions 
of E, for which I suggested the name of Calculus of Enlargement. After observ- 
ing that the connecting link between the theory of differentiation and the theory 
of finite differences had long been thought to be furnished by the equation Æ = e^ 


where D means T, the symbol of differentiation, I. argued that the converse 


view, D —log(E), would be preferable because ‘‘of the two operations, the 
simpler should be defined the earlier.” Plainly, Æ*@ (x) = (x + h) is a simpler 
_ Statement than .D (x) = lim [$ (x + h) — @(x)]/h when ^is indefinitely reduced. 
' “These operations, Æ and D,.are functions of each other, and whichever ‘is 
defined last must be expressed in terms of the other.” “The Calculus of Enlarge- 
ment regards Æ as the fundamental symbol, and takes cognizance of other sym- 
bols only in case they are, and because they are, functions of Æ.” “The algebra 
of the functions of E is subject to all the laws of ordinary algebra; and the 
theory of differentiation is that part of the calculus which DES to the 
theory of logarithms in algebra." : | 








+ # An abstract S this paper was read before the New York Mathematical Sooiety on March 0, 1891. 
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That the acknowledged correspondence between symbolic algebra and ordi- 
‘nary algebra might be brought out in the strongest light, it was then urged that 
the customary mode of presenting the theory of logarithms be so changed as to 
make logarithms, as such, more intelligible. The prevailing obscurity was illus- 
trated by quoting De Morgan’s sweeping statement that “the only definition of 
log (x) used in analysis is y, where & =a.” At first sight this definition is not 
satisfactory. It is true that, by convention, # means a certain limit, or a certain 
series, and not, except when y is a real quantity, a power of the constant e. 
While acknowledging the correctness of such customary indirect definitions of. 
log (x); I ventured to propose concurrently other possible definitions, and among 
them the known equation log (x) = lim (z^ — 1)/h, which has since, I am.glad to 
see, been mentioned as a feasible definition by Mr. Glaisher in the article “ Loga- 
rithms” in the Encyclopædia Britannica. The definitions which were then sug- 
gested concurrently for log (a) all tended to throw light on the nature of the 
logarithm, and were all, of course, susceptible of subsequent identification. The 
discussion of logarithms as such was not, however, essential to the chief object 
then in hand, and for that reason, perhaps, I failed to carry out at that time the 
notion of concurrent definition to its logical consequences. 

In truth, what we may call “the method of concurrent definition” has 
probably not hitherto been formulated as a scientific method of procedure. . The 
long-standing idea of à definition is that it indicates the thing defined, and that 
from it, as an unchangeable basis, all other properties must be deduced. We are 
at liberty to begin with any given relation of a function as a definition, but 
having once chosen it, we are to adhere to it, since the very essence of a defini- 
tion appears to be that it at least is definite and unchangeable, so that two 
simultaneous definitions of one idea would seem logically monstrous. To put 
the matter in form, then, let us say that “the method of concurrent definition” 
comprises the definition of f(x), with an illustration of its nature, and the sepa- 
rate and independent definition of f(z) in like manner, followed by proof that 
f(x) and f, (x) are identical. Intrinsically, no process can be more logical; and 
when we come to reflect upon it, we shall find that we bave, upon occasion, been 
praetising it all our lives. 

Take for instance the best known of all functions, the anomie function ` 
fie, y, m)= (æ+ y). Starting from this definition, Newton and his followers 
for a century undertook to deduce from it thé binomial series, with more or less 

10 
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success, until. Euler brought out a better statement of the case, employing in 
substance the principle of concurrent definition! Denoting the series, say, as 
Js (v, y, m), he took it up as an independent function, proved certain properties, 
and then identified /, with fi. 

In another paper (ante, p.  ), L have supplied an algebraic proof of a 
series equivalent to log (x), for which series, when first presented as an expan- 
. sion, I could give no better demonstration than that afforded by Lagrange’s 
theorem. The new proof begins with the consideration of the series as a separate . 
function and ends with its identification with known equivalents of log (a). 

It used to be customary to expand e", or lim (1+ A)” when A tends towards 
0, by means of the binomial series in order to obtain the exponential series 
1+x+2/2!+.... <A better way was devised by Cauchy, beginning with the 
latter series as a separate subject for examination, deducing its properties, and 
finally identifying it with e”. The series is now, indeed, adopted by some of the 
highest authorities as the original definition of the symbol &, sometimes written 
exp (x); although others adhere to the limit as the proper definition. Thus in 
the article “ Function” in the Encyclopædia Britannica the series is employed as 
_the definition by Cayley, while in the article “Trigonometry” the limit is 
employed by Hobson. There is no occasion for controversy. The limit is a 
definable function possessed of certain properties which may be discussed; the 
series is another, and the two may be readily identified. Yet I have not met 
with any distinct announcement of the utility of assigning coordinate rank to 
these two methods of presenting €"; those who employ the series having appa- 
rently no interest in the limit, and those who begin with the limit appearing to 
regard the series as a subsidiary deduced expression, for the acquisition of which 
Cauchy’s method is, as he meant it to be, merely ‘an incidental device. 

. To illustrate more clearly the two views now prevalent, the following sum- 
maries of the definitions contained in the Encyclopedia articles just men- 
tioned will be found interesting. The article “Trigonometry” defines € as 
lim (1+x/m)", where m tends towards infinity, and e?+ as lim (1+ [z4-:] / m)", 
80 that, putting 

1+a/m=r cos, and y/m=rsin0, e+ = lim 7” (cos m + isin mô), 

‘by De Moivre's theorem. Since | 


r? = 7? cos + 7° sin’ 0, lim 7^ = liin (1 + 2x/m + a? [ m? git 
= lim (1 D 2x | m)" = e, 
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Also, lim m6 = lim m are tan y/ (a + m) = lim my/(z + m) = y. 


Hence e**'" = e'(cosy-Fcsiny). The expansion of e" is assumed known, by 
algebra. On the other hand, the article " Function” defines exp (c) to be 
14-2 4-2/[214-...., where æ need not be real, cos (x) to be 1—a2#/2!-+...., 
and sin (x) to be v— 32/3! -- ...., and deduces the theory of exponential, cir- 
cular, hyperbolie, and Dee functions from these definitions without men- 
tion of the limit-expression. 

If we attempt to embrace both views at once by declaring both definitions . 
useful, we shall have on the one hand f (x) = lim (1 + ha)", as A tends towards 0, 
and on the other hand /i(z)— 1 --z-4-2?/214-.... It is easy to prove that 
LA (1)? =A (x), and that [A (1)]" =A (2), so that fA (a). and f(a) are identical 
iffi(1)— (1). Let A(1) =A(c). Let each of these be raised to the power 
h, let 1 be subtracted, and let the respective remainders be divided by À, after: 
which let A be reduced indefinitely in value; the result in the one case is 1, in 
the other c, for [/s(c)]^ =A} (ch), so that c= 1, and the functions are identical. 
We shall find thus that the connecting link between these two definitions of e" is 
y, where æ = lim (y^ — 1)/h. Hitherto, I think, the two expressions have been 
connected, whenever necessary, by employment of the binomial series. 

Of the six equations following, the third, fourth, and fifth represent known 
definitions, and the others represent some of the known identities which, in the 
earlier paper, I suggested for use in the future as definitions: | 


$1 (x) = log (x) = lim (z^ — 1)/A, (1) 
$s (a2) = log (x) = (z — 1) — te= 1) + b(s— 1) — , (2) 
log (x) = y, where Y= g, (3) 
f (y) = exp (y) = & = lim (1 + yA)^ = lim (1 + k)”, (4) 
RA(y)—exp(y-—e-—1i1-cy-cty/82l4...., (5) 
exp (y) = & =a, where y = log x. (6) 


It is known that the exponential property, ee’ = e*t”, is a direct result of the 
definition (4), and that it may be derived, as by Cauchy, from (5), by multiplica- 
tion of the two series. I shall show similarly that the logarithmic property, 
log (x°) = n log (a), is a direct result of (1), and that it may also be derived 
from (2). I have already noted that (1) is the natural connecting link between 
(4) and (5); and I shall show similarly that (4) is the natural connecting link 
between (1) and (2). 
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There is indeed no good reason for the priority hitherto given to & in rela- 
tion to log(z). It is probably still true that “the only definition of log (x) used 
in analysis is y, where # = x,” but we are at liberty to change the custom if it 
is not a good one. The first notion of logarithms was due to the observed fact 
that powers form a geometrical series while the numbers denoting the powers. 
form an arithmetical series; and the first practical notion that any child obtains 
is that the “common logarithm” is the index of that power of 10 which is equal 
to the “number corresponding.” Our early familiarity with the equation 
10^? =n, where à represents the “common logarithm,” is a sufficient explana- 
tion of the historical fact that, by custom, log (x) means “y, where & =.” The 
origin of the custom is natural and obvious, but the question is whether. it is à 
necessary custom. What ise, and what is y? The analytic logarithm: defined 
as “y, where & = x,” is an incommensurable power, whatever that. may be—for 
all the powers at first known. to us are commensurable—of an incommensurable 
quantity. Is this really the simplest explanation we can get of log (æ), even 
when z is real and positive? But the use of the functional symbols e, log (a), 
has gone far beyond that restriction. We have seen how & has to be defined 
when y is complex ; the idea of powers, at first so natural, so apparently simple, 
is flatly abandoned. We shall now see that for all quantities, real or complex, 
log (x) is a function at least as easily apprehended as æ; while it is known—and. 
* this, as the reader will have understood, is the strongest motive with the present 
writer—that in symbolic algebra Æ is simpler than D, and therefore D = log (E) 
should have priority, as an analytical statement, over E= e”. For the presen- 
- tation of the true definition of differentiation, D — log (E), we need to have some 
better algebraic definition of the logarithm than “y, where & =x.” There isa 
. recognized mechanical incongruity when the cart precedés the horse. 


Referring to (1), let us adopt as a definition | 
| log (x) = lim (a^ —1)/h, 2M ü « 


where À tends towards 0. Let 2, = g — 1, and 24 = w^ —1, so that lima, = 0. 
Then 
log (zw) = lim T — 1/4 = = lim ([14-2,][1 + 4] —1/5 
= lima,/A + lim u,/h + lima, eam 


= log (x) +log(u). 7 (7) 
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This fundamental property of logarithms is thus shown to be obtained at once 
from (1) as a definition. It will be proved (Appendix A) that from (7) we have 
readily | | 

log (z^) — n log (2), i ; : (8) 
where n is any commenzurable number, and where æ is any symbol subject . to 
algebraic laws. 

If e is the number whose logarithm is 1, we find from (8) that 

log (#) = n. MENO 
This is equivalent to (6) as an inverse definition of e”. But, more directly from 
(1), if y = log x, we have y = lim z;/À, and since z^ = 1 + a, 
v= (1 + v) = lim (1 + Ay) = lim (1 + 4)", (10) 
if k= hy; and either of these expressions may be denoted, concurrently, by the 
symbol & or exp (y). This is in fact Schlémilch’s well known method of intro- ' 
ducing the function & ;* and that one of the most satisfactory current explana- 
tions of e as a limit should include the prior introduction of the function (a*—1)/A 
is, I think, a circumstance which gives strong support to the analytic order now 
‘advocated. —— 

We shall now see that the use of (1) as the definition of log (a) is particu- 
larly effective when x is complex. Let æ = 7 (cos 0 +, sin 0), taking 0 between 
+x and — a. Observing that limz* — 1, that lim cos 40 = 1, and that 
lim sin A0/A0 — 1, and remembering that (cos + 4 sin 0)* = cos A0 + sin hô, 
we have 

log (x) = lim [7* (cos A0 + « sin A0) — 1]/A 
| = lim (r^ — 1)/h + lim (0 sin A0/ A0 
= log (r) T, (10) 


a result hitherto obtained by inverse processes. If we permit the value of 0 to 

.go beyond the limits assigned, we shall have multiple values for log (x), corre- 
sponding.to the usual statement of such values. 

Nor must it be supposed that real values of log (a) are less intelligible when 

(1) is employed as a definition than when, as usual, log(x) is presented as “y, 

where & =a.” Weare familiar with e, regarded as the limit of (1 + &)V* when 








* Zeitschrift für Mathematik, III, 387; Algebraische Analyse, 5th ed., 35-89 ; see also Chrystal, 
Algebra, II, 79. Schlómilch employs the function (z*— 1)/hj, but not its known limit, log (x), in pre- 
senting &. On the contrary, he adheres to the current view of log (x) as **y, where e =g.” 
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k tends towards 0; we know how that function increases, and how (1 — E): V* 
` diminishes, as Æ diminishes, both tending towards the same numerical limit 
between 2 and 3. We shall now see that lim (z^ — 1)/A is at least as simple an 
idea, at-least as easy to comprehend and illustrate, as lim (1 + 4)", its inverse. 
_ Let us consider the functions (z^ — 1)/4 and (1 —2~*)/h, which for distinc- 
tion let us call the upper fraction and the lower fraction respectively. Here x 
and À are positive, and À is commensurable and not greater than 1. These frac- 
tions are definite continuous functions of x, devoid of mystery, positive when 
x > 1, negative where x< 1, and becoming 0 when æ—1, When s=o, 
g^ = œ, @ *= 0; 80 that as x varies. from 0 to æ, the upper fraction varies 
from — A`! to o, and the lower fraction from — o to A-1, each passing ` 
through 0 when z — 1. The upper fraction is equal to the lower fraction multi- 
plied by «*, so that the smaller the value of À the less their difference. If, for 
example, æ = 4096, and if certain values be assigned to À, we find corresponding 
values for the fractions as follows: 


A-1. k=}. h= h=} h=ł4. hoy. 





x*— 1 
i 4095 126 46 28 18 12, 
lat 4096 63 45 T .9 à. 
h 4096 32 16 2. 2 g 





A. well known algebraic inequality, 
(2^ — 1)/ > (g^ — 1)/, .. a9 


where Ah c h teaches us that as A diminishes the upper fraction diminishes in 
. value. The following inequality, presumably new, is readily derivable from (11): 


(1—a79/A-(—am fh. (12) 


This shows that as A diminishes the lower fraction increases in value. But 
` neither of them, one diminishing and the other increasing, can pass the other; 
for they have the same limit, because their ratio is c^, of which the limit is 1. ` 
This common limit is denoted by the symbol log(z). A simple, and probably 
novel, proof of (11) and (12) will be given later (Appendix B). 
But we need not rest here. I showed in the earlier paper that since 

lim ut = 1, u being any function of x, we may modify (1) thus: 


log (æ) = lim v^ (z^ — 1)/A. | (13) 
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In particular, TE s 
m log (x) = lim (7% —279)/4.* — © (14) 
The upper fraction is, in the limit, that special câse of (14) in which a= 0, and 
the lower fraction is that special case in which a= 1. A third important case, 
which I indicated at the same time, is that in which a = à, the limit of a 
remarkable function which we may call the central fraction: 
| Jog (æ) = lim (x** — at>) /A. | (15) 
This central fraction is the geometric mean between the upper and lower frac- 
tions, and may be illustrated in connection with them by employing the same ` 


‘example as before, x — 4096: 
h=1. AS}. AHH. h=} AMY. h=% 





es 4095 126 45 28 18 12, 
gi xt 4095 63 45 i 

IV 2 9 6/2 

h ` 64 4 ' 4 ER NDA 

1—z 4095 68 45 7 9 , 

À 4096 32 16 2 2 3 


The limit to which all three fractions converge is 8.317 = log 4096, and, as 
might þe expected, the central fraction gives, for any small value of h, by far 
the best approximation of the three. The fact that 


CN CET CE AS (16) 
may be shown at once from the existence of the factor z!^, since z and A are 


both positive, and all three fractions are positive or negative simultaneously. I 
have found, however, and shall prove (Appendix C), that, in all cases LATE 


eae 


(u^ — oP) > (at — arth), (17) 
A, being smaller than ^; and also that, when 0 « z « 1, 
(a YAK (sf — a [s (8) 


Taking (17) with (12), therefore, we perceive that, when x > 1, the central 
fraction diminishes in value with A, while the lower fraction increases, so that 
their common limit log (x) lies between any value of the central fraction and any 





* Bee also ‘‘Algebraic Proof of a Certain Series,” ante p. 
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-value of the lower fraction. On the other hand, when 0< z« 1, taking (18) 
with (11), we perceive that the central fraction increases algebraically (dimin- 
ishing numerically because negative) when A diminishes, while the upper frac- 
tion diminishes algebraically (increasing numerically), so that their common ` 
limit log (x) lies between any: value of the central fraction and any value of the | 
upper fraction. 

We are thus enabled, by means of the definition log we = lim (z^ — 1)/h, to 
obtain a clear idea of the real nature of a logarithm (impossible to obtain from 
the customary “y, where x = æ”), as well.as to deduce the usual properties of 
logarithms with the utmost ease. Employing this definition concurrently with 
either of the usual definitions of exp (y), whether defined as a limit or as a series, 
we may thus obtain a full and comprehensive view of the whole subject of loga- 
rithms and exponentials; and indeed, as we haye seen, the readiest method of 
connecting the limit and the series expressing exp(y) is to resort to the limit 
which expresses log (x). 

. Perhaps the reader is still naturally reluctant to admit that any mode of 
presenting logarithms can take the place of that afforded by the analogy of 
common logarithms, the meaning of which is represented by the equation 
10^9 =n. -But the principle of concurrent definitions permits us to retain all 
rays of light derived from every quarter. The equation log (x) = y, where & = x, 
is a truth which we may always use to the extent of its worth.. Yet common 
logarithms were not originally discovered or computed by means of what seems 
‘to us the simple equation 10? =n. If we multiply both sides of (7) by k, a 
constant, we have, if (x)= klog(z), $ (zu) = $(z)-J-$(w). That is to say, 
the logarithmie property which facilitates multiplication by prepared tables is 
possessed by any function & log (x) as well as by log (x). In Napier's tables, 
k = — 10,000,000, and his “artificial numbers” (such was the circuitous route 
by which he approached the subject) contained another constant, say c, 80 that 
' each of them might be represented by the formula Elog(z)-- c. They could 
therefore be used only under restrictions. Subsequently, Briggs and Napier 
between them devised, and Briggs carried out, the idea of computing p = & log (z), 
where k = 1/log(10), the relation z= 10? affording unique advantages in prac- 
tice. That this relation exists—or, more generally, z= <”, where we define 
p as klog (z) and k as 1/log(x)—follows at once from (8); for log (x?) = p log (x) 
= log (z) log (x)/log (x) = log (z); that is; a? =z. It is a matter of historic 
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interest that Briggs’s computation of the “common logarithm” of 2 was effected 
precisely upon the linés just indicated. He calculated log(2) and log (10) sepa- 
rately by the formula log(x) = lim (x^ — 1)/h, taking A very small by many 
extractions of square roots, and then obtained the ‘common logarithm” of 2 by 
multiplying log (2) by the modulus 1/log (10).* 

Reverting to-our first list of possible definitions of log. (x) and #, numbered 
(1) to (6), we find (2) still remaining to be discussed. The well-known series 


log(1-pg-—:z—42-4389—....—4() —. (19) 


may be used, as suggested in (2), taking z= œ — 1 as the definition of log (a) 
whenever the series is real and summable, say when —1< 221. If in all other 
real cases; we défine log (x) to be — log(z-!), I shall prove (Appendix D) that 
thé series for log (x) added to the series for log (w) forms a sum equivalent to the 
series for log (vu), from which, as before, the essential properties of logarithms 
will follow. This is, in effect, accomplishing for the logarithmic series what is 
accomplished. for the exponential series when the series for & and that for e” are 
multiplied:together to form a product equivalent to the series for # +”, , according 
to Cauchy’s well-known method, The same proof holds good for all cases in 
which œ is not a real quantity (say either a complex quantity or a symbol 
of operation), and.in which the several series involved are respectively inter- 
pretable. 

Having once established that log (x) = lim (a — 1) [^, we shall find, on the 
one hand, that this definition of log (a) produces immediately, and with the . 
greatest ease, the logarithmic series, if we substitute the binomial series (1 4-2) 
for z^, so that the binomial series forms a connecting link between the limit- 
definition and the series-definition of log (x). On the other hand, a different 
connecting link may be found in the limit customarily employed to define e. . 
Assuming that we know that $,(x) +-p(u) =, (xu), where, as in (2), $, (x) 
= (æ — 1)— 4 (x — 1)-- .:., and therefore that 9, (2^) = n, (x), it follows that 
Q: (x) = lim (z^ — 1)/h, called log (x). For, let us suppose $, (x) = log (x). f(a), 
where f(x) is some unknown function. Then @, (a*) = log (x°). f (27) = ng, (x) 
= n log (x). f(x), and we know by (8) that log (<°) = nlog(z). Dividing one of 
these by the other, we have f(z") — f(x), so that f(x) is independent of. the 
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value of x, since z* may have any value; hence f (a) i is a constant, say c, 80 > that 
Ds we =o: log (x). Therefore 
c log (1 + hz) As — & WP +. 


and c lim log (1 + ha) = lim — p +...) = 20 “But lim lag + HR 
= loge’ = z, whence c= 1, and 


"e | | | (20) 


Although the definition of log (x) as a series is by no means so general in its 
nature or so satisfactory as the series-definition of «, the consideration of log (x) 
from this point of view will necessarily add to the broadness and clearness of 
our knowledge of the function. Indeed, for mere intelligibility, it may be . 
remarked that such an expression, for example, as log (y) =4— 44 +4(4) 
—....= = 0.405 nearly, is really easier for the mind to apprehend than 
log (8) = lim ($^ — 1)/A, or than “y, where & = $.” 

Tt is not difficult to expand the logarithm of a complex quantity by means of 
: the logarithmic series. Ifx="u -+b and u = + mod v, let y/u = + 2, so that 


e. æ=(+1+u).mod u, and log (x) = log (mod u)+log(+ 1+). Here modu 


- is réal arid positive, and its logarithm may therefore be expressed by a series. 
As regards log (+ 1 + iz), the case log (1 +12), where #71, is well known, and- 
the expansion is obtainable directly. If: > 1, we may expand log(1 + «) by 
taking y such that (1 +y? = m (1 + uz), where m is real and positive, and here 
| 3* «1, so that log (1 + 2) = 2log (1 + wy) — log m, which may be expressed in 
a series: Again, if the sign be negative, we may take w such that (1 +) 
—'n(—1- 2), where n is real and positive, and log (—1 + ız) may be expressed 
as 2log(1+.u)—logn. The expression + 1+ may be taken to represent: 
a point in one of two perpendicular lines tangent to a cirele whose radius is 1, 
in which case the unreal part of the logarithm represents the length of the arc 
cut off by a line from the point to the centre; and the unreal part of the series 
obtained is in the usual form of the series for an are in terms of its tangent. 
That are tan æ = 4. log [(1 — «)/(1 + w)] is known. 


| APPENDIX A.—If $ (x) be a function such that $ (x) + $ (u) —4 (vu), then 
p) =n (a). For, p (zw) =9 (tu) + ẹ (9) = ẹ (a) +0 (u) + 9 (»), and simi- 
. larly, if there are n such quantities, @ (xu . . . w) = @(x) + $ (u) +...+@(w). 
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' Taking u, v, .... w severally equal to x, it follows that, when n is any posi- 
tive integer, | 


oe) =ne(e). (21) 


Since $(z) + (1) = (a), (1) 0, and 9(z) +9 (a) = 9 (1) = 0; whence 
px!) = —¢ (x), so that, writing a^! for x in (21), we have $ (z^*) = — n$ (x), 
so that (21) is true when n is a negative integer. That it is also true when m is ` 
fractional, say when -n = p/q, may be shown by writing 2”? for x and q for n; 

whence $ (x) = gẹ (2!) j then, bearing this in mind, and again writing «4 for a 
in (21), but p for n, we have 4 (29^) = po (29) = p/q (s). The symbol is not 

restricted here to real values; it may be complex, or it may be a symbol 9r 

operation. On the other hand, n is real and commensurable. 


APPENDIX B.—If x, q and r are real and ire quantities, the following 
inequality is always true : 


gu! (a —1)>@— get r6t- 2. | (22) 


To prove this when g and r are integers, we have only to ‘recollect that z” — 1 
—(z—1)a"-!-4-a"—3-E....-Fz-1); for ew t+eaF+ 0... HIT, 
and ga > «x17! -Ea17* 4-.... 4- 1, according as w> < 1; that is, according 
as the several members of (22) are all positive or all negative by reason of their 
common factor æ — 1, the effect of a negative factor being to reverse the sign of 
inequality. Any stich inequality proved true for integral exponents is necessa- 
rily true for fractional exponents, since we are at liberty to write œ”? fora. If 
we add ga!— q to both sides of (22), we have q(at+" — 1) > (q + r)(at — 1); 
in: if we write h for g + r, and A; for q, and divide Waroughout by Ah, 


(= 2/5» (9 —1)/hy. | (23) 

On the other hand, if we divide (22) throughout by w+" and add r — rx" to. 

each side, we have (g +r)(1 — 277) >r (1 — 2-177); or, if we write ie for q 73 T 
ens. h for r, and divide throughout by Ah, 

Q—s Asa. o i (24) 

In each of these results A, is less. than.. The inequality (23) is, as already - 


stated, well known, and ig Dai as- highly important. (Cf. Chrystal, Alge- 
bra, II, 42-46.) 
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APPENDIX C.—The following inequality will be found more general and, so : 

to speak, closer than the one (22) just discussed : 
gt — ami) ><(gtret—a)}, © 2 00 (28) 
according a8 v >< 1. In fact, it includes (22) as a special case.. For, multi- 
plying both sides of (25) by a+", and writing at for a, we have, according aB 


E- dE <1, | 
get —)><|@+ rat — De" c (26) 


When $7» 1, 23 7» 1, so that we have from (26) 
g (x 1*—1)2 (gt r)t—1) 
which is merely (22) Qus When «<1, a" >a’, so that we have from 


(26), changing signs, 
q(1— att) > (g +1 at) a, 


re’ (a — 1) >g (9 — 1), 
‘which is the same as (22), with g and r written each for the other. To demon- 
strate (25), we may remark that (m being an integer not greater than q), when 
x> <1, gH-"t1- 1, and therefore, multiplying both sides by a"— 1 
(negative when æ< 1) and transposing, we have, for. all values of x, the inequality 
oti. 1>e%—-stl4+o*, Summing g such inequalities, in which m has suc- 
cessively all integral values from 1 to g inclusive, we obtain - - 

GET + 1) >a pun 14. pate. 
l Multiplying: both sides by x — 1 (negative when x < 1), we have now 

' q(t 4 x — gett 1) «gu x, 
or by transposition, after dividing throughout by ati 

g(a — art) > Cg + 1 a), (27) 
according as œ 7» < 1; so that (25) is true when r = 1, for any positive integral 
value ofg. Again, if (25) is true for any given integral value of r, it may be 


shown to be true for the value next greater, say r +1, For, if we write (q + i 
for g in (25) and multiply both sides by g/(g + 1), we have 


q(attrtt— utr) «x (q + r 1) g (art! — at V/(g + D 
PRT DE 


whence, transposing, 
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‘since, by (27), g(afti— og 1"1)/(g4+1)> < 2%—x7% Hence, if (25) is true 
for any given value ofr, itis true for the next higher value r + 1; and since it 
is true for r = 1, it is true for r= 2, and so on for all other integral values. 
Proof for fiodora exponents is to be supplied by writing æ? for x. If, in (25), 
$h be written for g +r, and 4/4, a smaller quantity than 44, for g, and both 
sides be divided by 4 4A, the general inequality takes this form : 


(a [b> < (a — a Ph), — (2) 


according as z 7» < 1. jn this paragraph, as in the preceding, all the quantities 
concerned are real and positive, and A and À, are commensurable. 


AprzNpix D.—If ilis series z — $22 +42 — . .. . be susceptible of interpre- 
tation, let us denote it by 4 (z) = $,(z), where «= 1 +z. Tt is to be proved . 
that the sum of two such series, say $s (x) +, (u), is equal to $, (eu), provided 
the latter be also x n or, if w = u— 1; that 


v (2) +4 (w) = 4 (zw +g + w). (28) 


The second member is & series of positive integral powers of dio expression 
z+w(1-+2). Expanding these powers by the binomial theorem, assumed 
known for positive integral exponents, and separating the series forming the 
coefficient of w” (1 + z)", then expanding (1 + z)” and multiplying the result by 
the coefficient just separated, and finally separating from the product the series 
forming the coefficient of xo", we find it to be, for all values of m and n greater 
than 0, the following expression multiplied by (— 1)71/ml: 


(n—1)*79— mnr”? . . . (—1)ym? (n+r—1 )^7 8 LT Que D T + n=, 


where z? represents z(z— 1)(2— 2)....(z — k+ 1). This expression is 
equal to 0, by a well-known theorem in finite differences, of which I have given 
an algebraic proof in a preceding paper (“Algebraic Proof of. a Certain Series,” 
ante, p. —). Therefore all terms in z"w*, that is to say, all terms which contain 
both x and w, vanish. The terms remaining, which contain z alone and w alone, 
are respectively z— 4 2--g Z — ....-— (2), and w—tu*+4w—....=d(w), 
80 that (29) is proved true. The proof thus given is valid for real quantities 
when the three quantities concerned, namely, z, w and zw +z + w are such that 
no one of them is greater than 1 and all are greater than — 1. In such cases 
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æ, wand zu are all greater than 0 and not greater than 2. Within these limits, 

: hepi ] m 
| $s (7) + Os (u) = $s (wu), i (30) 
by (29), since zu — 1 = (1 + 2)(1 +w)—1=2+2+w. If for any value of 
æ greater than 2, we define @, (a) to be the series denoted by — @, (1/x), the 
property shown in (30) will still hold true. ` For, when a and u are both greater 
than 1, @(1/x) + $ (1/u)= 9, (1/au), and on changing signs we have (30). 
Ifa >1,uw<1, au<1, we have Qs (wee) + pa (1/x) =Q: (u), or Ps (v) + (x) 
=, (xu) by transposition. Or, if z 7-1, u<1, au >1, ds (1/au) + ĝ (u) 
= 9, (1/x), which gives the same result. A portion of this MOE has been 
anticipated in my earlier paper, “An Essay on the Calculus of Enlargement, Zr a 
American Journal of Mathematics, TI, 122, 128. 2 


A Pair of Curves of the Fourth. Degree and their 
| Application in the Theory of Quadrics. 


Br H. B. Newson. 


: The curves in question are derived from the ellipsoid as follows: Let an | 
ellipsoid be intersected-by a series of planes forming an axial pencil, the axis of 
the pencil being perpendicular to the plane of the greatest and medium axes of 
the ellipsoid. The locus of the foci of the series of plane sections of the ellipsoid 
is a plane curve which I shall call throughout the Locus of Foci: The direc- 
trices of the same conic sections form a cylindrical surface whose section by the 
plane of the locus of the foci I'shall call the Locus of Directrices. The equations 
of the curves are obtained as follows: 

Let a, b, c be thg of the ellipsoid i in order of magnitude, and let its 


equation pe À + Le Lu — 1. The plane z= 0 cuts from the ellipsoid a 
q b = P P 


conie called the given conic, PI equation is = + 5E — 1, and from the 


axial pencil a flat pencil whose vertex may be RE by (m,n). Each 
ray of this pencil is the transverse axis of the conic cut from the ellipsoid by the 
plane corresponding to the ray. The locus of centres of these sections is plainly 


.& conie similar to the conic = + 5 — 1, and similarly placed, passing through 


the point (m, n) and the centre of the given conic. Transform the equation 


= + x = 1 to new axes parallel to the old and having the point (m, n) for 


origin, and then to polar coordinates. The equation of the pire conic finally 
becomes | 


ned) Pani 





ice cos" 0 


— &) cos 0 X nsinó a cu 
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The rational part of this value of r denotes the radius vector of the locus of 
centres; and the radical part, the semi-transverse axes of the series of conic sec- 
tions. If A represents the semi-transverse axis of a conic and Æ the eccentricity, 
then AE is the distance from the focus to the.centre. But E in this case is 
= W& cos” 0 + & sin? O (see Annals of Mathematics, Vol. V, page 6). Hence if 
we multiply the radical part of (1) by the value-of E, the result is the radius 
vector of the locus of foci. Thus the polar equation of the curve sought is 


m (1 — &) cos 0 + n sin 0. 














R= 5 | ; 
: 1 — ei cos? 6 | i - 
~ (E — m(1— à) — n°) EF : (2) 
zh | + (m(1— à) cos 0 + n sin Pr (á ee P Taano 


1 — 1 COB 


Transforming this back to ee coordinates. by writing v a+ p for R, 





x gi p 
v F hock and === Tarp! for sin 6, and remembering that a=‘ 3 
3 X m ; 
iota? an gn 
d 2mz: TA | 
ath ee +t iy) y) | | 





T (8) 
eu - Cs y} =] 
Hence the locus of foci is a curve of the fourth degree. l 


The- equation of, the locus of directrices is obtained in similar manner. ' 


Remenibering that the distance from the centrè to: directrix of a conic is T 

















we.have 
R= m (1 — 4) d 
I— & cos 0 (4) 
Pind Casi m*(i—4)— Saar aT djooad + main OF É 
(recap coo Stan COR D -- d si in! 6 
In "m coordinates this becomes 
2 2 : 
Ge rer 2m n 
9 











e(t 3 3 Y e (Ses mr 


Hence the locus of directrices is also a curve of the fourth degree. 
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The point (m, n) is evidently a double.point on each curve. The curves 
. have double contacts with each other and with the given conie. The form of 
each curve varies greatly with the position of the point (m, n), which may be 
any point in the plane. We wish now to find the envelope of the loci of foci 
when the point (m, n) varies. Writing (x + m) for x and (y n) for y in (3), 
the centre of the given conic becomes the origin. Equation (3) becomes . 


| | ene. TOR wem i, [^ 





Arranging this accor ding to powers of m and equating to zero the discrimi- 
nant with respect to m, we have after reduction : 


[o (5  $— says LE E ae nn d) =o. (7) 
The P ida factor is the locus of nodes, the given conie and the focal conic, 


sf +. pL = 1, are envelopes. 


By this method thé équation of the focal conic is obtained without a pre- 
vious knowledge of its properties, and a Serve as a starting point for the 
whole theory of focal conics. 

In exactly the same manner it can be shown that the envelopes of the loci 
of directrices are the given conic and the dirigent* conic (which is the polar recip- 
.roeal of ‘the focal conic with respect to the given conic). With the origin at 
. (m,n), the maximum and minimum radii vectores of the locus of foci are those 

-to the points of contact with the focal conic. : | 

. Itis not intended in this paper to discuss fully the properties of these inter- 
esting curves, but rather to make use. of them in the investigation of certain 
properties of quadrics. . 

. If the point (m, ñ) be at. infinity, the locus of foci reduces to a conie. This 
is a well-known résult. It may be shown as follows: Let m — o, n= o, 


= freee AH “47 HEREZCOR CERE E EE E TEAT 





- *So called by MacOullazh, see Proceedings Royal Irish Academy. 
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"n 


m 7 tan @ in equation (6). Whence 
Ca 
e$ 


| | (8) 
a (G © tan” 6) (y—a tan 0+ Va? tan? 0-- b) (y—« tan 6+ A/ à? tan? 0+0") 


^ which is the equation of a conie passing through the points where the two lines 
on the right cut the given conic. But these lines are parallel tangents to the 
given conic, and hence the two conics have double contact, the chord of contact 
- being the diameter of the given conic conjugate to the direction of the point. 


' (m, n). 
But equation (8): may also be written in the form 
Grm (a s gira 1) . 
9 
= C (ety tan OY ao Oa) Baa Nloty tend VETO A 


which aliows that the locus of foci has double contact also with the focal conic, . 
for the two lines on the right-hand side are parallel tangents to the focal conic. 
These parallel tangents are perpendicular to the direction of (m, n), and hence 
the chord of contact is the diameter of the focal conic conjugate to the direction 
perpendicular to the direction of (m, n). l | 

When the point (m, n) is at infinity, the locua of directrices is also a conie, 
a result which I think is new. CDL equation (5) to the centre of the 
given conic as origin, it becomes 


(e+ my oo (+ —1) 


id [a9 
Hire res D) | 

Making as before m = œ, n = c, and = tan 6, this becomes i 
BP a(S mS | RD 


"which is a conic having double contact with the given conic and with the locus 
of foci (which is now a conic), the chord of contact beig the common diameter 
to all three conics, 


and their Application in the Theory of Quadrics. = 9f 


Equation (10) can also be written.in the form 


(Ge E-D- + Eje ER) on 


The left-hand side of (12) is the equation of the dirigent conic; hence, the 
locus of directrices has double contact with the dirigent conic, the chord of contact 
being coincident with the chord of contact of the locus of foci and the focal conic.. 

It is easily seen that the general equation and properties of these two curves, 
determined for the case of the ellipsoid, are also true when the quadric is a 
paraboloid or an hyperboloid. l 

If b = c in the equation of the ellipsoid, it becomes one of revolution around 
the axisofæ. Many of the results already obtained are thereby greatly simpli- 
fied. The focal conie degenerates into & right line joining the foci of a given 
conic. Since the loci of foci envelope the focal conic, it follows that the locus of 
foci always passes through the foci of the given conic, whatever may be the posi- 
. tion of the point (m, n). This may also be shown analytically by putting b =c 
and y = 0 in equation (6) and solving fora. We find «= + ae, a result inde- 
pendent of m and n. ' 

Let the point (m, n) coïncide with one of the foci of the given conic. 


Making b = c, m = ae and n = 0 in equation (3), we have 








wt (Sta) c (3) 
Thus the locus of foci degenerates into a point circle at the origin and a conic. 


The equation of this conie referred to its own centre is £z + y = &; hence 


this conic is similar and concentric to the given one and has its vertices at the 
foci of the latter. The meaning of the point circle is that every section through 
the focus has that focus for a focus. It is clear that since we are here dealing 
with a surface of revolution, every section by a plane passing through the axis 
of æ is a principal section. In each such section the locus of foci is-a conic as 
above, and the assemblage of all these conics forms a surface of revolution similar 
and concentric to the given one, having its vertices at the foci of the latter. 

The first part of this result is well known, and was first given by M. Chasles 
in the Mémoires de l'Académie de Bruxelles, Vol. V, page 33. The latter part 
seems not so well known, but I find it given by M. Olivier in Correspondance 
Mathématique et Physique, Vol. V, page 391. 
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In the case of quadrics of revolution, the locus of directrices also breaks up 
when the point (m, n) coincides with one.of the foci of the given conic. Let 
b= = c, m = ae, n= 0 in equation (5), which then becomes ` 


ls +4)- @+ LL) fete) = 0 _ (14) 


Thus the locus of directrices falls apart into a isl line and a eurve of the third 
` degree. The right line is the directrix of the given conic corresponding to the 
focus on which the point (m, n) falls. This may be generalized for any principal 
plane of the quadrie; and we have then the’ second part of Chasles’ theorem con- 
cerning sections through a focus, viz. that one directrix.of guch a section lies in 
the polar plane of the focus through which the cutting planes pass. Phe envelope 
of the other directrices is a surface of revolution of :the third degree, which has the 
plane a = 0 for an asymptote. This result is probably new. 

| dd let the point (m, n) be at the vertex of the given conic. Putting 
b—o,m-a,n- 0 in equation (5) we have. 





a(S + À " (18) 


Hence the locus of directrices falls apart into a right line and a conie. The 
equation of this conic transformed to its own centre is = + + — 3 . "Hence. 


it is similar and concentric to the given conie and has its foci at the vertices of 
the latter. The tangent plane at the vertex cuts from the quadric a point circle 
whose directrices are indeterminate. The case is satisfied by the line x = 0. 
As before these results may be generalized for all principal sections of the 
quadric. I shall now bring together and express in a convenient form the theo- 
rems of Chasles and Olivier and the results just developed. 

Given two quadrics of revolution similar and concentrie such that the foci ` 
of the one coineide with the vertices of the other. Any eutting plane passing 
through the vertex of the inner surface cuts from the outer surface a conic 
both of whose foci are on the inner surface, but one of which is always at the 
vertex of the inner surface through which the cutting plane passes. One direc- 
trix of the same conic is always in a fixed plane, the directrix plane of the outer 
surface. The other directrix is always tangent to a surface of revolution of the 
third degree. The same cutting plane cuts from the inner surface a conic both 
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of whose foci are on a surface of sesdlution of the fourth degree and pota of 
whose directrices are tangent to the outer surface. i 

When the given surface of the second degree is a cone, the section by the 
plane æy is a pair of intersecting lines. The only case of special interest is when 
the given point (m, n) falls on one of these lines. .The locus of foci and locus of 
directrices each ibreak up into the right line on which ihe point falls and a curve 
of the third degree. The locus of foci in this case once attracted considerable 
attention and was studied in detail by a group of Belgian mathematicians. 

The curve was first studied by Quetelet in a paper entitled Dissertatio de 
quibusdam locis geomet. nec non de Curva focali: Gandavi, 1819. This paper I 
have not seen. In the Journal of the Royal Academy of Brussels I find the fol- 
lowing entry for December 6, 1819: 

. “M. le Commandeur de Niewport a présenté au nom de M. Quetelet, profes- 
seur de mathématique à l'athénée de Bruxelles, un mémoire sur quelques nou- 
velles propriétés de la focale et sur la même courbe focale, * *. * * œx 
L'Académie avait chargé M. Quetelet de refondre ses deux mémoires en un seul ; 
mais l'auteur ayant appris que M. Dandelin s'occupait d'un écrit sur le même 
sujet a cru renouncer à son feu d'autant plus que celui de son ami ne laissait 
rien à desirer sur ce point." 

Dandelin's paper is published in the Mémoires de: l'Acedémie de Bruxelles, 
Vol. IL. It deals only with the case of the riglit circular cone. A memoir by 
Van Rees in Quetelet's Correspondance Mathématique et Physique, Vol. VI, 
page 361, treats of the curve in both the principal sections of the elliptic cone. 

In ease of the elliptic cone the curve consists of two branches, each of which 
is tangent to a focal line of the cone. One branch touches the given line at the 
point (m, n) and the other branch has the other given line for an asymptote. If 
the cone is right circular, the locus of foci has a double point and is the “focale 
a nœud” of Quetelet recently discussed by Morley (American Journal, XI, 
page 307). 

The locus of directrices in the case. of the cone is a curve of the third degree 
whenever the locus of fociis of the third degree. The Belgian mathematicians 
who studied the properties of the locus of foci do not seem to have noticed the 
locus directrices. I add without proof a number of theorems on the focal prop- 
erties of series of quadrics which may readily be proved by means of the methods 
and formulas already developed. 
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Given a series coaxial and concentric hyperboloids of revolution of one nappe 
_all having the same circle of the gorge; if the axis of an axial pencil of planes 
is tangent to the circle of the gorge, the locus of foci of parabolic sections is a 
circle; the locus of directrices of the same sections is also a circle. 

Tf the axis of an axial pencil of planes is perpendicular to the axial plane of 
a parabolic cylinder and tangent to the cylinder, the locus of foci of parabolic : 
sections is a circle, so is also the locus of directrices. - 

Given a series of right circular cones on the same base, if the axis of an 
axial péncil of planes is tangent to the base circle, the locus of foci of parabolic 
sections is a circle; so is also the locus of directrices. | 

The eccentricity of the section of a quadric of. revolution by a plane passing | 
through a focus and containing any tangent to the central circular section is 
.equal to the square of the eccentricity of the quadric. | 

If the axis of an axial pencil of planes is tangent to the base circle of a right 
circular cone, the distance from the centre to the foci of any section is equal to the 
distance from the centre of the section to the centre of the base circle. Given 
the same conditions as above, the perpendicular from the centre of the base 
circle on the parabolic section passes through the focus of the parabola. | 


. A Note on Linear Transformation. 


By H. P. MANNING: 


The following was suggested by a method which. Professor Cayley has 
employed in his “ Memoir on the Abelian and Theta Functions,” in the American 
Journal.of Mathematics; Vol. V. — n 

Suppose we have f(2,,25,....2;), & polynomial in & variables, and wish 
to transform it into a function of y’s by the substitution 


J=t 


yy 3 ayy | (G=1,2,....k). 
. j=l DE 
Represent it symbolically by a2 where . 
| LII LI LIT 
and let the transform be 45, where 2 
| À, = A + Any, +... + Air 


If we let à, denote.the polar operation, namely, 


LE a à Q^. 
du Fous Trot? 
then ` | | 
4, = dite - E 4 
4,4, = 94a, da, = $ 0,622, 
and in general, : 

1 

d eru rr ee UM 


Hence 47 may be written 


.1 : 
Gà + y + eed Yd) 05; 


as +è+. t 
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that is, f becomes 
: | | 
Pi + y +... + uo f. 


We can write down at once a formula for the coefficient of any term: 


coeff. of yty;. «+. =p ee £ (tbt. =n 
In each case there are n polar operations, and' these will always introduce the 
same numerical factor, n1 

The n polar operations remove all the a’s add replace them by a’s. More- | 
` over; ôf is equivalent to f with all the w’s replaced by du, ag: . , and we may 
in any particular case reduce the number of polar operations aali to be per- 
. formed by a number equal to the highest exponent in the term. For example, 
to obtain 0565 -#f we have only to perform the operation 


Cr 2) f aas: 
Example: Suppose we wish to transform the cubic 


J= ao? + by? + c? — 6loys. 
by the substitution 
& =. aX + aF + A, 
y = X + bY + 0, 
g —yX- yaY + FZ, 
we have ; 


ham YA 
dif = 3 (aa + es + ey, — ays — aoe Qly cy); 
nec — labg —....); 
= (aai + Bi + cy] — laby) X* + . 
i - + 3(aadas + ....— 2l85y,33 —....) XP Y +. 
+ 6 (aaas +... .— labay — ... e) XYZ. 


Some Theorems relating to Groups of Circles qu 
Spheres. * 


By Ww. WOOLSEY JOHNSON. 


1. In the earliest of Cayley's published papers, &nd that which stands first 
in his collected works—''On a Theorem in the Geometry of Position," Oam- 
bridge Math. Journal (1841), Vol. IT, p. 267— the theorem for the multiplication 
of two determinants (then new) was applied to Carnot's problem: To find the 
relation which exists between the distances of five points in space. The same 
method is applied to find the relation between the distances of four points in a 
plane, and the additional relation which exists when the points are on the 
circumference of a circle. The m*' row of the first of the determinants multi- 
plied together is 


a, + V: Lm Ym, 1 , : 
where x, y: are rectangular coordinates, and the n™ row of the second is 
1, ^ Vac 2c, , — Wn, + Y; 


so that the corresponding element of the product is 
(Em — Tn) + (Yn — Ya)’, 

or the square of the distance between the points (x,, Ym) and (z,, y,). Taking 
the same four points in each of dm factor determinants, and adding to the first 
the fifth row 

1, 0, 0, 0, 
and to the second the fifth row , 

0, 0, 0, 1, 


and to each a fifth column of zeros, the product is zero, and the required general 
relation is found. Again, if the four points lie on a cirele, each factor determi- 








* Some of the results contained in this paper were presented to the British Association at the Leeds 
meeting in 1890. 
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nant is zero without the additional row and column and the product is zero, 
giving the special relation. A 

2. By an extension of the method the m™ row of the first determinant is 
taken as D. 


rod n y} — rh Va, UP ` 1, 
where r,, is the radius of a circle whose centre is (am, Ym), and 
ad, 2X, — 2Y,, Xi + Yi — Ri . 


as the n™ row of the other, so N the corresponding element of the result is 
(En —: A + (Ym — Yy = R;, 


which is defined as the relative power of the circles (am, Ym; rs) and (Xas Yn, Ra), 
these circles belonging to. two separate groups. Then, 1°, if there be five circles 
or six spheres in each group, the product or determinant. of powers is equal ta 
zero, and 2°, if there be four circles or five spheres in each group, the power 
determinant is the product of: two determinants each of which depends: upon 
one of the groups. i . 

Mr. Lachlan has developed a great variety of geometrical consequences, 
` derived principally from the first of these theorems, in his memoir “On Systems 
of Circles and Spheres,” Phil. Trans.. Vol. 177, (1886), p. 481. It is the object 
' of the present paper to point out some other results derivable from the second 
theorem, and particularly to evaluate the power determinante for groups of 
' smaller numbers of circles and spheres. 

3. Let the four circles whose centres are (m, yi). Js 9.) and whose 
radii are 7, .... 7, be denoted by a, 5, c, d, and put 


A+" a n 1 
+ €*w A 
À =A » 5,6, ; 1 
zy % Ys 1l Ge 81 07 dj; "E Q) 
a+ y nu z, y, 1 | 
then for another group of circles À, B, C, D we have 

1-2 —2X, R+) 

1 —2%, —3Y, Xi X—HR 4,7, p 

- 1 — 2X; — 2Y; X? -+ y — FR ees SAU de C, D). 

1 2x 21 Xt YK | 


pad 
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Denoting the relative power of the circles a and A by (a.4), etc., we have by. 
multiplication | 
(a À) (aB) (aC) (aD) 
(b4) (B) (b0) (bD) 
(cA) (eB) (eC) (cD) 
(44) (4B) (aC) (aD) 


4. The relative power of two circles as (a À) is the square of the distance of . 
their centres diminished by the sum of the squares- of the radii. When the 
circles intersect it is 2Rr cos o, where o is the internal angle of intersection, and 
it vanishes for two circles which cut at right angles. When one of the circles 
reduces to a point, it becomes what is usually called the power of the point rela- 
tively to the circle and vanishes for a point on the circumference. When both 
circles reduce to points, it is the square of their distance. 

5. In equation (1) the elements in any row may be called the elements of 
the corresponding circle. For the circle altogether àt'an infinite distance the 
first element is infinitely greater than either of the others. Dividing out this 
infinite element, we may take for the elements of the circle at infinity 


1, 0, 0, 0. 


= — 4A (a, b,c, d) A(A, B, C, D). (2) 


To preserve equation (2), it is then obviously necessary to take unity as the 
power of any finite circle relatively to FÉES and zero as the power of infinity 
relatively to itself. 
Again, if the circle become the straight line whose equation 18 
€ COS a, + y sina = Po, 


putting p for the infinite distance of the centre from the origin, the elements are 
p — 1? or (p +1), pcosa, psina, 1, and dividing by the infinite radius of 
the circle we may take them to be 


29), cosa, sina, 0. 


It follows that to preserve equation (2), the relative power of this line and the 

finite circle (X, Y, E) must be taken as 2p, — 2X cosa — 2Y sina, or twice the 
perpendicular from the centre of the circle to the line (as is indeed otherwise 
evident), the side of the line on which p is positive being regarded as the outside 
of the infinite circle. The power of infinity relative to a straight line must be 
taken as zero, and the relative power of two lines as — 2 cos (a — 8); or, since 
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the side on which p is positive is taken as the outside, it is twice the cosine of : 
the angle between the insides of the lines, agreeing with the expression 2rE cos Q, 
which is now to be divided by the product of the radii of both circles. 
6. Making the second group of pointe in equation (2) identical with the first, 
we have for the symmetrical determinant of mutual powers 
— 277 (ab) (ac) (ad) 
(ab) — 2r . (bc) (bd) | | 
(ae) Je) se (un). ^ ee. (8) 
(ad) — (bd) (o) — 85 


in which for (aa) is put its value — 271, etc. 
It follows from this equation that the value of A (a, b, c, d) is independent 
of the position of the origin and axes. | 
Thus A (a, 5, c, d) depends only upon the configuration of the four circles, 
If one of them, say a, is removed to infinity, A becomes infinite, but panne the 
‘reduced elements, as in §5, we have 


Ty ys 1 
X (ys 1 = A(o,5,c, d) - A(b, c, d), 
% y, 1l: 








or double the area of the triangle whose vertices are the centres of b, cand d. 

‘7. The elements of the first column in the determinant A, equation (1), 
are the powers of the origin, O, with respect to the circles a, b, c, d; that is, 
. in the notation adopted, (Oa), (Ob), (0c) and (Od). Denoting the correspond- 
ing minors by a, B, y, à we have 


a (Oa) + B (Ob) + y (Oc) + 8 (Od) — A (a, b, c, d) = constant (4) 


for all positions of O. Moreover, since, if we replace the first column of A by 
a column of units, we have 


a+B+y+8=0, | ^ (B) 


we may, by subtracting (a + 8 + y 4-5) R? — 0, replace (Oa)....(Od) by 
(Oa)— À... bois — À, the powers of a circle whose centre is O and radius À 
relative to «....d. Thus equation (4) expresses a linear relation between 
the powers cfa any circle with respect to four given circles, 

8. If we eliminate a, 8, y, ô and the constant between four equations of 
the form (4) (in which A, B, C, D respectively are put for O) and equation (5), 
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we shall have a relation between the powers which appear in equation (2), 


namely 
(aA) (aB) (aC) (aD) 
(tA) (BB) (60) (D) 
(cA) (eB) (eC) (cD) 
(44) (4B) (dC) (aD) 
1 1 1 1 


(6) 


O M Hi bi x 
Il 
n 


the same relation which is obtained for two groups of five circles, the fifth circle 
in each group being at infinity. 


Values of À. 


9. In equation (4), let O be the circle orthogonal to b, c and d; the equation 


reduces to 
y A (a, b, c, d) = (0a). A (b, e, d); (17) 


that is, the value of the A of four circles is the power of any one of them relatively 

to the circle which is orthogonal to the other three, multiplied by the double area of. 
"the triangle whose vertices are the centres of these three circles. In (V), A(b, c, d) is: 
positive when the rotary direction bed is positive. 

If b,c, d are fixed circles, O is fixed, and the circles, a, which satisfy 
A (a, b, c, d) = constant are those which have a fixed power relatively to O, or, 
what is the same thing, those which cut orthogonally a certain fixed circle con- 
centric with O. $ 

10. It follows from aguo (7) that A vanishes when a is orthogonal to O; 
that is, when there exists a circle O which cuts all four circles ortogonal , or, when 
the four circles have a common radical centre. 

If the centres of b, c and d lie in a straight line, the factor A (b, c, d) van- 
ishes, but A (a, b, c, d) does not vanish in this case, for O becomes a straight line, 
so that (Oa) contains an infinite factor, namely, the radius of the infinite circle O, 
the cofactor being, as in $5, twice the perpendicular upon the line O from the centre 
ofa. The radius of a does not now enter the expression, so that a may be taken 
as a point. If 5; c and d are also points, we readily derive a new expression for 
A in this case. For O is now the circle circumscribing the triangle bcd, and 
denoting its radius by E, we have 4R X area = product of sides, therefore 


A (a, b, c, d) = 2EpA (b, c, d) = 4Rpx area = p.bc.cd.db; 
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that is, M b, c, d are points on a straight line, and a is at a distance p Jrom it, 


0 D Yi 1 
"m Ts Ys 
w+ ys % Ya 1 
Baty t Uw 1 


= p. bo.cd.db, | -(8) 


the first element being omitted because its corresponding minor vanishes by 
hypothesis. | 
11. When one or more of the circles a, b, c, d is replaced by o or by & 
straight line, the elements being modified as in $5, the value of A is modified 
accordingly. Thus, as mentioned in $6, if o» is put fora, A (a, b, c, d) becomes 
A (5, c, d), the double area of the triangle of centres of the circles b, c, d: Tf, 
furthermore, one of the three circles becomes a straight line, the modified value 
of A is readily seen to be the projection upon this line of the distance between 
the centres of the two circles remaining finite. 
| 12. If a becomes a straight line, b, c, and d remaining finite viros the 
-general value of A, equation (7), holds if we modify accordingly the meaning of 
(Oa) as explained in $5, namely, (Oa) is twice the perpendicular from the: centre 
: of Oupon a. That is to say, given a straight line and three circles, we have 


29s cosa sina 0 à wed 
1 . 3 
jütu—n.-m m» =2p|% $9 lj (9) 
B y— tT  % 9 l1 2 EINE 
| -Ys 


BTS uw å h 1 


which gives an expression for p the perpendicular upon a given straight mie 
. from the centre of the circle orthogonal to three given circles. 
If X and Y are the coordinates of the centre of O, we have in the notation 
employed 
P = Po — X cos a — Ysina, 














which iene X when p= 0, cosa = — 1, and becomes F when p,— 0, 
Sing = — 1; hence the coordinates of the centre of the circle orthogonal to 
(n. Ya re, Ya» Ts) (255 Yas . are given by 

xi t Yi &i 1d ja A 1 

a + Ya — A $ Li= AX a y lj 

Hy — Ys 1 s Ys | 

AHS & 1 Yi 1 

wa + yi— w 1j-——2Y xw y, 1 

z 1 Ts Y 1 : 





xs + ys — T3 
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| 13. If b as well as a becomes a straight line, the:circle orthogonal to b, c, d 
has its centre on this line 5, that is, at the intersection of this line with the radical 
axis ofc and d. Let p denote the perpendieular from this point upon a, and q 
the projection on 5 of the distance between the centres of c and d. Then (Oa) 
becomes 2pH, and A(b, c, d) becomes ghz, where A, and R, are the infinite 
radii divided out in writing the modified form of A. Another expression 
for A arises from taking the finite circles to be a and b. Let M be the intersec- 
tion of the lines c and d, and let A and B be the centres of the circles. Then O 
is the circle whose centre is at M and whose squared radius is MB*——72. The 
power (Oa) is therefore MA*— MB? — 7? + 73, while A(b, e, d) when divided 
by the infinite factors becomes sin (8 — a). Thus we have the two expressions 


a+" T. y "A 
HS % yy 1 
25, cosa . sina 0]|— 2pq 
2p, cos B sing 0 


where q is the cie of the distance ina the centres of the circles upon. 
one of the lines, p the perpendicular from the intersection of this line with the 
radical axis of the circles upon thé other line, M the intersection of the lines, and : 
A and B the centres of the circles. 

14. When three of the four circles become straight lines, the fourth being 
finite, the value of A (a, b, c, d) is independent of the latter and becomes 
twice the product of the perpendicular upon one of the lines from the intersec- 
tion of the other two into the sine of the angle between these two lines, or the ` 
product of the sides of the triangle formed by the three lines divided by twice 
the square of the radius of its circumscribing circle. — | 


= (Max — MB + r?) sin (8—a), (10) 


The Power Determinant for Groups of Four Circles. . 
16. The determinant of powers of two groups of circles is denoted by 
n(4’ 4 B, € p) then equation (2) is 
b 3 3 — 
n (4 BC! 4) = — 4A (a, b, c, d) A(A, B, C, D). 


We notice in the first place that the Value of TI depends only upon the configu- 
ration of the two groups respectively, and not upon their relative position, so 
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that, if abed and ABCD are two given quaditlstsrals the value of II ri 5 £i A | 
is unetenged when the relative position of the quadrilaterals is altered. | 
The value of II (4 B b © z vanishes when either A vanishes; that is, 


when either group has a Su orthogonal circle (or common radical centre). 
. When the two groups are identical, we have 


PHP LEER 


which is always negative. If a,b,c,d are points, we have, for the general 
value of the quantity which vanishes when the points are concyclic, 


6 e 


ac ad? 
ab : be b Da? 238 M 
ac Pc +. m ar 11 
ac be 0 ed? 4(Oa fas (b, c, d), ( ) 
ad bd? cd 0 


where ^i is the double area of the triangle bcd, O the centre and R the radius of 
its circumscribing circle. 


‘The Power Determinant Jor Groups of Three Circles. 


16. Now let a, b, c and A, B, C be any two groups of three circles each ; 
take for d the circle orthogonal to À, B, C, and for D that orthogonal to a, 5, c. 
(The centres are the radical centres of the groups and the radii may of course be 
imaginary. Then, in equation (2), t the powers ( ex (bD), (eD), (d4), (dB), (4C) 
vanish, and we have 


(aA) (aB) (aO) 
(24) (63). (0) 
(cA) (eB) -(c0) 


but, by equation (7), 


(dD) = — 4A (a, b, c, d)A(A, B, C, D); 








A(a, b, c, d): — (Dd).A (a,b, o0), A(4, B, O, D)= — (dD).A(A, B, 0), 
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(aA) (aB) (a0) 

n Bg) =| @4) (B) 00) | —4A (a, b, ACA, B, C)(aD)* (12) 
(cA) (cB) (c0) | | | 

That is, the power determinant of two groups of three circles each is — 16 times 

the product of the areas of the triangles formed by the centres of the groups and the 

relative power of the circles respectively orthogonal to the two groups. 

It follows that the power determinant of two groups of three circles each van- 
ishes when the circles respectively orthogonal to the two growps cut each other 
orthogonally. 

17. If the two groups are identical we have 

2 — 2n (ab) (ao) 
nu(^Pb9)-| (ab) — 2 (b|-sM(nbcoR, (3) 
i (ac) (be) —2 z 
where R is the radius of the circle orthogonal to the group. This expression 
vanishes when R = 0; that is, when the three circles pass through a common 
point. It does not, however, vanish when A (a, b, c) = 0 (that is, when the 


centres of the circles are in a straight line), because E is then infinite, unless the 
circles have a common radical axis, in which case E is indeterminate. Thus 


Hu & 24 ' ^) vanishes only when the three circles have one common point, or two 


common points real or imaginary. 
But, when the centres of a, b,c lie in a straight line, ihe determinant 


Il Cy Uae admits of reduction. Denoting the sides of the triangle opposite the 


centres m a, b, e b d,, dz, dy respectively, and supposing d d, + dj, we shall 
find P 


MODE CTI ER ET TES ray. ag 








* It is erroneously stated in Mr. Lachlan's memoir that 


[s (^ 2, NIET 2, ‘a 4, 5, 3 

4, 5,8 1, 3,8 4, 5, 6 
(Phil. Trans., Vol. 177 (1886), p. 498). This would imply that the power determinant for groups of 
three circles depended only upon the configuration of the groups and not upon their relative position. . 
This property belongs only to groups of four circles. See 215. 


106 Jonnson: Some Theorems relating to Groups of Circles and Spheres. 


The quantity in brackets may also be written 
| | d, (A+R) 4 (4 a n—7, 
orsymmetrically if d + d+ d4—0, —— | 
| ( —dá,— dt di — dj. 
18. If in equation (12), the centres of a, b, c lie in a straight line, so that 
A (a, b, c) vanishes, TI (f B me ©) does not vanish, because (d.D) is then infinite, 


its value being 2p E, bung p is the perpendicular from the radical centre of 
A, B, C upon the straight line, and R the infinite radius of the circle orthogonal 
to.a, b,c. We have then 


acr by eN = — 8pRA (a, b, c) A(4, B, OY: 


Comparing equations de and (14) and disregarding sign, we have for the value 
of RA(a, b, c), when the centres lie in a straight line and their distances are 


so taken that d, + d, + dj = 0, 
| 2RA (a, b, 0) = ddh + di + dpi du (15) 
Substituting, we have for this case 


| n (4 à = 4pA (4, B, O)(didd, + duré + dur + dur). ue) 


If the centres of A, B, C are also in a straight line, and o is the angle between 
the lines, p becomes infinite and — p cosa, where p is the radius of the orthogonal 
circle, and we have, for this case, 


n a; 6)° = 2 cos o (ddd, + diri + dl + dy?) (17) 
(D,D,D, + D,R3 + D,R?+ D,R?). 


19. Let a, b, c be circles passing through a common point, and let À, B, C 
be points, then D is the common point of a, b, c, and d is the circle passing 
through 4, B, C; hence, if this circle passes through the common point, the power 
determinant vanishes. Ifany point on d, say Dy, be joined with the common point 
D, its powers relatively to a, b and c are proportional to the distances from D, to the 
other intersections of this line with a, 6 and c respectively. Thus, if four circles 
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pass through a common point, and three straight.lines through this point meet 
the circles again in A,, B,, O,, D, ete., we shall have 
| DA, DB DG 
D,A D,B, D,C,|=0. = (88) 
D,43 DB; . D40, 


20. When one or more of the circles are replaced by lines, the powers being 
taken as in $5, the value of II is modified by the omission of infinite factors and it 
is easy to make the corresponding modification of the second member of equa- 
tion (12). Thus if a be a straight line, P,, Pa, P; being the perpendiculars from 
the centres of A, B and G, the theorem is 
2P, 2P, 2P, 

(bA) (bB) (0) |= — 49A (A, B, OC). (aD), (19) 
(cA) (cB) (eC) ' 
where g is the projection upon. the line a of the line joining the centres of 
b and c, taken with the sign which would be given to A (a, b, c). 
- Again, if there be a line in each group, we have 

2cogo 2P, 2P; 

2p, (BB) (b0) |= — 4Qq (4D), (20) 

2p, (cB) (eC) 
where o is the angle between the lines on that side of each on which the per- 
pendiculars have like signs. 


If there be two lines in one group, say À and B are lines, we have, dropping 
the factor 4, 








pı pi (aO) 


P $5 (00) |=—A(a, b, e) sin o(dD), (21) 
ps ps (eC) | 


where o is the angle between the lines and the signs of the perpendiculars are so 
taken that A(A, B, C) would be positive. 
If there be two lines in each group, we have in like manner 
2cos(aA) 2cos(aB) 2P, 
2cos(bA)  2cos(bB) 2P, |= —4sin(ab) sin(AB).(dD), (22) 
2pi 2p; (cC) | 


where cos (aA) is the cosine of the angle between the lines a and A, etc. 
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If one group, say A, B, O, consists of three straight lines, the theorem is 
concerned only with the centrés of the circles, hence the other group may be 
taken as points. If E is the radius of each of the infinite circles and a, 8, y the 
angles at which they intersect, A(A, B, C) — R (sin a + sin B + sin y) and 
(Dd) = — pl, where p is the infinite radius ‘of the circle orthogonal to A, B, 
and O, see $5. Now p° is the power with respect to either of the circles A,B | 
or C of the radical centre which becomes the centre of the inscribed circle of the 
triangle formed by A, B and C; this is readily shown to be 2Rr; r being the : 
radius of the inscribed circle. Substituting and rejecting the infinite factor E?, 
we have, on dividing by 8, 


nm PM pl 
Im ps pl |= A(a,b,c)r(sina+ sin + sin y). ` (28) 
Ps pi Pr Fe 


The factor (sina + sin 8 + sin y) is equivalent to the area of the triangle 
formed by the lines À, B and C divided by the radius of its circumscribed 
“circle. Thus the theorem is: Given three points and three straight lines, the 
determinant of the nine perpendiculars is equal to twice the product of the areas 
of the.triangles formed by the points and by the lines divided by the-radius of 
the circle circumscribing the latter. This theorem is also readily derived by the 
area ABC 
TR À 
Finally, if both groups consist of straight lines, IT vanishes since D and d are 
. both at infinity, so that (dD) — 0, the elements of the determinant now being 
the cosines of angles guch that the corresponding GHIOren Pd in the several rows 
are equal. 


multiplication of two determinants. whose values are À (a, b, c) and 


The Power Determinant for Pairs of Circles. 
21. Now let a, b and A, B be any two pairs of circles; ; take for C in equa- 
tion (12) any circle of the system orthogonal i a, b, and for c, any ped of 
the system orthogonal to A, B. Then II (25 A B C reduces to (c0) I1 On: A BJ 


Since D is orthogonal to a, b and c, and d to A, B and O, we may state the 
conditions imposed upon C, D, c and d thus: C and D are two of the system 
"orthogonal toa and b, and e, d are two of the system orthogonal to A and B, 
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with the condition that c is orthogonal to D, and d to C. Equation (12) then 
becomes | To 


a, bv. 1 (aA) (aB (aD) 
mG n = F e =— 44 (a, b, o) A(4, B, 077 - 





Let us for the moment denote the centres of the circles by C, D, c and d; 
then C and D are upon the radical axis of a, 5, and c and d upon that of 4, B. 
Let P, denote the perpendicular from c upon the line of centres of a, b, and Pe 
the perpendicular from C upon the line of centres of A, B; then the equation 
becomes | | 

ns = — ab. BPO, (24) 
where ab and AB are the distances between the centres, 

Let the common chord of a, b be 2 and o its middle point; let the radi- 
cal axis of a, b meet the line of centres of A, B in 4, and let o be the angle - 
between the lines of centres. 

Now let D in (24) be placed at 7; then the circle c becomes the line of 
centres of A, B, and the point c is at an infinite distance p, and we shall have 


P,-poeoso, (cC)— Py. 
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Substituting ini (24), we have 
" Ge (aA) (aB) 


(BA) (0B) 
In this equation the point d is any point upon the radical axis of A, B, but (dD) 
is determinate, for the centre of D is now at 7 on the radical axis of the system 
to which c and d belong. Thus 


(dD) = iÙ + I? — (i — P) = ip— IO— io + D +B, (26) 


| =— 253 ZB cos (4D). Ei (25) 





If the circles a, 6 do not intersect, we must of course substitute for P, — 7’, 
where r is the distance from o of the limiting points of the coaxial system to 
which a and 5 belong. 

22. When o = 90°, the value of II does not vanish, because (aD) i is then 
infinite. In this case, let the perpendicular from o to the line of centres of A, B : 
be denoted by A, and that from O to the line of centres.of a, b by H. Then the 
limiting value of (dD) cos is readily shown to be — 24H; and we have when 
the lines of centres are at right aigles, 


n(t DETTE TL: ES (27) 
(aD) ; 
(c0) 
(27) Hand À are positive when on the left of the direction a to b, and Ato B 
respectively. 


In fact, it may be shown that j in this case in equation (24) becomes —1. In 


23. When ab — 0; that is, when the circles a and 5 are "n IT again 
assumes an indeterminate form. . Since o is now indeterminate, we may employ _ 
(27), in which A is now infinite. From the properties of the radical axis we 
have ao! — bo! = r1 — r$, whence at the limit ab. 2h = r?— ri and the equation 
becomes : 

a, b 
LC — sagten mu i (28) 
` 


In like manner, when both pairs of circles are songem the PE PREON 
reduces, as it should, to (rj — 73)(Rt — Ej). 


24. The value of IT C =) vanishes only when (dD) defined by (26) v van- 
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ishes; in other words, when one of the system of circles orthogonal to one pair 
of circles, say a, b, belongs also to the coaxial system defined by the other pair 
AB. ^ 

Application to Spheres. 


25. The relative power of two spheres is defined in the same manner as 
that of two circles, so that it is the same as that of the sections made by any - 
plane passing through the centres. It is also the same for the sections made by 
any plane passing through one of the centres, but not for any plane whatever. 

The application to spheres of the methods employed above is so obvious that 
we shall only mention the general results, which of course require similar modi- 
fication in the special cases when one or more of the spheres is replaced by a 
plane or by the sphere at infinity. 

Thus, we have for any group of five spheres the determinant A (a, 5, c, d, e) 
whose rows are of the form 


HPH, %, Y, 2, 1, 


(v, y, zand r being in each row the rectangular coordinates of the centre and 
the radius of one of the spheres), and whose value is independent of the position 
of the origin and axes.. This implies a linear relation between the powers of any 
sixth sphere relatively to the five given spheres. The value of A (a, b, c; d, e) 
is the power of one of the spheres relatively to that which cuts the other four 
orthogonally multiplied by six times the volume of the tetrahedron whose ver- 
tices are the centres of these four spheres, 


A (a, b, c, d, e) = o 
is the condition that five spheres shall have a common orthogonal sphere, and 
A (a, b, c, d, z) = constant 
imposes upon the variable sphere z the condition that it shall cut orthogonally a 


certain sphere whose centre is the radical centre of a, b, c and d. 
26. The power determinant of two groups of five spheres, each is 


| ND E FI: — 8A (a, b, e, d, e) A(4, B, C, D, E), (29) 


which depends only upon the configurations of the two groups, and not upon 
their relative positions, and which vanishes when either group has a common 
orthogonal sphere. 
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The PO Determinant for Groups of Four Sphéres. 


27. For the power determinant of two groups of four spheres each we 
derive as in 816, 
(aA) (aB) (aC) (aD) 
a(g b, c, dN |(bA) (B) (60) (bD) ; 
4, B, 0, D) =| (eA) (cB) (eC) (D)| . . (830) 
(A) (dB). (dC) (dD) 
= 8A (a, b,c, d) A(A, B, O, D). CE) 


- where A (a, b, c, d) now denotes six times the volume of the tetrahedron whose 
verticés are the centres of a, b, c and. d, and e and E are the spheres orthogonal 
respectively to the two groups. 

That is, the power determinant of two groups of four spheres ecl is 288 
times the product of the volumes of the tetrahedra formed by the centres of the groups 
and the relative power of the spheres respectively orthogonal to the two groups. 

It follows that this determinant vanishes when the spheres Fee orthogo- 
nal to the two groups cut each other at right angles. 

When the two groups are identical we have 


a,b,c, dN | 
u(y Bold) = Ambe DR, — | (31) - 


R being the radius of the sphere orthogonal to the. os 


The Power Determinant for Groups of Three Spheres. 


28. For groups of three spheres we obtain as in §21, 
(e) 
(aD)’ 


where d and e are orthogonal to.4, B, C, and D, E to a, b,c; D Fes also ' 
orthogonal to e and Æ to d. Operating as before, this becomes 


a,b, c 
n(j B’ 0) = 8^ (e. 5, c, d) A(A, B, C, D) 


a(i g 6) = 4A (a, b, o) A(4, B, ©) eos o (eB), (03) 


in which A(a,b,c) and A(A, B, oj are the double areas of the triangles 
whose vertices are the centres of the spheres of the respective groups, © is the 
. angle between the planes of centres, and 


(eH) =i — id 10 +e + D?, /" (88) 
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where the two groups of spheres are supposed to have the common chords 27 
and 2L, o and O being their middle points, and where ¢ is the point in which the 
radical axis of a, b, c meets the plane of centres of A, B, C, J the point in 
which the radical axis of A, B, O meets the plane of centres of a, 5, c. 

In equation (32), o is the angle between those aspects of the planes in which 
A(A, B, C) and A(a, b, c) have the same sign. When the planes are coinci- 
dent, o = 180? and the equation reduces to equation (12), Jo and 4O vanishing 
in the value of (eE). | 

29. If the three spheres a, b, c do not intersect, we must replace P by — r^, 
where 7 is the radius of the circle orthogonal to the three spheres. When this 
circle is real for each group we have | 


(eE) = iP — id — IO — P — RB, 


and this quantity may be defined as the relative power of the two plane circles 
in question, which are not in the same plane, whose centres are at o, O and 
whose radii are r, R; and J being points in each of which the axis of one circle 
cuts the plane of the other. | 

From the mode in which (eZ) arises, it is obviously the same as the relative 

-power of two spheres passing through the circles and having both their centres 

in the plane of one of the circles. It vanishes when the circles are such that a 
sphere can be passed through one of them which shall cut the other circle 
orthogonally. 

The power determinant of two groups of three spheres each vanishes nin 
the circles respectively orthogonal to the groups have this relation. . 

30. When the planes of the centres of the two groups are perpendicular, the 
value of II, when reduced as in $22, becomes. 


u(i 2 BG) = —s^ (a b, )A(A, B, C)hE, (34) 


where À and H are. the distances of o and O from the planes of the centres of 
A, B, C and a, b, c respectively. 

31. When A (a, b, c) = 0, that is, when the centres of a, b and c are ina 
straight line, we may take the plane of centres perpendicular to. that of A, B, C, 
and so employ (34), in which A is now infinite. In fact, if E is the infinite 
radius of the circle orthogonal to a, b, c, and $ the inclination of the line of 

11 ; 
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- centres to the plane of centres of A, B, C, we have A = R cos; hence, employ- 
ing the notation of §§17 and 18, we have by equation (15), disregarding sign, 


TG BG) = 4 (dde + dt + doi + dr) 008 9A (A, B, 9). (85) 


When $= 0, this reduces to equation (16). 
In like manner, if the centres of A, B, C are also in a ditaight line, 


u(i b, c 
| A, B, Q | . . | . 
= 2 (ddl, + + dl + db UD.D,D, + DFE + Dyk 3 + D,H$) cos cosy, — 


where p and 4 are the inclinations of the lines of centres of a,b,c and A, B “CG 
to two mutually perpendicular planes passed through the line of centres of 
A, B, O and a, b, c respectively. Thus, if 8 is the angle between two lines 
eee to the lines of centres, we have in this case 


ne ie o5 (daher + dy edt DD. D D, B DRD Ri) co (36) 


This is identical with equation (17), in which, however, the two lines of centres 
were supposed to intersect. 


Application of Quaternions to Projective Geometry. 


Bv C. H. CHAPMAN. 


INTRODUCTION. 


In the following article I employ Hamilton's complex numbers“ of the type 
xi + yj+zk. The real or complex quantities x, y, z are interpreted as the 
trilinear coordinates of a point in the plane of the triangle of reference. The 
properties of 4, 7 and kf are utilized, but their possible and usual geometrical 
interpretation as directed lines in space of three dimensions is, for the present, left 
aside. The number p= zi + yj + zk is spoken of as the affix of the point of 
which x, y, g are the trilinear coordinates; or, dualistically, a = at + bj + ck 
is the affix of the line of which a, 5, c are the coordinates. 

The point equation of a line is Sap — 0; here a is the affix of the line and p 
varies; but if p is constant and a varies, we obtain the pencil of lines through 
the point p. In that case Sap = 0 is the equation of the point p. The equation 
of a line through the points a and £ is | : 


S.p Vas =0 or S.paf = 0; 


but this may also be interpreted as the equation of the point of intersection of 
the lines whose affixes are a and 8. 


The homogeneous equation of the second degree in three variables takes 


the form Spop = 0, 
_ being the self-conjugate linear and vector function whose matrix is 
(a h g) 
hb f). 
| g fe 











* Hankel, Complexe Zahlensysteme, p. 141. T Tait’s Quaternions, p. 86. 
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Starting from this, I show that the tangential equation of the conics is 
faga 0; 
which, for a pair of lines, becomes simply | 
(S.r, — 0, 


z, being the affix of their point of intersection. 

The relation of pole and polar is expressed by 9; if a is the affix of the pole, 
then $e is the affix of the polar. Conversely, given the polar, we pass to the 
pole by operating with $71. f i 

In case the matrix has one latent root equal to zero, the conic breaks up 


. and 7! is indeterminate while $ is not. We can therefore pass from the pole 


to the polar, but not from polar to pole when the conic is a pair of lines. l 

In this new field, quite as much as in the more familiar ones, the calculus 
of quaternions shows its power by going directly to the result without analytical 
` artifice, and by producing very simple formulas whose interpretation is intuitive. 
Especial attention might be called to the. fact that the reciprocal polar relation 
- is emphasized by the appearance of $^! in the tangential equation. 

In Part 4 the method is extended to plane cubics, and there is nothing to , 
hinder its application to curves in general, as I hope to show in a future paper. 

Constant references are made to Tait’s Quaternions for formulas, sometimes 
perhaps of a too elementary character to need reference. The second edition is 
used. 


“"1—EHquation of the Right Line. 
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Consider a triangle ABC and a point P in its plane. From P let fall the 
perpendiculars PL, PM, PN on the sides of the triangle. There is no other point 
in the plane from which all the perpendiculars on the sides of the triangle will 
have the same lengths in the same order-as those from P. Three perpendicu- 
lars chosen and arranged arbitrarily will not in general attach themselves in this 
way to any point, for the ends of any pair of them may be. brought together, but 
the third one will then be found too short or too long. In fact the third is 
known when any two are given by virtue of the relation | 


pia + pib + pe = 2K, (1) 


Pi» Pay ps being the perpendiculars on the sides a; b, c, seat K being the area of 
the triangle. 

Each point in the plane has one set Qf perpendiculars attached to it, and no 
two points have the same set; but put 


= lpi, Ps = = mph, Ps = npg, n, 
where J, m, n are any constants whatever, and make 


l al= A, bm = B, en = C, 
the relation (1) becomes 
i pid + piB+ piC = 2K, 


and we conclude that there is a set of three numbers, proportional to arbitrary. 
multiples of the perpendiculars on the sides of the triangle, attached. to each 
point and that no two points have the same set. 
` Let Hamilton's unita, 7, 7, Æ, be attached as marks of soie to distances 

measured along PL, PM, PN respectively ; and let the perpendiculars from P, 
or fixed arbitrary multiples of them, be denoted by x, y, 2; then the complex 
number zi + yj 4-zk will be associated with the point P in such a way that 
when P is known the number is known, and conversely. The number 
xi + yj + zk will be called the affix of the point P. 

. Numbers of this kind enjoy all the mathematical properties of vectors,* coal 
the formulas obtained with them will now bear a new geometrical interpreta- 
tion. They will be denoted, as is customary with vectors, by Greek letters. 





* Hankel, Complexe Zahlensysteme, $42. 
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If three points lie on a line, their affixes are connected by a linear homo- 
geneous relation. | 





Let P and Q be the points lying on the line.AB, and let the i-components 
‘of the affixes of A, P, Q be a, p, d respectively. ‘We have from the figure 
£s ATUM ; 

i= 20 uo 8A whence up — 43 + (4 —u)a— 0. "The same relation 

holds for the j iid k components of the affixes of A, P, Q and hence for the 

affixes themselves. Conversely, if the affixes of three points are connected by & 

linear homogeneous relation, the points lie on a line. 

Let a + mB + ny = 0 be the relations between the affixes a, @, yi we have 

— À 

only to make a — m, HE 

‘through a and @ whose affix is y = — —— —- 


= n; thus a point is determined on the line 


nd 


Operating with V.8y and taking diis: we dedas from the relation — - : 
| a+mB + ny =0 i i 
the quaternion form ; S.agy =0, : l (1) | 


-which is therefore the necessary and sufficient condition that a, 8, y lie on a line. 
Since the relation 
(a 3B) — a — AB =0 
is satiafied whatever À may be, we conclude that the point a oe A8 always lise on 
the line through a and B; and as A varies rise all real values, it coprescnts 
successively all the points on the line. 
: The points a, 8, y lie on a line so long as (1) is satisfied ;. hence if 


S.p Vab = 0 = Spaß, ` 
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the locus of p is the straight line through a and 8. Similarly, if Va8 varies 
subject to (1), we shall have the equation of the straight line in the form 
S.ap=0. (2) 

This line is the locus of all points y given by the equation 

| y = oc, i © (3) 
where x and c may have any values, x being a scalar. We conclude from (2) 
that V.a is the affix of the intersection of the lines S.ap = 0, S.8p=0.. 

The equations of the sides of the triangle of reference are 
Sip — 0, Sjp =0, Skp= 0. l 

These equations are found by noting that the affix of the vertex B is pj; of €, 
qk; hence the equation of BC is S.p Vjk = 0; but Vik zz jk i.. 


2.— Transformation of Afixes. 


Let p be the affix of a point referred to a certain triangle; its affix referred 
to a triangle having ô, ôs, 6, for the affixes of its vertices is required. We have 


PSG: 0:08 = d1 pd: + 9,9040, + 5350530. 


Now S.pôôs, p being any point, is proportional to the perpendicular from the 
point p on niin line through à, and ô. We may therefore write 


p = X6; + Yô + Zð, 


where X, Y, Z are, for all points, proportional to the perpendiculars on the 
sides of the new triangle. Further than this, if ô = ai + bj + ck, then 


za 


80 that, by including Va + bi + and the corresponding T for à, and à, in 
X, Y, Z, we may write 
p = Xa + YB + Zy, 

his o? m (j* m ya uds although in general the system a, 8,7 has not the 
properties of i, 7, k. We shall have ad = — Ba if S.aB = 0, and not otherwise ; 
in ease then & = == —1, and ag = — a, ay — — ya, By — — yb, 
we shall also have a =y, By =a, yao — OQ. The proof is just the same as it 
would be if a, 8, y represented a set of rectangular unit vectors. Such a system 
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of affixes may be called orthogonal. The affixes determined by the equation 
(6 — g)p— 
. form an orthogonal systemi if $p is a self-conjugate* function linear in p. 
We may also effect a linear transformation by writing p = «f, where Yi isa 
matrix of order three. 
3.— Projective : M of Conics. 
The homogeneous equation of the conics 
azt ih O8 My D + ig e a) 
may be written in the form | | 
S.p$p = 0, (2) 
a h gr * EZ + sk). 
A.b f 
gfe 


Let + and o be the affixes of two points; any point on the line joining them 
has for its affix v + Ac, À being a scalar. Substituting this for p in (2) we shall 
obtain for 4 the quadratic 


where p = zi + yf + zk and op = 








S (v + Ao) (v -- Ac) = 0, 


or S.cpr + AS. (apr + cpa) + VS.cpo = 0. 
But since ¢ is self-conjugate, this may be written | . 
| AM .0p0 + 28 .0pT + S.v$* — 0. (3) 
If the point v be taken fixed and c variable, then ed m ; 
 S.cor = 0 | (4) 


is the equation of a line, the polar line of + with respect to the conic. This 
equation is symmetrical in-o and 7, as it should be. 
Let S.ca = 0 be the equation of a polar line; then $^!« is the affix of its 
pole. Now. we know that | | 
00 m$ s (m — mo t 9’) a; t (5) 
` hence $^ can always be determined unless m — 0; but m is the determinant 
a hg 
hb f|. 
gfe 


* Tait, p. 90. . t Tait, p. 89. 
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In esse this determinant vanishes, the pole of the given line cannot be deter- 
mined. 

If the point + lies on its own polar, it must satisfy equation (4), which 
becomes S.7$v = 0; hence + also satisfies equation (2) and lies on the curve. 

We had above r =la; hence S.v$óc = S.ap a = 0. The condition | 

S.apa=0 | (6) 

being satisfied by ils affixes of lines tangent to the conic, is the OD genu equa- 
tion of the conic. 

We see that if v is the affix of the soe then $c is the affix of the polar; and 
when m — 0, we can determine + 80 that it shall satisfy the relation 


PTI = 0. . | (7) 
This requires a nullity of order 1 in the matrix $; in other words, one latent 
root of $ is zero.* 
In this case it makes no difference what line in the plane is the locus of c,. 
we shall always have 
S.0gt, = 0; 
80 that any line may be taken for the polar of this exceptional point v,. 
Let w be any other point; its polar is given by 
S.app = 0, 
but this is satisfied when p=7,, hence the polar lines of all points pass through Ti. 
We may write the equation of the polar of o in the form 
S.ppo = 0, - (8) 
which is equally satisfied if we replace o by o-F «v,. From this we conclude 
that any point on the line joining o and +, may be taken as the pole of the 
line (8). l 
The hypothesis still being that m = 0, let æ be a point on the curve; any 
point on the line through 7, and a is t+ za. Let. this be mibstituted in 
S.ppp = 0. We obtain 
S. (n + xa) Q (Ti + xa) = S. TPT + Qa. APTI + 28. apa; 
an expression in which every term vanishes. Hence the line joining 7, to any. 
point on the curve forms part of the curve. | i 











* Taber, Am. Journ. Math., Vol. XII, p. 882. 
12 
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' Te determine the vector v, which satisfies equation (7), we recall that ` 
m = — S.@igjok, if i, 7, k. be taken for a fundamental system.* Hence in this _ 


GaBe S.pigiok = S.ip V. hjk = 0. 
We have in all cases 


1.59 V.qjph — 0, 
S.kpV.giok = 0. 
Hence for any vector whatever p, we have 
| | S.pV.gigk = 0, 
from which we must conclude that: i 
| $9 V.9jok 0, | | 
and finally that t= 2V.djok. (10) 


We might show just as well that c= æ V.ghkqi, or x V.gigy; hence, since the scalar 
. equations for v, are linear in the variables and it can therefore have only one 
value, we conclude that V.@@k = t, V. pkoi = i V. gigy. | 
Let us now expand V.@jgk in terms of i, j, k; assume 
a V.pok = i + yj + zk, 
a relation which must hold for some system of venige of z,y,2. Operating 


with $, we obtain the relation 
$i + y + dis 0, 


whence = y V.Qjok = —V.gipk, or - 
ad 2V.okey = DM or g = E | 
Therefore x V. ook = i+ x) -+ i k= zT. l (1 1) 


In general, we may write for any vector a, 
S.9iQjok.a = pis .aqjok + qs. aki + Ps aQiqj. 
But S.9iQjpk = — m, 
hence, operating with $^, 
. — mp la = iS .agiok + j8. akpi + kS.apipy . 





* Tait, p. 81. 
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From this we find 
— mS.ao—a = S.ai8.agjok + S. ofS «oki + S.akS.apigy. 
Now if m= 0, we may replace Vojpk by 7, and we obtain the relation 


Sat (S.ai + € S.ag4- = Sale) =0, 


7 Sam S.a (i+ +i += h)=0, 
or finally (S.a+;}) — 0, by aid of (11). 

This is the form assumed by the tangential equation when the conic breaks 
up into a pair of lines. It is the equation of the point v, squared. 

No line can be tangent to this conic unless it passes through vı; now the 
affix of any line may be written in the form 


ab, + bà, + ev, | (12) 
is 5, and à, are the other two affixes determined by the equation (p—g) p=0. 
These affixes form an orthogonal system: * Substituting (12) in the equation of 
the point sı, we obtain ` 

| Sum (ad; + bò + om) = 0, 
or EC erp = 0, 
whence, unless cj] = 0, we conclude that c — 0. Any line therefore will be tan- 
gent to the pair of lines if its affix is a linear function of à, and à only. 


The curve pe S. ppp — ps’. poo. = = 
is a conic touching the conie S.pp — 0. It.passes through the point a, if 
p ES Sag , and its equation then becomes | 
S.a$a Sppp — N: ppa = 0. . | . (13) 


The points of contact are on the line 5.p$a = 0, which is the polar ofa. Now 
we may write equation (13) in the form S.p [gpS.aga — pa S.ppa] = 0; where 
the expression in the brackets is on its face a self-conjugate linear function of p. 
To compute for it the quantity m, we may choose a, ĝa and V.aĝa for a system 








* Tait, p. 89, 
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of independent affixes; then designating the function by a, we shall have 
S. dada Viada . 
— Saga V.adà 


but da = paS.apa — paS.apa = 0; hence for 4 the quantity m vanishes. We 


conclude that the conic represented by un is a pair of lines, the tangents from 
a to the conic. 


: The polar lines of the points whose affixes are a, B, y are S. ca = 0, | 


S.0pB — 0, S.opy = 0; and if each point lies on the polars.of the other two, we 
bave in addition 


S.$a = §.Boy = 0; 8.098 = S.apy = 0; S.ypa = S.ypB —0. (14) 
The points a, 8, y are now the vertices of a polar triangle, and if we write 


p= ais co nn + (ggg: then the equation of the conie S.ppp =0 
takes the form 





m yg ` gae y 
STE age) CNT) + (8:397) vey)? (is apa) aga) t (8.898) ^ (S. 7722 k 
or | e+ y+ e= O. (15) 


Let S. ppp = 0 and S. pvp = 0 represent two conics. The polar of a-point a 
referred to each respectively will be given by S.opa = 0, S.oÿa—0. These 
equations will represent the same line if, and only if, 


ga = xpa; whence a= x? a, 
or a= I pa, since if a satisfies one of these equations it must also satisfy 


the other. There are three points, then, which have the same polar lines with 
respect to the two conics. Their affixes are given as the roots of 


| (978 — 2) a, 0, 
and they form a polar triangle common to the ‘two conics. For let à, &, ôs be 
the roots of ($7 — 2) « — 0, and. M, he, hg, supposed all different, the corre- 


sponding scalars; so that gi, = Ad, nd, = Rd; noting that 4j, = nosy, 
we have now S.$9-j3p0, = A, Spa. But Sp vb = fS. dd, = 88.90); 
= RSS PE, since 10, = pô: We have then /4/,8.5,99; = M$.,99,, whence we 
conclude that'since A, and A, are different, $0,099, must vanish. Hence ô, is on - 
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the polar of ô. The same is true of ô. : In this way the triangle is seen to be 
a polar triangle. If the equation S.p¢p =.0 referred to this triangle becomes 
ety +e=0, 
then S.ptp = 0 becomes | 
a* S.onja + ÿS.BLB + PS yy — 0. (16) 

Let a and B be the affixes of any two lines; a line through their intersec- 
tion has the affix «+28. Substituting this in the tangential equation of the 
conic Sap ta = 0, we obtain 


S.(a + 28) 97 (a + A8) =0; 


that is, Saga + 228.09 la + 8.808 — 0. _ (17) 
If A, 44 are the roots of this equation, then 
a+ AB, a +28 (18) 


are the affixes of the tangents to the conic through the intersection of the lines 
S.ap=0, S.6p=0. The lines (18) form a harmonic pencil with a and B if 
S.B a= 0; - (19) 
that is, if 8 is the affix of lines passing through the pole of a. For we know 
that @~*a is the affix of the pole when a is the affix of the polar. In fact (19) 
is the equation of the pole of a. If S.ap=0 passes through its own pole, we 
must have S.ag~'a = 0, which means of course that a is tangent to the conic. 
Let S.ppp — 0 and S.pdp= 0 be any two conics which do not break up. The 
conie S.p (p — Ad) p = 0, (20), passes through their points of intersection. For 
the function $ — A4, which is self-conjugate, the quantity m has the value : 
— 8.[($ — Ad) i (p — A4)3 (p — Ad) k]; hence, when m vanishes, A satisfies a 
cubic. There are then three values of À for which S.p(@— A)p = 0 breaks 
up into a pair of lines. The double points on these pairs are the vertices of a 
` polar triangle common to all conics of the system (20). For, if 


S.g($ — An) p — 0 and S.p(@— Aw) p = 0 


are any two conics of the system, the affix a of a vertex of their common polar 
triangle is given by the equation ($ — AV) a = æ ($ — A4) a, which is possible in 
general only if ĝa = gua; that is, the polar triangle common to any two conics of 
the system is the one common to S.ppp=0 and S.pip—0. But the equation may 
also subsist if ($ — Ay) a = 0, ($ — A) a —0; that is, if each of the two conics 
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breaks up.into a pair of lines which intersect at a. Hence the three values 
of à for which #.p(® — 2A4)p — 0 breaks up, are the values of « for which 
a = mpa; and the double points on the lines are the vertices of the polar 
triangle common to the whole system. Hence these double pou have the 
affixes à, 0, ôs which satisfy the equation 


ga = cya, 
and ai? udi that. dd, = hipd,, dd = hp, vor hes; and the three values of 
à are x i * respectively, ^ 


When the conics are referred to di, ôs, ôs as a triangle of reference, their . 
equations become Es 
2? 8.090; + 178.0,09, + 2,8.0,05, = o] | (21) 
DS ds + PS dd + 98.090, 0.) | | 
Remembering that 4/0; = Ad, etc., the second of equations (21) becomes 
Mes. 505 + My S.3,93; + hy] 8.5.95, = 0. 
Now, Re S.6:96,, S.d,00,, $.0,90, in a, ys 2 Apea De final 
. form is ` ety +2 =0, 
Iya? + hay? + hag? = 0. 
These equations may be easily solved for the intersections of the two conics. 
There is an interesting correspondence, which this treatment brings into 
prominence, between polar triangles in a conic, and systems of conjugate diame- 
ters in central surfaces of the second order. Ifthe equation of two surfaces be 
S.ppp = 1 and S.ppp=1, a system of diameters conjugate in both is given as 
the roots of $7 jp = xp, which is also the equation that determines the vertices 
of the polar triangle common to the conics S. ppp = 0 and S. gyp = 0.* 


4.— Plane Cubics. 
If we write 

— € cag + b + ok 
— = bá bj + ok 
— y = et + oj + ek 
— b = by + bj + ck 

= Cyt + Gf ok 
— x = Cyt + 7 + ck 





* Tait's Quaternions, Art. 269. 
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and p= pi + qi +rk, 


then the matrix 
(S.p Snp S.yp) 
S.np S.Bp S.dp |, 
S.yp S.dp S.xp 
which may be denoted by $,, has the following properties: 


1). Poto = > + Po: ` 

2). S.a b = S.8oa= S.ap.B. . 

8). 8.79.8 = 8. Bos = S.adgy = S a,b. 

4). PB — eo. 

5). dS.p@,p = 38. dpQ,p. 

The equation S.9,0 = 0 : . (1) 
‘represents a plane cubic in general form; and if the content.of @, be denoted 
by m,, then | 

| m= 0 EMO 

is the equation of the Hessian of the cubic. The curves 1) and 2) intersect in 
nine points. Let a be one of the nine; we have | 


S.ap,a = 0 (3) 
and | | . Mm=0. | (4) 
There is consequently a point v for which 
| | ot = 0. B (6) 
If ¢ coincides with a, so that 
| | pa = 0, . g (6) 
then a is a double point on the cubic. | 


To show this, we observe that the points where the line joining 8 and 
cuts the cubic are given by writing in B + Ad the values of À which satisfy 


S.(B + A9)(s + A@:)(8 + 20) = 0, 
or S.BQs4B + 329.0940 + 3278.09, + 228.09, = 0. l (1) 
If 8=a and $,« = 0, two roots of this equation are equal to zero, whatever 
point à may be. Hence ais a double point. All three roots vanish if à lies on 


the conic #.0p.8 — 0. But when m, = 0 this conic breaks up into a pair of 
lines. Ifthen 6 lies on either of these lines, the line joining a.to ô meets the 
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cubic at a in three coincident points; but since ĝa = 0, a is the double point 
on the conic. Hence the tangents to the cubic at a are the lines into which the 
conic S.p@.p bréaks up. 

If not only $48 = 0, but also $,0 — 0, then equation (7) vanishes identically, 
and we conclude that the line joining @ and ô forms part of the curve. If there 
are three double points given by the relations : | 


ga = 0, Pa? = 0, $y = 0. 
we may write p = za + yB + ey, and this value nicbetitnted in 


S. ppp = 0 


syz = 0. (8) 
Change à to p in equation (7) and we see without difficulty that the ie line 
of B with respect to the cubic is given by 


Spp — 0 — (9) 


S.ppsp = 0, .- (10) 
while (9) also gives the polar of 8 with respect to the conic (10). If 8 is on the 
cubic, (9) gives the tangent at 8. The point p cannot traverse the loci (9) and 
` (10) simultaneously unless the conic breaks up into two lines, one of which is 
the tangent to the cubic at 8. But if, 8 being on the cubie, equations (9) and 
(10) are satisfied, @ is a point of inflection. It is the polar conies of points of 
inflection therefore which break up into right lines; hence it is for points of 
inflection @ that @, has the property indicated by the equation 


Pat = 0 


reduces the equation to 


and the polar conic by 


for some point c. 
Let 8,, 8, be two points of nein, and +, 7; two numbers such that 
(0 9.5 — 0, Par = 0. 
From the expression V. V.v,8, V.7,0, we derive the equation 
£18. v0, — 718. By + BS. vyr Di — v,S. Bab = 0, (11) 


which may be written 


Br + yrs + 285 + om, = 0, (12) 


SBT, O Sent, O O A SE 3 
8. By 7 Sn? ~~ Sym, | 


where 


= 
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By multiplying (12) by $48, and taking scalars, we find another value for z, 


__ S. Bis Ba 
^ Bs vo 


It is seen immediately that the line joining any two points Bi, mr on the cubic 
| cuts the curve again in the point 





Bs = Bi + 203, (13) 


z having the value (13). Taking Bı and f, points of inflection, let us find the 
effect of $4, upon 6, + wz,. We have 


Pas (Bx + 72) = Pa Ba + zs, Ba + Wa Te. 


But from (12), Pa Bi + 20s, Bs + wo, 0. = 0. 
Hence 8, possesses the characteristic property of a point of inflection and is such 
that - Pata = 0, 
where | Tg = Bi H WT = — yt, — 20s. (14) 
Upon the line joining 8, and B there can be no more than two points p 
guch that | PP = PP, c (15) 
where p is a scalar. For take p = 8, + ¢@,, then (15) becomes | 
2,81 + paba + Pos, = p (Bi + Be). (16) 
Multiplying both numbers by V.8,8, and taking scalars, we find | 
| Sabu s + 948-0, B4. Be + PS BBP = 0, (17) 


a quadratic in ¢. There are no more than two values of ¢ which satisfy (T 
- If there aré three points, p;, pa, ps, mutually orthogonal and such that 


Pi = pi Pos = PaPa; Q8 = Paps » (18) 
then upon the line joining any two of them there lie three points of inflection. 
It may be noted, to begin with, that $,p, is orthogonal to both p, and pe 
since S.919,,0; = S -PPn Pi = P1S «psp = 0; and 
Ss, ps = IS. Q1. ps = PS. pipe = 0. . 


Dp p3 = Japs; . 
E Qus = pis Pp,P1 = APs: 


Tt follows that 
| and in the same way, 


(19) 


13 
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Moreover, since 


S. ps, ps = S. p pi = S. pis po 


| PARA 4 . (20) 
Let a number v = xp, + yp, + zs be formed, and let us inquire if there is a 
number Ap; + "m guch that 


. we must have 


` Pap, toot = = 0; : , 
that is, if | Ab, T+ usur = 9. (21) 
Waution (21). gives the vector equation 
ee  à 
which yields the three scalar equations 








ATP, d ux = 0, 
Arfa tant (22) 
AYfs + uxf, =0. 
These equations are consistent if xs satisfies the cubic 
Ap 0 uh 
0 uw» M—-5 (23) 
| | - AA 0 (7 
or | de EP Án, * | 
à. VE - =a BA (24) 
where o? = + 1. 
| We may for brevity denote these values of -+ a, bY 
—c, —ac, —are, 
where | 2/42 | 
c= LM. . 25 
l EY (38) 
Equations (22) give now 
LN LN. e NI RN 
28 / Ap? ? . ut Ps 
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and we obtain for v the three values | 


| 1 
Ti = + e, pP À, + Ps 
? 
sm + 00 À p + = Ê pu + po (26) 
n= + oe À à L ap 


The corresponding values of Ap, + up, are proportional to 
ĝ = Pi — CPs; b: = Pi — @Cs; Ba = Pi — Cpe. (27) 
If 8, Ba B, are on the cubic, they are points of inflection, since they have 


the characteristic property of points of inflection. 
If B, is on the cubic, we must have | 


| S. BP Bi — 0. 
This yields the equation 


S. (p EXE CPs) (Paps xS 2efsps + LEE — 0, 


or | _ pi — epp = (28) 
Substituting the value of c from equation (25), this becomes 
| Pl, a 
pipi Dad Pops = 
Whence | fipi — pi = 0, 


. which is known to be true by equation (20). In a similar way it may be 
shown that 8, and B, are on the curve. Hence the theorem is proved. 
Under this hypothesis we have 


S.B. !1. Aipi— ofp; _1—o . 
S. BUB, = fpi ofgi T Tao! — 0 by aid of (20); 


and the value previously found for 8g, that is, ` 


SE? Be, 
Es dj S. Bis. Bs 
becomes . 


B, = Ba + aba = pa — eps + o (py — oops) = (1 + 0) pi — e(1 + o?) pe 
$ 1 
= — efg, + cup, = — o'p, + cop, = — -7 (py— copa) - 
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This value of 8, differs only by a constant factor from that found in. equation 
/." (27); the results found so far are therefore consistent. 
We had in equation (12) 


nes S Tbb 
7 Tp 
which, in terms of p,, p, ps, becomes | 
jie, ai qt dug s 
Pi € Pe Pı € Pa. à 
w= — mn +| oA 9 f d LET) 
1 E | 0 Lai + a Ds 1 —AG+%) 
1 — QC 0 1 —ac 0 
With this value of w we have - : 
CREE DER 
Popun e cirea to (30) | 


which differs only by a constant factor from the value of x, found in (26). . 
Arrived at this point we may now observe that taking 


- 


pi a, + Bs, 
: Ps = T up, T vbe, 
and c an undetermined scalar, it is possible to put 8, and @, in the form 
Bi = Soa = = Pi — Ces 
(81) 
m — up 
b = -> uy = fı — apy. 


For, from the second and third members of equations (31), we find as a possible 

system of values, . á i 

E E 
~io Vega x 

2 i (82) 


PET GOL edi jS alo). 


The arbitrary constant c may be so chosen that 


SB. 


Qu A ES Qu, 


and then from equation (13/) we find 


Ba = = By + Gs, : (34) 


CHAPMAN: Application of Quaternions to Projective Geometry. -. 133 
which, by virtue of (31), becomes 


b: = — — — (pu — co!g;), (38) 


which differs from the value of 6, in n only by the factor o — 1. 
The condition S. pip, = 0, 
which takes the form à 
Bit «Bi + 08.8.8, — 0, (36) 


and does not sonda e explicitly, may be satisfied if 32 be properly chosen. 
Let p, be a number satisfying the conditions 
Spips = 0, S. pops = 0, (37) 
then pı, ps, ps form an orthogonal system. 
We next notice that owing to the conditions 


S Tips Ba — 0, S. 8:5, Bi =0, | | (38) 


we may write 


- 95,8: = 9 V. 84, 
and similarly, 95,0, = gs V. vos, | 


(39) 
Pe, bs = gs V.238s. - S 
The conditions 
Pa Ti = Pa, Ta = TA Ta — 0 (40) 


yield three other vector equations. 
Two more scalar conditions can be obtained from the fact that we must 


have _ S.B) | . 
| B=B— SAP T 


= B= B, FEER Bs, | 
whereas equation (34) gives 
Bi = B — obs, 
B= ie s.j | a 
. The expressions for 8, in (41) and (42) can differ only by a factor, and we 
conclude that 


par o, =% de ena 8 ji 
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whence j = SBP l -— | | 
NE | FES. Diss bé n 
Similarly, SBa bs e (44) 


S. Bis Bi 


We shall now put +, T3, v, in the forms 


T= 2p, + ap, + Zaps, | 
Ta = Ypi + ss + Yspsr | (45) 
Ts = pi + ps + ps; 


and equations (39) become . - 


Papit CP: — 20P ps = [— (car +25) V.pips + Vg bony. pps] go 
Papat ole Paps — 2009, p» = [— (ecy; 4-99) V. Pips + Vs y. Psp: tacys V.paps] Jas | (46) 
| Papit pnpa — 29009, p= [— (ator +%) Ve pips +e V. spa +0 né 9s- 

While from equations (40) we obtain 


hPa p — a ap + (as — on) pp H ap — pu = | 
Jis fi — Gogh, ps + (Ya — O64) Pape + Vis ps — SUP ps = 0, 1 (47) 
29, — Goa, pa + (& — d'ou) aps + t. py — rap, ps = 0. 
The fact that pale, Po, Ps, ba, are respectively multiples of V.zyz,, Vire, - 
V.v,7, leads to the three TUE vector equations, in | which ha, hy, Ag are 
scalars : $ | 


$,,01— (e + Qc) Ps F i : | i 

| = [(erye— rays) V pipe + (259 — zy) V: pape + Gr my) V pops] Pas | 

Pa Pi — (we + Q Ÿc) 9,, Ps T e$, . (4 ) - 

[Ge — y) V-pips + (Usa — so) V- ops + (Ysti — V12) V- p.p] he 
Papi — (oc + c) Pp,p2 + aC, Oy 
= (am — tity) V. Pips + (ag — 223) y. fps + (sr, — mire) y. P31] hy. 
There will be no loss of generality by i. 
= Yael 00 (49) 

in these equations. After doing this, a. the first of equations (47) by 1, 
the second by o and the third by œ and add the results. By this process is 
obtained the vector equation | 


Papi (2; + oi + 9*2) — Papa (A + oy, + az) c (50) 
+ $54 dad E + + ne — 0, 
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which yields the three scalar equations, 
2+ oy, + o% =0,)- 
2, + ays + Oze - | =o) (51) 
z + ay, + or —¢ (a+ oy; + oz) = 0, 


unless in the exceptional case when 


S. Papi Pope Pops = px 0. 


. If we add the three equations (46), the sum of the left members is See 
which is also the sum of the left numbers of (48); we may therefore equate the 
right members and thus obtain three more scalar equations : 


— gi (en + 23) — gs (001 + Ya) — gs (acz + ze) 
= hi (239 — Bagi) + Jy (rez — Y1) + hs (os — mm), | (52) 
i + 9s + gs = hy (s — Ya) + hy (ys — 2.) + Ag (m — 23), 
ci + aeg; + weg, = la (Yı — 23) hs (mn — 91) a hs (x, — %). 
Again in (47) and (48) multiply the first, second and third equatjons in each 
group respectively by 1,0, o^; add and compare results. Three other scalar 
equations are obtained— 


— egi (Ca + 2) ~- o*gy (acy, + Ys) — gs ("c2 + 25) > 
= Ay (mye — Y1) + oh (ugs — Yat) + ohg (a23 — za): 
ogi + o!gs + gs = My (as — Ya) + Ohe (yy — %) + ohg (4 — 23), 
cag, + cg, + segs = hy (yı — 23) + hg (a — y1) + ohe (a, — z). 


Finally, using œ, œ, 1 as multipliers, adding and comparing, we derive three 
more scalar equations: 


a'g (emt 23) + gs (o6. + s) + gs (wom + 2) 
= Dy (zy ms) + Qt (ys — ysa) + Soli (ny), 
— 0j 0gy— Js= Dy (25— ys) + 20h (Ye — 2) + ahs (3—2), 
—aeg,— 009; — oog = 2h, (y, — 2) + 20h (z, — 1) + 20h (ar — 2). 
Equations (51), (52), (53), and (54), twelve in number, enable us to deter- 
mine eleven of the unknown quantities 


(53) 


(54) 


Xu Yi) 95 
Tis Yz B 
Jo Ys: Yay 
Ay, . hos d 


in terms of the twelfth one. 
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To obtain the complete solution of these equations, which we know to be con- 
sistent, is apart from the present purpose. ` It will suffice to know a single system 
of values of the unknown quantities, and, taking a hint from equations (26), let 
us inquire if 


Li — Cd; Lt: z, = coa, 
55 

_ & o'a, . 905 
v= | yr o 5 23 = m * : 


€ 


where a, and a, are to be determined, are possible forms for these quantities. 
Substituting them in equations (51), the first two are identically satisfied, while 


the third becomes 
m — 3q = 0, 


or a = ay, f | (56) 


as we should have Su from equation (25). The last two equations in (52), 
(53) and (54) become respectively 


n+ gem t Ds (o — 1) + le (t— 0) + A — oF] | 
qu + og, + og m À D (1 — o) + hlo) Eo), E 


og; + fs + gs = 4 T (aes 1) e et) ER uj]; j ; 
22 0285 ae eee Ed 68) 


— (ag + aga + ge) = a — o) + As (o — 1) + Js (o* — e)]. j (54) 
— a? (ga + gs + 9s) = 24; [ui (o — 1) + Ae (o — 1) + A (o — 1)]. | 
The values of gı, ...., 4s can now be found from equations (33), (43) and 


(44), together with 
| Da 0, = h; V-T 


— Oe Ds = hy V. TaT (48) 
acd ‘ads 81 = —: le V. TeTi . 
From equations en and (46) we find 
Gi (Cg — ac) | — : (58) 


— (à = = — — , 
s (acys — Ys) 9s 
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From (43) and (46), together with (35), 


à (oc *cys) 
"e Q 92 V9Cys MCN. E (59) 








-1 
“GF 9s (0% — oz) " 
From (44) and (46), f 
1 | 
wi? (o'er, — 6%) g | 
== — = + ad. (80) 
— PX (ex, — aoa) . Iı i 


Equations (58), (59), (60) are consistent without regard to c; we have 
therefore: 


Ja Ji 61 
$9 9. | (61) 


9 
From (48/) we find that 


h= S. S Bebe & _ gi (city = wears). 
tm LaY8 — A + e (xis — 2j | 


Cino Sit anh ct) 
Qo 2 WB. By, Yz — Ys + Qc ( Vit — Ya) 
1 t 
la, = Anus _ "a 93 (a*e% — em). . 


T TT aa , 
din i. uw [ets — ms + oe (ny — nz) 
or more simply, 
gc (1- — à) 
€ — Ye + CR — y)’ 
| he =a — go (o RSS 1) 
— & + ac (y — ny 
he = ios (o + Ue PEE 1) 
17 8 — Oty F ote (2, —2). 


| By pube Eng here the values (55) assumed for z,, ...., z, we have 


— 








_ ne (1— a) - 
la = 3a, , | 
n= De, 3 is (63) 
ne — gie? (o — 1) a | 
3a, 


14 
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We conclude that 


“a h ĉa 

anes 3 (1.— o), 

CLS E MS 63 
$ gc 3 (o —1)a = 3 o (1 Q), ( ) 
a, A c C . 

" 8 — ? (o j= 2 o* (1 a) 


. With these values, equations (52), (83^, (54) are all verified, provided that we 
impose upon e the condition | 


e-]1. | | (64) 
"This leads to the conclusion that, equation (56), _ Fu 
a, = dy z dk (65) 
while g, is undetermined. We have thus | | 
I 
HD 3a s m 
LIN | ^ (66 
np oo RE . a) 
LL E 
2; 3a, ese) 


By these values of gy, . .. ., A, c, the first ou of (52), (53) and (54) are 
reduced'to identities without regard to the values of g, and ay. 
Let us now return to equations (46) and add them together, keeping in 
mind the values found for the scalar coefficients. We thus obtain 


PoP = A V.pips- (67) 
| Again add — after multiplying them in order by 1, o, o", sid we have 
Pops = 91 V-pspi- ° | ; | (68) 
© Finally, multiply by o, o, 1 and add, the result is | 
| | ` Pops = tgp V. pipa- | (69) 
Adding equations (47) and using (68), we find l l 
Peps = a,b, ps = asi V. papa - . (70) 


"Multiply equations (47) in order by 1, œ, o and add. This gives : 
Paps = appa = 29 V- pape 0. | Q1) 
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From (70) and (71) we learn that 


8. PPop E B prb fe me 0, 


and that consequently ; 
Pap = Y Pape —. | (72) 


Since Vipips, V.psps, V.pyp, are » respectively proportional to Ps: Pi: Qs, the exist- 
ence of three numbers having the property defined by equations (18) is demon- 
strated. The points p,, ps, ps form a triangle upon each side of which lie three | 
` points of inflection. Their affixes are given by the following spheme s 


BE = = Ps: 
: b= TT CE Q3, 
1 
Bs = — pa (p — gj), 
on the side joining p, and g,. P ads | 
y! = fy — fui 
y = Ps — Ops; ` 
1 
ys = — wy (pi — tp); 
on the side joining p, and ps. | 
à = Ps — Pis 
à = gs — Opi; 
1 
| à — + (p — op), 
on the side joining p; and pi. 


We find by solving these equations that 


p= $ $ (Gi + Ba — abs), ) 
Pa = & (1 ty — sn | |. (13) 
pa = $ (ù à — ods) . 

It is to be concluded that when the arrangement of the points of inflection 
on the sides of a triangle is known, the affixes of the vertices.will be given by 
equations similar to (73), and those affixes will have the properties given in 


equations (18). Tt follows that fhe equation | 
Op = mp a (7) 


has at least twelve solutions which fall into four setá with three members in a set. 
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In equation (72) the scalar x is undetermined, but its value is easily found. 
There is a number o; = ip, + mp, + np, which satisfies the equation 


Pa 01 — 0. : (18) 
This gives us without difficulty, sincé yr= p, — ps, | 
lag, — ng = 0, | 
mbit (76). 
n—m =0,): b o 
whence  — | £= g. | (77) 


The equation of the cubic referred to the triangle fi» Pa; ps takes the form 

a? -- + À + Gayryz = 0, e (78) . 

and we conclude that a, is the absolute invariant of the ternary cubic.* | 
From equations (67), (68), (72) we have 


S.p, pi = B. pi ps = S. ps Ps = MS. pipsps- i (79) 
Taking a = apr, B = Yp, Y = 4s, we shall have 


l 
Pap = Da m g Y pp = T Y. By 


hence 2 X 
La Put = E By, i 
and similarly, | du = a Pya, 4 ; (80) 


. g 
oy = a V.af. 
It will be seen that any one of the choices 
z, y-—o, g — 0%, p. o" 
c, Yy =at, 9| (81) 
$,9-w-,2--c« i 
preserves the property of equations (79), | - 
Saga = 8.89.8 = Syp (82) 


Jouns HOPKINS UNIVERSITY, December 80, 1891. 





* Cf. Clebsch, Vorlesungen, p. 610. 


On the Part of the Parallactic Inequalities in the Moon’s 
| Motion which is a Function of the Mean 
Motions of the Sun and Moon. 


By Ernest W. BROWN, M. A., Haverford College, Pa. | 


In Vol. I of the American Journal of Mathematics,* Mr. Q. W. Hill, taking 
into account only inequalities depending on the mean motions of the sun and 
moon, has shown that these inequalities are able to be determined to a high 
degree of accuracy by using moving rectangular axes, one of which passes 
through the mean place of the sun. This paper is an adaptation of his method 
so as to include that class of inequalities which depends also on the ratio of the 
solar and lunar distances, and in particular, the principal part of the Parallactic 
Inequality. Owing to the use which has been made of this latter in obtaining 
the parallax of the sun, it becomes of importance that its coefficient should be 
accurately known. Delaunay’s expressions} are deficient in this respect, and we 
have no means of knowing how near Hansen's numerical value is to the truth. 
The inequalities are obtained below in an algebraical and numerical form, the 
latter giving their coefficients in longitude and pues true to about one thou- 
sandth’ of a second of arc. 


I. 
Transformation of the Equations of Motion. 
The inequalities. from purely circular motion which depend only on the 


lunar eccentricity and mean motions of the-sun and moon only, are given by the 
equations 


aa , dy | E 
Jg — 2m y+ Bn! em T 
dy 

wet a tory | P 








* Researches in the Lunar Theory, pp. 5, 199,245.  f Mém. Fr. Acad. So., Vol. XXIX, p. 847. 
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where 7’, u have their usual significations, the axes being rectangular and revolv- 
ing with uniform angular velocity w, and that of x passing through the mean 
sun. The earth is supposed to be moving in a circle round the sun with uniform 
angular velocity n’. The above equation is that which would be obtained from 
the consideration of a disturbing body of infinitely great mass, and at an infinite 
distance moving round the earth in a circle with finite uniform angular velocity 
n where n” = mass--(dist)). In order to get the inequalities free from the 
lunar eccentricity, Mr. Hill gets a particular solution of the above equations. 
When now we wish to include inequalities dependent on the distance of the sun,’ 
_ we can no longer suppose it at an infinite distance and of infinite mass. We must 
include the part of the disturbing function due to this cause which has been 
omitted. It will then be seen that we can obtain all the inequalities which a 
disturbing body moving round the earth with constant angular velocity in the 
moon's orbit produces, when the moon's undisturbed orbit is taken to be circular. 

: Hence we have, instead ofzero on the right-hand sides ot equations (9 to. 


put = and 1 respectively, where 
Q= E EE rid 


writ] 


Multiplying the equations thus formed by i ; A , adding and ET 


the result, we get the Jacobian 


+ Hay — 3n"a! = 20, — 20. 
Transforming to new coordinates u, s; where 
w-m-d yv —1, 
e= gyv =i, 


our E of motion and bn Jacobian ugs become NU ees 


oF + an —1. E tut ma" (us) + 2 0n 





dmi. d NES n! Se | (2) 
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and s takes the form 
i Ls MEE. ws (u +) | 
+2 ias (we + sf) + ue (uf ee Sage we | 
or [age (ot 9) m ggg t (^ +) + 19g T oe +9) | 
T gi 
Q4, expressed in terms of u, 8, is obtained directly by expanding e, where p 


is the distance between the sun and moon and is equal in this case to 


^/ (a — 2a'r cos 6 + 7°). 





For since 7? = us and 2rcos0 = 2x = u + 8, we have 27" cos nb = w^ + oe”, and 
therefore n'a" 


$4, — 
p = n’a (1 us D: dum ~H +. ipi) ; 
P, is the zonal harmonic of degree n, and is expressible in terms of 


cos nÜ, cos (n — 2)0.... 
Hence we have n 


n n 
Q,— = p, pe TP, tices, 
: a a 
where | 


np, = 13 iac) 128 ora (8) 1 


ju ep) rauco car a M EPIO UM 


Il. 
Solution of the Equations. 
In order to solve our equations for the particular class of inequalities which 
we wish to get, take the particular integrals 
x = 3A, cos ty (t — t), 
t having positive integral values from zero to infinity, and v = n — w'. Put 


A, aaa Ba aaa 
we obtain > i `~ g— Eq COS tr (t — b), 
y = Ea, sin w (£ — b), 
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where the summation is now extended to negative values of i. Transforming to 
the complex variables u, s, and putting ef? Y-i-[,we have 





u = Xa, aC, 
8 = Ea. 1 
Also putting i 
EM" d , w«—1 d 
pL Pcr E Ec E 


the equations (2) may be written 


[P+ imD— ey] w= y m (ut) — mi. es a 
i 3o 2 dQ 
[P 2mD— e = —-g mM (u +s) — m. 9 du) 
Du-Di oe = —m m? (u + 8) — r. mato 


Multiply. the first of these equations by s, the anna by u, and add to the last; 
also with the same multipliers subtract the first From the second, the resulting 
equations will be 


DP (us) — DuDs — 2m (uDs — Du) + mé (u + $) 


(onl EE. E 2 ^ dQ, day. 
D (uDs — sDu — mus) + -y mé (P — 8) = — m . oe (ut A 


The constant x has vanished and will have to be determined from our previous - 
equations in terms of the new constants introduced in the Particular Solution 
(Hill, p. 132). : 

Substituting in (3) the. values of u, 8, which are 


u— Xa, ut 8 = Za Qus, 
or, what is the same thing, | 
| waka, oma gO, 


so that . 
us = XXuaQ 4, .uDs-—sDu-EXE(-—2j— 2)aa, 4, etc 


Motion which is a Function of the Mean Motions of the Sun and Moon. 145 
and equating the coefficient of &* to zero (except when i = 0), we obtain 
Ac REPE EPUM: NES 
2x, | —(j--1(6—j—1)—2m(i—2; — 2) + n ay 
l 9 l 
Fee q "X, [a Wiji + aj 1a itg— = =m A (4) 
x G— 353) — mi] a- i. | 
3 . : 
+ am 3x [0 10, 5 1 —@ 5-39 44,71] = — rh, 
where — mê L, — m » M, are the coefficients of &* on the right-hand sides of equa- 


tions (3). Multiply these equations by 2 and 3 respectively, and take, the sum 
and difference, we get 


X,[58 — 8(j - 1) i+ 2(j + 1} — 9m (bi — 4j — 4) + 9m] ajai; 
+ mai; = — m'(2L;4- 3M), 


D [PAG HELL HEE Om GA EA + mama | 
, + CL TD ANRT ENS DE = m? (2L, — 8M). 


The terms of lowest order in these equations are a,a, and aa_,;. In order 
to separate out these, multiply the last pair of equations by 


c9 + 444. 2+ 2m (i. + 4) + 9m?, 
— 5? + 8i — 2+ 2m (5$ — 4) — 9m?, 


| respectively, add the products and divide the whole by 
122? [2 (P — 1) — 4m + m*]. | 


In the resulting equation the term a,a_, will have vanished and the soient 
of aa, will be — 1. The équation is 


zdthyleaad: + [2] as js (2) jj m 7 . la 
=L faki 0) esa LICENCE O 














mew: piee ee han nur Mn) En à 
u IR Gt ^0 2(8—1)—4m t m | 
4. 8m Ê—4i—2— (it 4) m — 9m 
l= — gr 3(8—1)—4m-Fmà ^ 
"A Lo 8m* 6? — 81 + 2—2(5; — 4) m+ 9m? - 
O=- TD am C 


15 
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and therefore, as they should be, 
"f&áéqz-—i [i =o. 


The equation (5) corresponds to that obtained by Mr. Hill on p. 185 of bis 
memoir referred to. ` It may be shown that if we put zero instead of the func- 
tion ón the right-hand side of equation (5), every a with an odd suffix will 
vanish, and with one or two changes in notation it becomes the same as his. 

The expressions L, M, must now be obtained. Since Q, is formed of homo- 
geneous functions of u, s of the 3%, 4%, . . degrees, we have. 


i rud quud eg s. Eb. Geh 2, Vn 
+ 5. e B (+ s) + ur wr) epu] 
ex 2 [ggg (^ $a) + agi “e um — : 
pau" 
e 3. to) eet ey] | 


315 105 
+ ass — #) ggg "6 (w — # + 35 ap (u — s)|] dics 


n A : : ‘ 
and FL D M, being the coefficients in ines when for u, s are substituted 


their values. Hence MEE 
— + GL + 8) + 33 (020—010 
| n g LA: (0): + AL (P): + B, (ats), + Bi (us?) 
— J [0 06). + Of (+ Due) + Di (wal) EQ] 


ge [Fe (h + FL (et Gy (ute), + GL) H, (P) + Hr (whe), 
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where (w), (s), etc. denote the coefficients of Z'in u’, s*, ete. A, AJ, etc. 
are definite functions of m of the order m? at least. Their values are 


at Oh B= A+ Ob 
B=-{ul(]+6() ^ A- otis (à), 
a= in- O0.  &-2 c OL 
D= srl 4+ Oh m= {ol +3}. 


At, Bi, Ci, Di, Fi, Gi, Hi are got by merely interchanging [i] and (i) in the 
expressions for the corresponding undashed letters. Hence 


öm? 20 —10i —6 — 4(i + 6) m — 27m° 








A = — = 
; 167 ` 2 (P — 1) — 4m + m 
Ara 5m 140— 22 + 6—4(7i— 6) m+ 27m" 
OT a 2 (P — 1)— 4m + m’ 

p — 3m 68— 14i — 2— 4 (3i + 2) m — 9m* 
Oo 16 2 (P — 1) — 4m + m? ; 
pr — 3m 108 — 18i + 2— 4 (bi — 2) + 9m? 
t 16087 2 (È — 1) — 4m + m? en 

ete. 
Also we have 
2 r5 3 | 
Lb iG s (euh | +e 


3 
M, (Ha h) + (ue) — (023 ] +... 
The coefficients of ¢* in u’, 6°, etc., are now to be obtained. From the forms 
of u, s we have, if the coefficient of Z' in u®st be denoted by (u's?), as before, 
(UPS) = EE ....a,4,... . (p factors) X a,aa,.+-. (q factors), 


for all integral values, positive and negative, of 7, l, 1... .5, t, w.... CON- 
sistent with the condition 


(p+i+k+l....)—(g+et+itw....)=t. 
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From this equation we see that 
(UPET), = (PU). 


The coefficient of ¢' is more easily obtained by taking the coefficient of (^, where 


PS h= i—p + q; 
and therefore 


(JEI...) 4G uus). 


III. 
The Coefficients a, and a. ,. 


We have now obtained all the expressions necessary for the determination 
- ofthe coefficients a. But before developing them, some remarks must be made 
on the equations for a; and a. ,. E" 

It will be noticed that every term in equation (5) except the principal one 
. is divided by the expression 2(? — 1) — 4m -- mè. When i= + 1, this reduces 
to — 4m + m?, and the order of a, and a. , is thus lowered by one power of m. 
The consequence of this is & great increase in the difficulty of obtaining their 
expressions. We have to carry them one order higher to get the same degree of 
approximation, and when we obtain them by the method of successive approxi- 
mation, each process, instead of carrying our expressions ¿wo orders higher, takes 
them only one; the number of &uch processes i8 consequently doubled, and the 
numerical multipliers of the various powers of m are very much increased in 
complexity. l | 

À second disadvantage arises from another cause. If we form the expan- 
sions of a, and a_, in ascending powers of m from equation (5), we find large 
and continually increasing multipliers of the various powers of m which tend to 
lessen the value of the successive approximations when expressed numerically, 
to such an extent that the series, instead of proceeding in a progression whose 
ratio is roughly m or 1/12, proceeds in a progression with a ratio of about 5m 
or 2/5. As this ratio seems somewhat regular between the successive powers, 
Ihave used the following method to discover and counteract the effect of the 
slow convergence. In the following, squares and higher powers of 1/a are 
neglected. | | 
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Going back to the equations (4) obtained directly from the equations of 
motion, put ¿= 1 in them, and write down the coefficients of a,, a. .,, neglecting 
terms of the seventh and higher orders. These ad terms then become 


cuts [3 6m pt + (7 + 10m + p) A vas mt =] 
+ aoû: [1 + am mn + s 
asn [— 8 — 2m — (5 + 3m) + sme S2 
0 
aga [—1— 2m + mé + (1 — 2m + inh Ser]. 


Now a/a and a. ,/a, involve m only, and their expressions have been found 
by Mr. Hil. He gives 


BD 3 pint na 
qo 1e de Fa me 
Gy 19 D a 48 a 
m c. qp à sn 


Substituting these values and expanding, we liave for the principal terms, 


a | B+ 6m+ pma. ] + aaa] 1 + 2m + ms... |, 


am [ — 8 — 2m — 15 m + ... Jas imt mH.. ae 


Denote these expressions by aga, P + aya, P! and aya, Q + aa_,Q! respectively. l 

When we wish to separate out a, and a_, by the ordinary process of solu- 
tion, i. e. multiplying the equations by Q', P’ and subtracting, also by Q, P and 
subtracting; the principal terms become 


aya, (PQ — P'Q), 
ag. (QP — QP). 


The resulting expressions for a, and a_y thus found would therefore be both 
divided by the factor PQ’ — Q'P. Expanding it in powers of m, we find these 
expressions will be multiplied by 
ae -1 1 
— (1—4n —--mt—....) ‘am’ 


or by 1. 165 
as + am + muss). 
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We thus have an explanation of the slow convergence of the series, and by 


retaining this divisor, we shall be able to obtain series which will converge much > 


more quickly. By proceeding in the following way, the values of a, and a_,° 

can be formed to the seventh order in one approximation; and it will also be 

shown that to this order, our.values will be sufficient to obtain the coefficient of 

this part of. the Parallactic Inequality from the expansions, with an error less 

than two hundredths of a second of arc. i 
. In equations (4) put ¿= 1, we have 


Zaa a P +5 +1 + 2m (2 + 1) + +] 
XO [aj s 104 — Jet 
Zaa [= 9 — 1 — 2m] | | "+ X m [aa 3-14 eer 


Multiply the second sas by 2m, add to the first and write out the result- 
- , İng equation and the second equation, for errors of the sixth order at most in m, ~ 


a [8+ T (tt) +g mit em) | 
D Gemma D] 
+a: [1+ 5m*-- emt * a entes 6m? | ; | 
a pes m+ t a (4 m? pai ta (s 4 T) 
we rec mas (8) 
Re 24 3m sea] | 
+ an |G (T + 2m) + +E (0 + 2m)] 
agca[1 + 2m — 3m? + 4-1(_1 + om + om] 
tags [mt — 3m + (— 8 + 2m) F2 (— 5 + 2m) S | = mM. 


The equations (6) will be used for a, and a. , instead of those obtained from 
the general form (5). 
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IV. 
The Determination of the Parts of a, depending on the First Power v the Ratio 
of the Mean Distances. 


The coefficients a, will now.be obtained to the order më, a,/a'. To obtain 
them to this order we have 


(uw), = 8aja_,, (ws), = a + 2a, (a$ + dé, + Qd, 3) ;. 
(8), = 8aja_, + Baao, (uf) = a (2a.-3 + as), 


(uÿ)s = (8). = aj, (us); = (us?) s = d$ (2a; + its 
(u^), = (8)-, = Baies, | 


the rest of the coefficients of pi in vs 8, we, su being zero to the order taken. 
Whence we have 


"n ee 
L= AD > (mastaa t ds) + + (at 2aÿ+- — 2,4. .,--a,2,) | ; 


5 
M= + A (ayy —a 1 ..— t) (a+ 2a3-- 2a? ,4-2a3a.- r— 2,2. 4.) | 


for substitution in the equations (9). Also the right-hand Bide of equation (5) 
becomes when | | 


i= 8, LITE + Byay (2a + a. 3)], 
iz —3, S [A dd i+ Boa (t+ ea) 
= 5; A. 34043, 

| $m—b, -Z0 Al, Baty, 


whence, writing out equations (5) for a; a. s, as, a_, With a sufficient number of 
terms to obtain these quantities as far as the order m*.a,/a/, we have 


| aya, = [3, 1] aa. 37 [3, 2] G. ydg [3] 2030, - + [4a + Bym (20+ a_s)] 


+[8, 4] aa, + 3; — 1] a:a; + [3] 28,0. ,, 
agas = = [— 3, — ~ ra [— 8, T 1] a 14 + (— 3) 24149 | (7) 1 


| —- To LA! sa? T Bl say (2a, + a. .3)] : > g 
2c Ic 3, 1] aaa, + [— 3, — 4] 4. .30.., + (— 3) 2d50. 1, 


Brown: On the Part of the Parallactic Rs in the Moon’s 


an= [5, 1] aa at (6, 4] aa + [6, 2] O30. .g 
| + [5, 3] aga ., + [5](252; + 2a) + + As. 32405, 
as = [— 5, — 4] aa, + [— 5, — 1] aai + [— 5, — 3] aas : (8) 
| -[—5, — 2] asa, + (—8)(2aas-- 2225) + F3- A! 5. Sag. 


The usual method is to solve the equations (6) for a first approximation of a; a. ., 
by neglecting a, a. 5, obtain a, a_s from (7) with these values of a,, a. , and pro- 
ceed then for a second approximation of a;, a. ,. I prefer to do this in one pro- 
cess as follows. 

Since a,, ae, a, a. , are known expansions of m in geries, we can to the 
order given, write the TOROS for a, a. gin the form | 


din, | 
(9) 


As = ala, n B'a +y + ap; 


-where a, B, y, a, B', y are known functions of m. Substituting these values of 
az, a. gin equations (6) for a, a..,, we obtain linear equations of the form 


x T: Co P: Go; 
(10) 
a.x + aN = do; 


where x, à, u, #, A, w are known functions of m. This method of procedure 
has the advantage of giving us the whole value of the functions of m used when .. 
dealing numerically with. the equations; while in finding their expansions alge- 
braically, we lose much less than by the usual method. Also, if we wish to pro- 
ceed to a higher approximation, by using the equations always in the forms (9) 
and (10), we shall merely get terms in (9) independent of a,, a_,, and conse- 
quently in (10) terms-added only to the right-hand sides of the equations. Then 
the coefficients of a, a_, in (10) will remain unchanged, and the small changes.in. 
u, u! can be easily obtained. This will not be found necessary here, as the. 
results obtained up to the order indicated above are sufficiently accurate. — | 


Motion which is a Function of the Mean Motions of the Sun and Moon. 153 


Expressed in the form (9), equations (7) become 











51 3371 13461 15 167 607 
Ho Wt gs gi BF ge Ja,—m' (gr + ng meg gm | 
545 781 
te + And 3 gi "m — apm) at % 
2 3.2 3 (11) 
103 2659 215 
as=m(—2 + T gigs M+ sm d1— LEE or ee a | 
55 175 229 , 8455 , 
— ima er mn — gga — sgn) Gh a, 
and therefore from equation (6) we can obtain 
7 1163 209893 
a (8 + pipe — Fon mt ean | 
61 13 68563 338477 
tas (++ gran mt eg) | 
5 5 uo 12796 4 96643 ms — 752328 e 
= — +. ER P M TT mW — up m 3.915 mt), 
t (11a) 
20645 862467 
aT Tus mi doque aM C og 
a; (8 + 2m + m? + —— T m? + 3.910 M + 33, 913 m | 
29 , 17, 65379 | 891109 , 
taa (1+ 2m — omi — Fmt E si SED ug | 
d 3165 , 21333 , 1300401 |, | 
= Ql: ay (Gm — NE M — “ga mt) J 


Subtract the first of these equations from the second, the resulting equation is 
then divisible by m; also, multiply the second equation by 3 and subtract from 
the first. We have then two equations from which a, a , must be found. 
Performing these processes, we get 





Mo 1p 15, 15,9, 128,4, 13978 ps | 1709047 | 
a, a mr s Mu tgo Fa oT] (12) 
Qa % 1l mia Bl, 2768 -, 18449 , 2979511 eJ 
ay a! me [+5 mti EC aL. om gae. m 


where mr, the common divisor, is given by 


a 2 8T spe E 4 _ 89963 
mT = m — 4m — g "—gm 3590 M. 
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We can of course divide out by m. It has been T in here to show i in what 

manner a transformation of the form 
: m! 

=T 1+ am! ! 

if indicated by theory, must be made.* We should get differe ent expressions for 

the coefficients a, and a. ,, kept still in the form (12) according as the factor m 


' had been divided out or not. 


Using the values (12), after dividing out by the factor m, since it can now 
be any time replaced if necessary, equations (11) give i 


-dy 3 09 45 545 T" 781 3 
wn Car + Cw "cgqgnm—sy nm 
m / 45 8165 66251 
-z ow tpn- gy 2a]. 
dog: s: [ 55 — 175 229 m? 8455  , 
ar E ets gum + a ga” 


15 , 651 +7459 , 
| Tr a taam" - Ste] 
and thence from bios (8), 
| 105 797. 2655 m 
"isa togas "—— 7g | ; 


| 528 15 m 
P m° [—» 3.94" oR 


E 


This method has "n advantage also of giving numerical results along with the 
algebraical expansions, and thus we can obtain some idea of the errors which are 
produced by the portions of the series neglected when we expand the various 
functions used,in powers of m. In working out the numerical results by this 
method, it appeared that the principal parts of the errors in a,, a. , were due to 
the neglect of the higher powers of m in solving the linear equations for a, and” 
a_,, and that even this pant was not very great. For example, the value of + 


found was 
37 , 17 89963 


pcne ut "ucc mes grege m 
giving T—.6443757. 
The value found by the numerical process to the same order i is 
q —.6444640, 
a difference of 0000783. 








*See Monthly Not. R. A. 8., Vol. LII, No. 2. 
' 
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The term 89963 


— gi gio m = — .0004171, 


80 that the neglected portion is less than one-fifth of the last term in ¢ calcu- 
lated. 

The expressions given above, when none agree with those given by : 
Delaunay as far as the order m*.a,/a'. The multiplier of m.a,/a! differs in all 
these coefficients by a small amount, causing, however, only a small difference 
in the numerical values of the coefficients of a few ten-thousandths of a second. 


V. 


The Determination Me the Portions of the Coefficients depending on Powers of 
1fa’ higher than the first. ` 


If now we wish to obtain the portions of the. coefficients depending on 
(a,/a')* and (a)/a’)*, very little extra labor is necessary. In the coefficients with . 
even suffixes only even powers, and in those with odd suffixes, only odd powers 
of this ratio occur. Let da, denote the portion to be added to a, depending on 
the square or cube of this ratio according as r is even or odd. The even coeffi- 
cients will be obtained below as far as the order m*(a,/a’)*, and the odd ones as 
far as the order m° (a,/a'). As da, is of the order m’(a,/a’)*, we have to the 
required degree of accuracy from equation ©) after obtaining the necessary 
terms in L, M, - 


aña; = [2, 1] aa + [2, B aya; + [2, cease: 3 
| + À [94,2 at Bac 22i] + (FH) D 
aas = [— 2, es it [— 2, 1] aa, + [= 2, — 8] aia; 
À [34^ aga. + B! 40 (22; + a3] + (4) DL ol, 


aoa, = [4, 3] aa i+ [4, 1] qa; + D (y Catt, i a3) 
aba, = [—4, —1] aga it [— 4; ES da tor 34 ant (à ay ct. 400; 
adam (SY Ga | adaa (4) 0 un 


adu= (Gr) Fa ads (Gr) Faas | 
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For a, and a , we must use the equations (6). Differentiating these and 
remembering the orders to which our quantities are e carried, we get 
asa P + aa. P+ Tada + a_da_, = — m? (dL, + 2màMy), 
ada Q + ada + 5a,0a4 — a. .,9a .,— miM, 
where P, Q, P', Q' are the same functions ola m which we had previously as 
multipliers of a, and a_, in their respective equations. Treat these in the same 
manner as we did the corresponding ones for a,, a. 4, i.e. subtract the first equa- 
tion from the second and also multiply the second equation by 3 and add to ME | 
first, we get . | 
aða (Q —P)+aba(Q —P!) =m [3L 3M (1 am)]+ mda 2a da a 
ada (3 Q+ P)+a,Sa_, (8 Q' + P!) =m [—8144- 8M, (3—2m)]— 22a,5a,-- 2a. .,9a. 3, 
corresponding to the equations (11a), the coefficients on the left-hand side boing 
the same. Also ` 


Me) s (3a. + a)- ag = 3(a + ay) + s 22 5 a], 
8M = a(S [E (Gate) + ele 


Working out these and equations (13), and retaining the factor = wherever it 
occurs, we obtain the following series of values: 


Ir 5 -45.67 
HR wer ut Was 


bey "(n DEE For a= unl m De (8 + 9m) 5] 

















Bay pa + 15.25 m 
m (r +) 2 sam 93) 
a 7.17 "d 21 15.45 m 
gr — p gmt 98 '". ]' 
i 106 , A 2 qn? 
Rc QUI Pu a 
ha d ns, e m? 2 m1 
GAs + LES sm], 
" | 


s 7 (H. ga 
LE NE (m) (ER 35.43 : B 


Oas s fa)? 21 
ced 4*5 adt 


Soe NC 
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When these are compared with Delaunay's expressions rus all agree as far as 
the order to which he has carried them. 
The results obtained by using numerical values from the outset are: 





“1 = — 0641700 À — .086 (+ y, 

ds 

a- w. ; 

a) + 1789909 + T :240 (Sy | 

EL ER d» d Y "E 

= 0000589 “t- + .0001 ( x ) | 
Lor RES Ay dg N? 

ae = — 0028870 2 0016 (4), 

a Ap Qo 

-a = + 00000047 - + .0000 ( x 

^m = — 00000184 — .0010 (3 +), E 

à oa. | P? 3 
ec 007284 (75 -). es s aom 82 (75 ; 
3a; | CUS do N? 
rus + .000080 (sy i Tate — 001428 (+ 

The quantity da, must now be obtained. . For this purpose I use the equa- - 
tion ! 
x 3 2 dO 
(P+ md — 2) u=— + wt TEN a. re ae A 


‘Substituting in this 
. u= a_i, = Zai- io, 
and taking out the coefficient of 2 ie get with the rpt nate 


"(np ce a zx $m Ja. + —;- T TE 8 (Ph + 3 ds aus), | 
um ep 16 (8) + d (u?) + € 15 Qu), + 16 TE + ET 
` When the parallactic terms are neglected Hill finds that ue 
J (1 4- my 
DS ul 


where oe i PUN T EL. 
u= na, | J=% wat), 
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and a,H is the value of the right-hand side of the equation. Let da), 0J, 8H 
be the corresponding quantities due to the parallactic terms. Then since ` 


J+0J, H+ÔH 


are defined in the same way as J, H, we have 


a Say = Sa pee tery 


Neglecting powers of ^9. © above the second, we get 


dee M 1 ôH 


. the 3 J SC. 
We shall obtain da, to the order m’®.(a,/a’)*. For this 


ba nt. [Fatty à E E 
3 
Cm CERT] 1e +). 


J+ 8J is the coefficient of ¢ in ay or of č’ in ns, ; whence we get 
a | ya 


3 
= À. at rat ben 
k j 0 
8 
MTM (Y 
de H=1+ m4 sj 3 gcn, 


ES ao 


Fite te, 
: db. us 
a a(1— 4 —....), 
we therefore have 
(00m Ja“ (225 144m m, 3 | 
uA a)" es À tii T 3g (1 2)}, 


and numerically, 





à | 3 | 
ns Il +) 00965. 
ao : a . 
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VI. 


Transformation to Polar Coordinates. 


The inequalities-will now be expressed in polar coordinates. For this pur- 
pose we have, if V be the true longitude of the moon, 


RSC 
=a fit ya Ee) 


(heu) 
rsin (Y — ni) = poe Xa (P — £7) 
=) — == TE 577 eB 


where 4,.a,— a+ a, and B,.a,— b,— b: and consequently 4,— A. ;, 
B,— — B. ,. And since 


tan 0=0— D. usus, 
Va nts apa (BEI + sa + + p Ose — - 


118 vhs FE 
cay BRU...) + 
The coefficient of sin D or (& — &-1)/29/—T is pde 
B, A (B4, — 44) + + (Bids — 4B) + Bi (AP— BD e 


or a -1 dcs — aca Aa s lts TE Ga 3 dux 
Ao a a 





CE 


and similarly for the other coefficients. Performing these operations we get the 
following expressions, omitting those terms dependent on m only. 
In dps 











15 1951 41585 2096751 
m? — Bt á L — m " 
m ++ 128 — 1024 " — 49152 ^5 35  , 1845 , 
— ——— m*—— ———- mMm 
_ — 737 , 17 , 89968 ,,. 1024 12388 © 
Ldn Sa mens 9916 ™ (7 — 07.0008 ; 
— 128.0545 


a (105 m 15 m? . 1125 | å 
Er 8 + + 1989 F 
— 07.0006 — 0.0001 — 0 0004 
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225 m (E t 11m) 15.747 mé 
: 3 
UT m (5-- 8m m) ios" — 79048 - 25 pr sin D 
0".0018 + 07,0016 7 TS A 
. 41 2309 1/255 , - 75643 , 18345925 
3 m?— 4 5 mi mi— Poux 
+ [35 32 MT 19g jg 1686" -9216 + X128 ™ T 1536" — 8192 n) 
17.6132 + 0.1199 — 07,0008 — 0 0005 na 0872 4 
d 385 ,7 a . 
a i536 ^ | sin 8D 
1795 m°- æ adus 
2 sn? — ° 
+ ET + 236 ag 2048' + my gr sin 4D 
0.0021 +-0/0001  — 0.0008 | 
2797 18415 m* aœ 777 ‘a. 
4 Fr ny Scien . s] s ; 
[m + 564 8192 + ' g^ 5130 ” | qr sin 6D 
r 0.0182 = +- 07.0025 — 0” 0084 -407.0000 . y 
In parallax, 
1 15 1869 
Dio MEE eet m? — 
a [ ( 16 ” ++ "eu ijs 
$ p 
1F25 ,, 65 , 459 m'l1 
Tcu Lea + ggg m — 209, MTL cos sD. 
0.0223 -+ 0//.0013 =O" 0189 ` 


None of the other parts produce in. parallax, coefficients 80 great as one thou- 
sandth of a second. 
ane numerical values of these coefficients are obtained by using ' 


m = .0808 489338, 
—r = .00255878. 


If we use the numerical value of m from the outset, we obtain the more 
accurate series of coefficients: 

In longitude, 
—128/.070 sin D+ 0.039 sin 2D+ 0.750 sin 3D+ 0/.001 sin 4D+ 0".008 sin 5D, 


and in parallax 
— 1/001 cos D + 0".008 cos 3D. 


For the discussion and comparison of these results with those obtained by. 
Delaunay, see Monthly Notices of Bore! ASOR, Soc., Vol. LII, No. 2. 
NOVEMBER, 1891. 


On the Curves which are Self-reciprocal in a Linear 
Nulsystem, and their Configurations in Space. 


A paper read before the New York Mathematical Society at the Meeting of Nov. 7, 1891. 


By CHares PnorEUs Sremnmerz, Yonkers, N. Y. 


$1.— INTRODUCTION. 


Every conic curve defines in the plane a polar system; that is, a linear 
involutory reciprocal correspondence between the points and the lines of the 
plane. | | 

In à similar way the simplest rational curve in space, the twisted cubic, 
defines & reciprocal correspondence also, whereby the points and the planes in 
space are related to each other so that to every point r corresponds the connecting . 
plane £ of the osculating points of the three osculating planes drawn from x onto 
the cubic curve, while inversely to every plane £ corresponds the point of inter- 
section r of the osculating planes of the cubic curve, drawn in the 3 points of 
intersection: of the plane £ with the cubic curve. Hence to the points of the 
cubie eurve correspond its osculating planes, and inversely, so that this cubic 
curve is self-reciprocal in this polar system in space. 

—. Now, the plane £ always passing through its corresponding point r, this 
linear involutory reciprocal correspondence is coincident; that means, corre- 
sponding elements coincide. Hence this polar system in space is ae nulsystem, 
and £ the nulplane of the nulpol r. - 

The nulsystem defined by the twisted cubic is the linear nulsystem. 

But reversing the reasoning, we find that to every polar gystem in the plane 
belongs a conic ecurve— which indeed may be imaginary— while on the other 
hand, a nulsystem in space does not define a curve as self-reciprocal element, 
but an infinite number of curves, amongst which there are straight lines, cubics 
and higher algebraic curves, and transcendental curves. 

17 
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With these curves, which are self-reciprocals in a linear nulsystem in space, 
and with the configurations of these curves, we shall deal in the following, 
especially with cubic curves. 

À curve C will be called selfreciprocal in the linear nulsystem in space, if | 
to every point r of the curve C as nulpol, corresponds the osculating plane £ of ` 
this point as nulplane. Then, from the properties of the nulsystem follows, that 
the osculating points of all the osculating planes of the curve C whieh pass 
through a given point r, lie upon a plane £, which passes through point r as its 
nulpol, and that the osculating planes in the points of intersection of the curve 
O with any plane £ intersect in a point r, which lies upon £ as its nulplane. 

A surface S will be called self-reciprocal in the linear nulsystem, if to every 
point r of the surface S corresponds a tangent plane £ of this surface S as nul- 
plane, and inversely. 

But in general the nulplane £ is not the tangent plane of S in point r, 
but in another point y. Only a finite number of points 3 of the surface S can 
exist, which have their own tangent plane as VS and shall be called the 
singular points of the surface 8. 

Surfaces of that kind, that every tangent plane is Hitalhe of its own tan- 
gent point, cannot exist. For in such a surface all the tangent planes through a 
point r outside of S would touch S in a plane £ passing through r, and their tan- 
gent-points therefore lie on a plane curve of n™ order. But the tangent points 
of the planes through r lie on a curve of n (n — 1)‘* order, and therefore 


n=n(n—1); 
hence | n = 0, the point; 
n= 2, the quadric surface. 


But the quadric surface defines a polar system where Ae plane £ cannot pass 
through r, hence never can be a nulsystem. 

. Plane curves cannot be self-reciprocals in the linear nulsystem except when 
being straight lines. 
| For in a plane self-reciprocal curve to every point of the curve its plane. 
would have to correspond as nulplane, what is impossible. 

Self- US ocal straight lines exist as a tridimensional system, the ''self- 
conjugate rays" of the nulsystem, and are grouped in plane pencils. 

Selfreciprocal conics cannot exist. 
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Selfreciprocal cubics form a 7-dimensional system, and are grouped into 
pencils also on conic surfaces, which we shall treat in the following. _ 

Self-reciprocal quartics exist also. They are rational quartics with two 
stationary tangents. | | | 


82.— Self-reciprocal Algebraic Curves in the Nulsystem. - 


Besides cubics and quartics, there exist still an infinite number of self-recip- 
rocal curves in the linear nulsystem. | 

For to any point a, corresponds a nulplane a,. Now assume a point a, on 
œ, infinitely near to q. To a, corresponds the nulplane a which passes through 
a, and a,. Assume a; on o, infinitely near to a, and produce its nulplane ag, etc. 

Then the points üj, Ag, &4.... a, have as nulplanes - 


Oy, ag = | gag |, Q3 — | 5250, |, cee Bos 
while the lines | "ep 
h= |a,0,], ta = | a], seen le 
are self-conjugate rays. Hence the curve consisting of the points a, a, ag.... o, 
having as osculating planes their nulplanes a, ag....a@,, and as tangents the - 
self-conjugate rays 4, 4....¢,, must therefore be a self-reciprocal curve. 


Every one of these self-reciprocal curves defines the nulsystem. 

All the self-reciprocal curves of the linear nulsystem have the essential 
property that— | 

1). The osculating points of all the osculating planes drawn eh any 
point r, taken at random in space, lie on a plane £ passing through r. 

. 2). The osculating planes in all the points of intersection of the curve with 
a plane £, taken at random, intersect each other in a point x of this plane. 

For algebraic self-reciprocal curves hold the conditions— 

1). The class m of the curve, that is, the number of osculating planes through 
any point in space, is equal to the order n of the curve; that is, the number of 
-points of intersection of the curve with any plane in space. 

2). Stationary osculating planes cannot exist (except in stationary tangents, 
which represent each two stationary osculating planes), for a stationary osculat- 
ing plane would have two nulpols infinitely near with each other, its two oscu- . 
lating points. ^ 

'8). The same, cuspidal points cannot exist. 

4). Simple double points and double osculating planes cannot exist. 
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. But a combination of double point and double osculating plane can exist; 
that is, a double point whose two osculating planes coincide in one double oscu- 
. lating plane. * 

5). To determine the rank of the curve; that is, the order of. the associate 
developable surface or the number of tangents intersecting a straight line g, we 
consider the involution of n** order produced on this line g. 

Let g' be the conjugate line to:g.in the nulsystem. Then to any point p' of 
gi corresponds a nulplane x which passes through g. This plane x intersects 
the curve C in n points r,, and the-n lines |p’r,| cut g in n points of an involu- 
tion. e. 7 
This involution contains 2 (n — 1) double points. 

In each of those 2 (n — 1) points coincide two lines |p’r,|. . Now these lines 
|p'r,| are self-conjugate rays because of intersecting two conjugate rays g and g^ 

Hence, when two lines |#r,| coincide, this line must contain two points r; 
of the curve, infinitely near with each other; that is, it must be a tangent. 

Hence 2 (n — 1) tangents of C intersect g, or 

“The rank of the curve C is r = 2(n — 1)." 

6). Number of chords through a point r, or number of apparent nodes of 
the curve. 

Projecting the twisted curve c from a point p upon a plane e, We derive i in 
this plane, as the image of curve C, a curve c of n™ order. 

The points r’ and tangents ë, of this curve c are the projections. of the points 
r and tangents t, of the twisted curve C. 

O being of iis rank 2 (n — 1), c is of the class 2 (n — 1). l 

Hence if d is the number of (real) double points or. nodes of C, s is the 
. number of apparent double pou or of chords onto C from p, the curve c has 

(d + s) double points. : 

If p is taken at random in space, but outside of the developable surface 
determined by C, no tangent of C passes through p, and C having no cuspidal | 
points, c has no cusps either. ~- 

Hence it is 


2(n—1)=n(n— 1)— 2 (d + 8), 
or _ (n—1)(n—2) 
d+s= 9 ! 


the number of apparent and true nodes of C. 
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| Now let 


n — the order of the self-reciprocal curve C, or the number of ee of intersec- 
tion with a plane e. - 

m = the class of C; or the number of osculating planes through a point p. 

r = the rank of C, or the number of tangents intersecting a line g. 

d = the number of double points of C. 


.8 = the number of apparent double points, or of chords through a point p. 


v — the number of biosculating planes. 

u = the number of osculating lines; that is, lines of intersection of two osculat- 
ing planes, in a plane e. 

t — the number of stationary tangents. 

i: = the order of the nodal curve of the osculating develepatblus 

| = the class of the bitangent developable. 


The number of cuspidal points.and stationary osculating planes 7 0, 
Then we have 


1). n=m. 

2). d=v. 

3). k=l. (T) 
4). r= 2(n — 1). | 

5). s+d= upo D 9) 


2 
But, between these constants of the curve C, 
| n, m, 7, d, 8, 9, u, t, b, I 


exist in general the six equations 


1.  mzrí(r—1)— 2k —3(n4 t). 

2). y m (m — 1) — 2(u +v). 

8). n+t=3(r—m). 

S = = 2] — 3(m + t). (D) 
5). r=n(n—1)—2(s+d). 

6). m+i=3(r—n). 

The equations (I) and (IT) combined give 

a) mcn. , d. Eziz2(n— 2)(n — 3). 


b). == 2(n— 1). e) t= 2(n— 3). 


c). s+d=uto= Moe), f). su, d=v. 
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Whence we get the genus of the self-reciprocal curve | 
p —(n— 1)(n— 2) — 2 (d +8) — 0; 
that is, i | 

“ The algebraic curve, which is d -reciprocal in œ linear ‘nulsystem, is of the 
genus zero; that is, 1s a rational curve.” 


From these equations (III) we derive for the first orders of Se l 
curves the numerical constants: 


n=m. T. 84-d-—u-v. t. bl. 
(1 0 
2 2 
3 4 1 0 0 
4 . 6 2 4 
5 8 6 4 12 
6 10 2010 à 6 24 


Hence the first self-reciprocal twisted curves are the general twisted cubic, 
and the rational twisted quartic with two stationary tangents. 


§3.—Self-reciprocal Straight Lines and their Configurations in the Nulsystem. 


The linear nulsystem contains a tridimensional system of selfreciprocal 
- straight lines, which are grouped into plane pencils: the self-conjugate rays of 
the nulsystem. 


Of their configurations the most simple is the selfreciprocal tetragon, gene- 
rally called “ nultetrahedron.” 
It consists of four self-conjugate rays— 


Jab], [5c], [ed], Joal, 
which form four edges of a tetrahedron, the planes of which are the nulplanes of 
its vertices, while the third pair of edges is a pair of conjugate rays— 
jac] conjugate [bb]. 
- Another configuration is the nulhexagon. 
Let its vertices be Pis Deyo us 
its edges, | jui dave ce 


its sides, | Elgg, £294; » + + - Ego 
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Then the planes &, are the nulplanes of the points p,. 
The diagonals 
| la = | Ppa], T = [Peps], es = [tst] 
are conjugate rays to the three lines of intersection of the diametrically opposite 
planes 
l = | esixées |, À 5 = | iss |» lg; = | eessé ser | - 
These six lines, l4 lj, los Les lss ls are cut by two self-conjugate rays g, and g;. 
The short diagonals of the hexagon 


Pa = bits; pa = | Paps]; Pe = | Poi] 
are conjugate rays to the lines 
| pi=lasl, ps = | eses], Ps = | ês: |. 
Therefore pjpjpi intersect in a point p of the plane [p,p,p,]. The same 
pipsps intersect in a point p! of the piane Lbs] 


The nuloctagon. 
Let its vertices be 


Pi; Pa seu. Pas 
its edges, f: ems * “+ + Jars 
its sides, BO By Eg 


Each quadruple of 4 not adjoining edges is cut by two lines, 


9i: CEE gs; Jrs by h and R, 
dos» 94) Jen Ja bY & and &, which are conjugate rays, and these four lines 
hd 4, G 

are in hyperbolic position. 

Hereby to every self-reciprocal octagon is associated a ruled hyperboloid, 

The nul n-gon. 

Any quadruple of not adjoining edges is cut by two conj ugate rays, and any 
two of these pairs determine a ruled hyperboloid, etc. 


$4.— Self-reciprocal Cubic Curves in the Nulsystem. 


Every linear nulsystem contains a 7-dimensional system of self-reciprocal 
twisted cubics. 

Through every point p passes a 5-dimensional system of selfreciprocal 
cubics, which in p osculate the nulplane e of p. Every self conjugate ray in e is 
tangent of a 4-dimensional system of this 5-dimensional system. 
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Every self-conjugate ray is tangent of a 5-dimensional system of selfrecip- ' 
` rocal cubics. i 
Two points », and 5, with their ‘cniplanes & and CT datera a tridimen- 
sional system. ; 
Three points p, Pa, Pe, with their nulplanes Els £g Es determine a pencil of : 
self-reciprocal eubics. 
The nulsystem contains a 5-dimensional system of cubic parabolas, 
a 5-dimensional “  *  * circles, 
a 6-dimensional © “` “ hyperbolic parabolas. 


§5.—Self-reciprocal Curves on given Surfaces. 


; On any surface F given at random, there exists an infinite number of c curves, 
_ C; which are selfreciprocals in a given linear nulsystem. 
Through every point of F always passes one and only one C, except in cer- 
. tain "singular points” © of F, through which passes an infinite number of Cs. 
These singular points © are those points which have their tangent plane as nul- 
plane. In these points € the surface F is touched by the surface P", which is 
reciprocal to F' in the nulsystem. Bene these points © exist onyd in a finite 
number. | 

The self-reciprocal curve C, which passes through a given point x, of F is 
produced by the infinitesimal method in the following way: 

Let £, be the nulplane of r,. Then £, intersects Fin a curve, which has as 
tangent in 7, the tangent f, of C. Assume on £, a point r, infinitely near to 5. 

Then the nulplane £, of r, intersects F in the next tangent 4 of C, etc. 

| Let n = the order of the surface F, m= the class, r — the rank. : 
Then m= the order of the reciprocal F”, n = the class, r= the rank. 

The order of their. curve of intersection -equals the class of their double- 
tangent developable, — mn, and the ponis of intersection of both curves are the 
singular points ©. 


86.—Self-reciprocal Curves on Ruled and -Developable Surfaces. 


All the selfreciprocal curves C on a ruled surface F intersect the genera- | 
trices of F in projective ranges of points, and the tangents of C along any 
. generatrix g from a ruled hyperboloid of self-conjugate rays which touches the 
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reciprocal ruled surface F” in a straight line g, reciprocal at g, and besides g 
intersects F” in a curve of 2 (n — 1)*^ order. 

= For the tangents ¢ of the self-reciprocals C intersect g, the infinitely near 
generatrix g,, and the conjugate ray g'. 

All the self-reciprocal curves.C on a given developable surface F intersect : 

the generatrices in projective ranges of points also. The tangents of C along a 
given generatrix g of F form a plane pencil, with the nulpol of the tangent plane 
of Fin g as centre. Hence infinitely near generatrices of F are cut by the self- 
reciprocal curves C in perspective ranges of points, and the developable sur- 
faces of the self-reciprocal curves C intersect each other in a curve K, which is 
the reciprocal curve of the developable surface F. 


Twisted Cubics on Ruled and Developable Surfaces. 


A developable surface, containing two given twisted cubics, is determined 
as the locus of the common tangent planes of both. 

The class of this developable is, m = 16. For the two twisted cubics are 
. projected from a point in space by cones of fourth class, which have 16 gene- 
‘ratrices in common. ` f 

Every tangent of the one twisted cubic being intersected by four TT 
of the other, four tangent planes of-the other pass through the tangent line of 
the first; that is, the curves of third order are quadrünee curves of the devplap: 
able surface. . 

The osculating curve intersects either one of the twisted cubics in 12 points, 
the points of intersection of the one cubic with the osculating developable of the 
other. . 
À ruled surface, containing three given twisted cubics, C, 0;0,, is determined 
as the locus of the common secants of the three cubics. 

This ruled surface is of the 54 order and class. For | 

Assume three straight- lines JJ, at random. All the rays g intersecting 
these three lines {44 form a ruled hyperboloid. This intersects the cubic O, in 
^6 generatrices. Hence all the rays intersecting one ‘cubic C, and two straight 
lines 4/, form a ruled surface of 6 order because of intersecting a line J, in 6 
points. |. > : : | 

This ruled surface of 6* order intersects O, ir in 18 pordis: 

18 l 
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Hence the secants of two cubics C,C, and one line 4 form a ruled surface 
of 18 order because of intersecting a line & in 18 points. 

This ruled surface of 18™ order intersects C, in 54 points, etc. 

This ruled surface of 54 order, R, which is determined by the three self- 
reciprocal cubics 0,0, 6;, contains C,C,C, as 9-ple curves. For through any 
point of O, pass 9 generatrices of R, the common generatrices of the two cubic 
cones, which produce C, and C,. | 

Besides these three 9-ple cubics, the surface À contains 108 double rays. 
For all the chords of C, which intersect a line Z lie on a ruled surface of 4 order. 
This intersects C, in 12 points. Hence the chords of C, which intersect C, 
form a ruled surface of 12* order, and this intersects C, in 36 points. Hence 
there exist 36 generatrices of À which cut C, twice, and therefore are double 
generatrices of R. The same 36 double generatrices of R intersect C, twice, | 
and 36 intersect C; twice. l 

The curve of intersection of a plane with the ruled surface A is of 54 order 
and 54* class, contains nine 9-ple points and 108 double points. Hence it con- 
tains still : . À 
4 {54X53 — 9x(9x8)— 2x 108 — 54} = 972 double points. 


The ruled surface R contains a double curve of 972% order. 

On this ruled surface E of 54™ order exists an infinite number of self-recip- 
rocal curves of 27" order, three of which degenerate into the cubics C, 0, 6,. 
No two of these reciprocal .curves intersect each other. Hence the surface con- 

. tains no singular points. ° | 

If the three self-reciprocal cubics 0,0,C, have one point a in common, the ` 
ruled surface Æ breaks up into— 

1). The three quadratic cones, projecting C, 0, C; from a, counted twice. 

2). The osculating plane a of A6 C$, which as nulplane of a is common to 
0, 0,€,, counted twice also. 
` . 8). A ruled surface of 40% order, which has a as singular point. If the 
three self-reciprocal cubics C,C,C, have 3 points abe in common, the ruled sur- 
face R consists of— 

1). The 9 quadratic cones, projecting 0,0, C, from abc, counted twice. 

2). The 3 osculating planes ay in abe counted twice. . 

3). A cubic cone K, projecting the three iis 0,€,0, from the point 
b = (ay), counted 6-fold. 
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This cubic cone K, into which the ruled surface R degenerates, has the 
points abc as singular points, and contains an infinite number of twisted cubics 
into which the curves of 27" order of R degenerated. Its centre p = (a jy) is 
the nulpol of the connecting plane of its 3 singular points z — [abc]. The self- 
reciprocal cubics then pass through 3 given points abc and osculate there the 
three planes a@y.* They shall be considered more particularly in §9. 


- $7.—Selfreciprocal Curves on Ruled Hyperboloids. 


On every ruled hyperboloid exists an infinite number of curves.which are 
self-reciprocals in a linear nulsystem in space. | 

To find the singular points of the hyperboloid, we determine its self-conju- 
gate generatrices. For any generatrix of the hyperboloid passing through a 
singular point, must be a self-conjugate ray, and the singular points of the hyper- 
boloid are therefore the points of intersection of its self-reciprocal generatrices. | 

Let the rays of the one systèm of straight lines of thé hyperboloid be called 
generatrices, the rays of the other system directrices. 
| Then to all generatrices.and directrices of the ruled hyperboloid H, taken 
'at random in space, correspond in the nulsystem the generatrices and directrices 
of another hyperboloid ZH. l 

To a generatrix g of H corresponds a generatrix g of H'. g' intersects H 
in two points. Through each one of these two points passes a directrix d}, viz. . 
d, of H, which, because of intersecting two conjugate rays g and g', is a self- 
conjugate ray, and therefore common ray of both hyperboloids H and H'. 

In the same way we find two self-reciprocal generatrices g, and g,, which 
are common rays of both hyperboloids. . | i 

Hence the hyperboloid H contains 4 self-reciprocal rays, 2 generatrices, 
fi, gs, and 2 directrices, d,, &, which, lying on the conjugate hyperboloid H’ 
also, represent its curve of intersection of 4*^ order with H. ` 

The 4 points of intersection, 


(adi), (guds), (gs); (Jada) 


are the singular points, and the nulplanes of these singular points are 
[nd], [nd], [gd], [gd]. 
` The lines (ds), (gd) | and |(guds), (g)| 


are conjugate rays. ` 


$ 
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Each ruled hyperboloid H contains 4 singular pointe, which form a nultetra- 

All the self-reciprocal curves on the hyperboloid intersect any two genera- 
trices, viz. directrices, in projective ranges of points, and the connecting lines of . 
corresponding points form a ruled hyperboloid. 

In general, no twisted cubic exists amongst the selfreciprocal curves on a 
ruled hyperboloid. For: | 

Supposed on the hyperboloid H exists a self-reciprocal cubic C. This 0 
has two generatrices of any ruled hyperboloid through H as tangents. Hence it 
has the self-conjugate Benere trices Jı J, 85 tangents, and osculates them in two 
singular points. 

' But the cubic C is determined by two points with their tangents gu Is ind i 
their osculating planes, and determines an hyperboloid with gı, g, as genera- 
trices where it lies on. Only when this hyperboloid is identical with H, what 
in general is not the case, H contains a twisted cubic. 

If a ruled hyperboloid contains a twisted cubic, it contains only one, and 
never more. For: 

Supposed H contains besides the selfreciprocal cubic C still another one, C'. 

If Cand C’ have different systems of generatrices of H as chords, then 2 
chords, g and d', together with C and O’, make up two quartic curves of inter- 
section of H with two quadrines, which have. 8 common points of intersection 
Now g and d' intersect O’ and C in one point, each other in one point, hence C 
and C' must have 5 points of intersection, what is impossible. 

* If, on the other hand, C and C' have the same system of generatrices of 
H as chords, then they make up two quartic curves with two generatrices 
gand g’. g intersects C", g: C in two points, hence C and C! must have four 
points of intersection, which could only be the four singular points of H. Bu: 
four points of intersection of two cubics are possible only in the case, §9, which 
`is excluded here, because then the connecting lines of the common points of 
intersection cannot be self-conjugate. rays. | 

Hence the hyperboloid can contain more than one cubic only, if these have 
less than four points of intersection, and that is, if g and g intersect each other, 
or, what is the same, if H degenerates into a quadricone. Hence, quadric sur- 
faces which contain more than one self-reciprocal cubic are cones. Z 

In general, an hyperboloid H contains two pairs of self-conjugate rays which 
-form a nultetrahedron, but contains no pair of conjugate rays. 
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Ifan hyperboloid H contains one pair of conjugate rays, g and g/, all the 
rays of this system of generatrices are grouped in pairs of conjugate rays, while 
the other system of. generatrices consists entirely of self-conjugate rays. Then 
this hyperboloid H and its reciprocal hyperboloid H’ coincide, and H is called a 
self-reciprocal hyperboloid. It contains of self-reciprocal curves only the rays of 
the one system of generatrices. 

What has been said here with regard to the ruled hyperboloid holds in the 
same way, with due specialization for its special case, the ruled paraboloid. Of 
special interest is that paraboloid which touches the plane at infinity in its nul- 
pol and thereby contains it as singular point. 


'§8.— The Quadratic Pencil of Self-Reciprocal Cubics. 


We have seen in §7 that a quadratic surface can contain more than one self- 
reciprocal twisted cubic only when it degenerates into a quadricone. 

But not every quadricone, but only such a cone which contains the nulplane 
of its centre as tangent plane, contains reciprocal cubics. 

AU the self-reciprocal twisted cubics which pass through a point Ÿ and there 
osculate its nulplane II, form a -dimensional system. 

All those selfreciprocal twisted cubics which in a point Ÿ have the line P 
as tangent and osculate II which passes through P, form a 4-dimensional system. 
They are produced from $9 by a tridimensional system of quadricones, which 
have in their common generatrix P the common tangent plane II. 

Assume at random one of those cones K. 

All the generatrices p of. K are conjugate to the tangents g of a plane conic 
curve À in II. The points q of this cone correspond to the old planes of K, 
and therefore lie upon them. 

Let us assume one of these quadricones K. Construe in any one of its 
points r the self-conjugate tangent line x which passes through a point $ of the 
conjugate conic À in II and at the same time intersects the next generatrix of K 
in r,- Construe again the tangent o, intersecting & in 9, ete., so we get on K >- 
a self-reciprocal curve x, r, ... . = C. 

The curve of intersection of the osculating developable surface of this curve 
C with the plane II consists of the double ray P and of the conic $, is therefore 
of 4% order. Hence this developable, being of 4f* order, intersects K in a curve 
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of 8 order, which consists of the double ray P and the double curve C. That 
means, C is a twisted cubic, q. e. d. 

From a point r of this twisted cubic C on the generatrix p, it is projected 
by a quadric cone, which intersects II in the conie X. This conic X touches the 
conie &, which corresponds to K in the point $$, and the point of intersection of 
x, the tangent of C in r with II. 

Projecting X from any other point + of the same generatrix p bya quad- 
ratic cone, this cone intersects K in p and in a twisted cubic C'. 

Any tangent y of this cubic O’ is produced from r by a plane |r'y/|, which 
intersects II in the same line 2, as the plane |ry| producing the tangent y of C 
from x. Hence y and y both pass through the point of intersection q of ay with 
the tangent plane of K along [}y|. But this point q is nulpol of this tangent 
plane, because of y being self-conjugate, and therefore y is selfconjugate; that 
is, all the tangente of ee are gelf-conjugate rays, and O’ therefore a su 
cal curve: | 

“ On the quadricone K exists an infinite number of self- reciprocal twisted cubics, 
which, from their points of intersection with any generatrix p of K are projected 
upon the nulplane TI of the centre D of K by one and the same conic X. In this way . 
to every generairiæ p of K corresponds a conic X in IT.” 

In consequence hereof, 

“All the twisted cubics intersect the generatrices of the quadricone K in perspec- 
tive ranges of points, and their fingens produce projective pencils of rays in the. 
tangent plane of K.” 

For the lines |ry|, r being point of intersection vith the one, ÿ with the 
other generatrix, pass through one and the same point of II, the point of inter- 
- section of the projection-conics X and Y. All the tangents of C 7 along & genera 
trix p intersect in the nulpol of x on II. | 

Any two self-reciprocal twisted cubics of the quadratic pencil have, besides 
the centre Ÿ, no point of intersection. For, if intersecting in a point 4, they 
-are produced from this porn 3 by the same quadratic cone, hence they are 
identical. 

Therefore the quadratic cone K contains only one ie point, its centre 
` P, which really consists of two singular points, infinitely near together, on the 


` . generatrix P. 


The reciprocal surface of cone K is conic &. 
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Assume at random two cubics C, and C, of the 4-dimensional system, 
P PII. 


They are produced from P by two quadricones K, and K,, which have a common 
generatrix P with common tangent plane II, and contain each & quadratic pencil 
of self-reciprocal cubics. | 

These quadricones intersect in two farther rays, d and d/. 

Through a point d of d passes one curve of pencil K, and one curve of pencil 
K,. These curves intersect d in bj and bj. 

The osculating plane ô of point b intersects P in point p. Then from p 
both cubics C, and C, are projected by the same cubic cone with cuspidal- 
generatrix P. 


89.— The Cubic Pencil of Self-reciprocal Cubics. 


The cubic pencil of self-reciprocal cubies is determined by three points, 
a, b, c, as common points of intersection, or three planes, a, 8, y, as common 
planes of osculation. v 

Let n= [a, b, c] and p= (a, 8, y). Then x is the nulplane of p and 
therefore passes though p. | 

All the curves C of the cubic pencil are bed from p by a cubic cone K 
with double generatrix d and the planes a, B, y as inflexion-planes, and the 
osculating planes of all the cubics C envelop a curve Ç of third class in x with a 
double tangent d', which, by the nulsystem, corresponds to the double genera- 
trix d, while the whole curve G is reciprocal to the cone K. 

Proof: Any two twisted cubics which pass through a, b, c are produced 
from p by two cubic cones with double generatrix, which have in common the 
three inflexion planes a, B, y with their inflexion generatrices |pa|, |pb|, ]pe|, 
and therefore are identical, q. e. d. 

The cubic cone K has p = (ay) as centre, a, B, y as inflexion planes with 
a= |pa], b = |p5|, c= [pe] as inflexion generatrices, and d as double genera- 
trix. Hence it is of the 4™ class. . 

The plane curve € of 375 class has the points a, b, c as cuspidal points with 
a, b, c as cuspidal tangents; d, the conjugate ray of d, as conus tangent, and 
therefore is of 4 order. | 

Every ray r which is drawn through p in x contains 4 points of intersection ` 
with €, which are the nulpoles of the 4 tangent planes drawn through r onto K. 
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All the osculating planes of the cubics C of the pencil envelop ©. Hence 
all the tangents of the curves C intersect €. . All the tangents of C in the points 
x of a generatrix x of cone K lie in a plane £ which intersects € in q. Hence all 
the tangents of C in the points r of generatrix æ pass through point E and 
thereby constitute a plane pencil of rays. 

The tangents of C in the two tangent planes 6, and 6, of the double genera- 
trix d pass through the tangent points bí and bj of the double tangent d! of €. 

Through every point b of the double generatrix d pass two cubics C, and 
every plane 0’ through the double tangent d' osculates two cubics C. | 

Through every point of the cone K passes one, and only one, cubie C, 
with the exception of the points of the double generatrix, through which 'pass 
. two cubics C. Hence the cone K contains no singular points but a, b, c, through 

which pass all the curves C of the pencil, with their singular planes a, 8, y, as 
‘common osculating planes of all the curves of the pencil. 

The tangents of all the curves C constitute a system of rays of 4t* order m 
class, with abc as base points and ay as base planes. 

From all the points x ofa generatrix x of the cone K tlie dubios C resp. are 
produced by quadricones upon the plane zt in one and the same conic curve X. 

Proof: Producing from two points x, and r, of x the two cubics C, and ©, 
which pass through r, and r, resp. by quadricones, these quadricones intersect 
plane x in two conics X; and X,, which have in.common the three singular 
points a, b, c, the point r' as point of intersection of the tangents of C in the 
points of x, or nulpol of £, and the tangent + in r’ as conjugate ray to x. Hence 
these two conics X, and X, are identically the same. | 

Therefore all the œ? quadricones passing through the twisted cubies C of 
the cubic pencil intersect x in a conie pencil of second order—that is, through 
every point of x pass 2 of these conics—and fourth class, that is, every straight 
line in x touches 4 of these conics (because from every point of x passes one 
chord through any C, but through every line of x four tangents on. any C), and 
this pencil has as envelop the curve € of 4^ order and 3" class, with one double ' 
tangent d and three cuspidal points a, b, c. 

This conic pencil is projective to the rays of the cubic cone K, and to every - 
generatrix of K corresponds a tangent plane £, a tangent point + on curve €, a 
‘tangent # of € and a conic X touching € in v. 

Assume two rays z.and y of the cubic cone K and connect ete antapani 
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ing points of intersection with the cubics C. These connecting lines |ry| are 
common generatrices of those quadricones which produce C from the points of 
æ, and those which produce C from the points of y. Hence they must intersect 
both projection conics X and Y in x, hence pass through one point. That is, 

'* The connecting lines of the corresponding points of intersection of two genera- 
trices of K with the cubics C form a linear pencil of rays with its centre in n,” and — 

“All the twisted cubics C of the cubic pencil intersect the rays of the cubic cone 
K in perspective ranges of points, which have their centres of perspectivity in n.” 

_ “All the cubics C of the cubic pencil can be produced as the (partial) curves of 
intersection of two quadricones which have the points of intersection of a pencil of 
rays, with centre in n, with two lines x and y as centres, and produce two conics 
X and Y of the nulplane n of » = (xy)? 

The cubic pencil is a configuration dual to itself, and so by inverting points 
and planes, we derive by the laws of duality the properties— 

“All the osculating planes of O which pass through a given tangent t! of € are 
cut by the other osculating planes of O in conics, which from p are projected by one 
and the same quadricone. This quadricone has the planes «,.B, y as tangent planes, . 
and touches the cubic cone K in that generatrix t, which corresponds in the nuleystem 
to tangent t! of ©.” 

. “From any two tangente t| and t of € can be produced two osculating planes 
E, and E onto each cubic C. These pairs of osculating planes E, and E, intersect each 
other in the rays of a plane pencil, which has the point of intersection of the tangents 

t| and t; as centre, and lies in the common tangent plane of the two quadricones with 
m in p, which correspond to the tangents t| and t.” 

' On the double generatrix d of K exist two coincident projective ranges of 
points of intersection with the cubics C,. which ranges of points have only one 
self-corresponding point p." 

“The double tangent d' of € is the centre of two coincident projective 
pencils of osculating planes of the cubies C, which pencil has only one self- 
corresponding plane x” | 

“Amongst the cubics C of the Pone. exists one special cubic, which breaks 
up into three straight lines a, b, c. 

“The cubies C are produced from the tangents # of © by perspective pencils 
of osculating planes,” etc. 

To every ounie C, of the cubic pencil can bó found two other cubics C, and 

19. 
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C, of the pencil which intersect Cj, besides in the points a, b, c, still in a fourth 
poirit p and p' resp, on the double generatrix d. For C, intersects d in two 
points p and v, and through either one of these points passes another cubic C, 
and C, resp. M 

Let C, and C, be two cubics of the pencil (a; b, c) which have one further 


point bin common. Let à be the nulplane of b: 


Then we can consider C, and C, as two cubics of the vend 
(a, b, c)=|a, B, y], with the centre p = (a, B, y) and the double ray d =|#|, 


(a, b, b)— |a, B, |, u IT: 46 y =(a, B, à) T i d =|p'e], 
(a, b: c)=|a, ô, yl, P u u yY =(a, ô, y) u u d! =| pb], 
(b; b, j= à, Bi y, TET: [IE p! = (8, 8; y) T -od4 q'!— |a | . 


Hence the points abcb are interchangeable, and 2 cubics, which have 4 com- 
mon points of intersection, lie in 4 cubic pencils; that is, on 4 cubic cones. 
Hence two such cubics are quadruply perspective. 

“ To every cubic C, of a cubic pencil can be found two other cubics C, and C, of 
the same cubic pencil, which are quadruply perspective to C,." 

. Tico cubics C, and C, of a nulsystem, which have 4 common points of inter- 
section abcd, are quadruply perspective, and the 4 centres of perepectivity are the 4 — 
vertices of that tetrahedron pp'p"y"', which, in the nulsystem, is conjugate to the tetra- 


- hedron abcd. - The osculating planes of these two cubics can be put in correspondence 


with each other in four ways, so that corresponding osculating planes intersect each 
other in rays of a plane. These 4 planes, which give with the 2 cubics the same trace, 
are the sides of the tetrahedron of common points of intersection— 


n = [abe], m= [abo], ah [abe], a" = [bbc], 


and pass through pp'p"p!" reap.” 

“ To any cubic O exist in the Mes. œ? other cubics, which are quadruply : 
perspective to C" 

But these four centres of perspectivity of two quadruply perspective cubics 
can never be all real points. 

For, as known, if the three osculating planes a, B, y of a cubic C, which 
can be produced through a point p, are real, the chord d of C through p intersects 
C in two imaginary points b, and bj, and if the chord d of a cubic C through a 
point p intersects C in two real points » and w, two of the three osculating 


planes of C through p are imaginary, 6, yi 
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Hence of the 4 points of intersection, abcd, and their osculating planes, - 
aBy6, in the first case, b, and ô, are imaginary ; 
in the latter case, bc, and By; are imaginary; - 
hence, of the points pp'p/p" and the planes rx x'x/ b 
in the first case, pippi" and zt2w zu! are imaginary ; 
inthe latter case, pip! and zu are imaginary. 


That means, of the 4 centres.of perspectivity of 2 quadruply perspective 
cubics either two are imaginary and two real, the cubics contain two real and 
two imaginary points of intersection, give the same trace on two real and two 
imaginary planes, and have two real and two imaginary common osculating 
planes, or i 

Three centres of perspectivity are imaginary and only one real, the cubics con- 
tain three real and one imaginary point of intersection, give the same trace on 
one real and three imaginary planes, and have three real and one imaginary 
osculating planes in common. Hence, © 

The highest number of real points of intersection or of common osculating 
planes of cubics of a nulsystem is two, and two cubics of a nulsystem can never 
be more than double perspective with.two real centres oF perspectivity. 

Herefrom we derive the result— 

“ If two cubics of the same linear nulsystem have 4 points, abcd in common, they 
have 4 common osculating planes also, aBy5, and viz. the tetrahedron of the four 
common points of intersection, T, and the tetrahedron of the four common osculating 
planes, T', are conjugate tetrahedra of the nulsystem. The 4 planes of the tetrahe- 
dron of the common points of intersection T are cut by the osculating planes of the 
two cubics in the tangents of the same quartic curve of 3'4 class, and the points of both 
cubice are projected from the 4 vertices of the tetrahedron of common osculating planes, 
T', by the same cubic, cones of 4" class. 

“ Of the common points of intersection, and of the common osculating planes, not 
more than three and not less than two are real; of the tracing curves in the planes of 
the tetrahedron T, and of the projecting cones from the vertices of tetrahedra T', or 
centres of perspectivity of . ea cubics, not more than two and not less than one are 
real—the others i imaginary.” | 

The general cubic pencil contains 0, 2 or 4 cubie UN ne 
according to the number of real points of intersection of © with the line of 
infinity, but no cubic parabola, except if the cubic cone K passes through the. 
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pole »,, of the plane at infinity, x Ao. In this case € is a parabolic curve; that is, 
has the line of infinity as Fee and on the ray |»p,| the tangenta of all. the 
cubics C are Pareil | 


810. Special Self-reciprocal Cubics and their Configurations. 
L—PARTIOULAR POSITIONS AND COINOIDENCR OF BASE POINTS. 


1). If two of three base points a,b,c of the cubic pencil lie upon a self 
conjugate ray, e = |5c|, their osculating planes 8 and y pass through the same 
ray, 8 — | 8y |, the centre of the cubic cone K is the point of intersection of.s . 
with a, the osculating plane of a, p — (sa), and the plane. of the curve ©. is 
m==-|sa|. The cubics C, because of having 4 points of intersection with the 
planes 8 and y, the triple point 5 and c with 8, and the triple point c and b with 
y, must break up into the double line s and the pencil of self-conjugate rays in a. 
The cubic cone K consists of the three planes aBy and the curve € of the four 
lines, [a5], [bc], [ea], Jap]. | 
2). If two of the three base points b and ¢ coincide into one 16 point, the con- 
. necting line of these two coincident points, s = |bc|, is either self-conjugate ray ` 
or not. 

If s= |be| is no saiooniusate ray, the cubic pencil can contain no real 
cubics, because every cubic of the pencil must pass through b = c without having 
8 = |bc| as tangent. Hence, if # is the conjugate ray of s, p is-the point of 
‘intersection of & with a, p = (s'a), and lies upon x = [as]. The cubic. cone K 
consists of the double plane [sb] and the plane a; the.curve € of [ap], s= |be| 
and the double line |pb|==|pc|. The cubics C break up into the self-conjugate 
rays of pencil (aa) and the double rays of pencil | bs! |=] cs]. 

Ife = |be| is a self-conjugate ray of the nulsystem, the pencil consists of 
those twisted cubics which pass through a and 8 =b = c, and have in 8 the com- 
mon tangente. The centre of the cone K is the point of intersection p = (sa), 
is of the 3'* order and 3" class, with s as cuspidal generatrix and a as inflexion 
plane. The curve Œ lies in the plane x = [as], is of 3°" order and: 3"* class, with 
s as inflexion tangent and à as cuspidal point. 

3). If all the base points abc coineide into one point, this point » is the 
centre of the projection cone K, all the cubies C osculate each other in p, and 
the cone K is a quadricone while the curve € in x is a conic curve. The cubics - 
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C of this pencil have, besides the triple point », no further points in common, 
and the pencil is the quadratic pencil treated in $8, which in this way appears as 
a special case of the general cubic pencil. 


IL—OCYLINDER PENOILS. 


4). If the centre p of the cone K lies in the plane at infinity, the cone K 
becomes a cylinder of 3" order and 4™ class. This is the case if plane x — |abc| : 
passes through the pole $. of the plane at igni. 

= Such cylinder pencils exist o». . 

5). The most interesting of them are those which have the Slo of the plane 
at infinity, Ÿ. as centre. 

Their curve € lies entirely in the infinity. Hence all the pencils of tangents 
‘and ofconnecting lines of the points of intersection of the cubics C "s two 
generatrices x and y are parallel systems of lines. Therefore, 

“All the cubics of a pencil with P, as centre are congruent and parallel.” 

“To any cubic of the nulsystem exists an infinite number of congruent and 
parallel cubics: which lie upon a cylinder with 9. as centre." 

For every cubic is produced from P, by a cubic cylinder. 

Such pencils exist o»*. | 

Their singular points abc lie i in the plane at infinity. 

Hence 

“ Every self-reciprocal curve of the nulsystem can be transferred parallel with 
itself in the direction to ang fro the pole of the plane at infinity without ceasing to be 
self-reciprocal.” 

6).-Amongst the cylinder pencils with P. as centre exist œt parabolic 
pencils, which consist of an infinite number of gon gugeng and parallel cubic para- 
bolas on a quadratic parabolic T 

Hence the nulsystem contains œ" sélf-reciprocal cubic parabolas. 

7). Every point at infinity determines a quadratic cylindric pencil. 


811.— The Quartic Pencil. 


I.—On THE CUBIO Con. 


Produce a cubic cone K with double generatrix, with a point p as centre, 
which has the nulplane x of p as tangent plane, with p as tangent generatrix. 
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Then this plane x intersects cone: K in one further generatrix a. Let this 
generatrix a be inflexion-generatrix of K, with plane a as its inflexion-plane, and 
point a as inflexion-point, a is self-conjugate ray, and a passes through p. 

Then points p and a are singular points of the cone K, and therefore common 
points of intersection of all its self-reciprocal curves. - 

The two other inflexion-generatrices b and c lie in a plane $ with a, and 
the.nulplanes of b and .c, 8 and y resp. form two plane pencils with ?' and ¢ 
as axes. b'and c lie in x, but none of the planes @ and y passes through y; 
hence they intersect the inflexion-planes 8, and y, of cone K length b and c in 
three points of a straight line, infinitely near with each other. -That means, the 
tangents of the self-reciprocal curves on K, léngth b and c, are stationary tangents. 

Let d be the double generatrix of K, with 2, and ô as tangent planes. - 

The conjugate rays œ of the generatrices x of K lie in the plane x and 
envelop there a curve € of 3" class and 4** order, which passes through p and a, 
and has in p the tangent p. This curve has the points ab'¢ as cuspidal point, the 
rays ab/c as cuspidal tangents, and d/, the conj ugate ray of d, as double tangent 
with b, and b, as tangent points. | 

Through every point r of K passes one, and only one, self- “reciprocal curve 
which has the connecting line a, of r with the point of intersection 1’ of £ and €, 
the nulpol of £, as tangent. In the infinitely near tangent plane £, the point of 
the self-reciprocal curve is derived again by its tangent x, intersecting 1; and €, 
etc., and so the selfreciprocal curve C is produced by a line which, lying in a 
tangent plane and intersecting curve Œ in the nulpol of is tangent plane, 
describes a developable surface. 

This curve ‘C intersects plane x in a and the triple point p, where x oscu- 
lates C. Any plane e through p intersects K in three rays x, y, 2, and each of 

- these contains a point r, ÿ, 3 of C, while p is the fourth point of intersection of 
e with.C.- | | 
. Hence C is of the 4t* order. 

From any point q of x pass three tangents 2/y'? onto Œ, which each deter- 
mine an oseulating plane of C. ~ is osculating plane also ; hence 

C is of 4*^ class. | 

` The osculating developable of C intersects the osculating plane x in the 
curve € of 4% order, and the tangent p, counting twice. Hence 

| C is of 6*^ rank. o 
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A stationary tangent must be produced from p by a stationary or inflexion 
plane. K contains two such planes (besides a), 8 and y, Hence 

C has two stationary tangents, etc. 

Therefore, 

“ C ds the rational quartic with two stationary tangents,” and 

“ Cone K contains a pencil of sy pis which pase through a and 
osculate each other in p.” 

“d is the one trisecant chord of C." | 

“From all the points x of any generatrix £, of K d the quartics are produced 
upon 7t by one and the same plane cubic with double points. | : 

. Hence, given one twisted quartic C, on .K; all the others can be oc 
by producing the curve of intersection of x with that cubic cone which projects 
C, from one of its points r,, from all the other points of the same generatrix E 

Besides in point p, the double ray d intersects any self-reciprocal quartic 
C in two points b, and ô. Producing C from d, we derive a cone A, which 
has d as double generatrix, and in d, plane à, as common tangent plane with K, 
while it has plane [bp] as other tengent plane in d. Hence, its other curve.of 
intersection is only C. 

Through any point? of d pass two quartics C, a C;. The one » has its 
tangent in à, the other in à. They are produced from » by cubic cones which 
have d as double generatrix with one common tangent plane Cp] and as other 
tangent-plane à, and 9, resp. 

Remark: A rational cubic cone contains a quartic pencil if the nulplane of 
its centre is tangent-plane, and, besides this, intersects in an inflexion genera- 
trix; a rational cubic cone contains a cubic pencil if the nulplane of its centre ` 
intersects in three inflexion generatrices. 


ogra PENOIL ON A QUARTIO CONE. 


Projecting a self-reciprocal quartic C from an outside point p by a rational 
quartic cone K, we derive on. K a pencil of self-reciprocal-quartics. 

' Perspective-cone K contains three double rays d,d,d,;. ` The nulplane x of 

p intersects C in.four singular points abcb, with their nulplanes a9y8 as inflexion 

: planes, and. abcd as inflexion generatrices. K contains two farther inflexion 

planes 7,7, with inflexion generatrices 44, which contain the stationary tangents 

ofthe quarties. The cone K is of 4*' order and of 6™ class, and the tangents of 
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all the self-reciprocal quartics intersect x.in the points of a curve € of 6** order 
and 4*' class, with six cuspidal points abcd 4, and three double tangents dijdjdj. 
This pencil of quartics shares the property, that all the generatrices of its 
perspective cone K are intersected by the quartics in perspective ranges of 
points, with their centre of perspectivity in x; all the tangents of C along a 
generatrix z form a plane pencil with centre on €; allthe quarties C are pro- 
duced from the points r of a generatrix x by cubic cones which intersect x in 
one and the same cubic curve of 4™ class, etc. 
E The greatest number of common points of intersection of two self-reciprocal 
quartics or their greatest number of common osculating planes is five, four of 
which must lie in a plane x, the nulplane of the centre of their perspective cone 
of 4% order K, which sends a double generatrix through the fifth common point. 


819.— Te n**. Pencil. 


The self-reciprocal n^ can be construed as partial curve of intersection of 
two rational cones of (n — 1) order, which have their centres on the nt° O, or 
of two rational cones of n™ order. ; 

For, the constants of the nt° being given in $2, the onda of its project- 
ing cone of (n — 1)'^ order from one of its points are known, and on this cone of 
(n — 1)* order K an infinite number of n*** can be produced either by the infini- 
tesimal method or by intersection with (n — 1)!'* cones with the centre in one of 
the generatrices of K. 

K contains a pencil of self-reciprocal n, 

From an outside, point p a self-reciprocal n** C is produced by a rational 


perspective-cone K of n™ order and 2(n — 1)* class, with (n — a= 2) double- - 


generatrices, and n + 2 (n — 3) = 3 (n — 2) inflexion planos K nop n of 
which lie in the nulplane x of the centre p, the other 2(n — 3) produce the 
' stationary tangents of C. : 

This cone K contains a pencil of selfreciprocal n"** C which intersect each 
other in n singular points a, b....'of the plane x, the nulpoles or osculafing 
points of the singular planes or common osculating planes a, 8 .... which inter- 
sect each other in p. ini 

Two self-reciprocal n*** never contain more than (n + 1) common points of 
intersection, with common osculating planes. m of these points always lie in a 
plane x, while n of the common osculating planes pass through a point p. 
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All the self-reciprocal n*** O of the pencil intersect the generatrices of cone 
K in.perspective ranges of points, with their centres of perspectivity in plane x, 
the nulplane of centre p. 

The tangents of all the nf of the pencil intersect plane z in the points of a 
curve € of Lm 1)" order in x and n*' class in x, with 3(n— 2) cuspidal 
points, a, b, . and the traces of the 2(n — 3) stationary tangents, and with 
gum ns (2) double tangents. 


m ihe tangents of C along a generatrix z form a plane pencil with centre 
on €. : | 

All the n" C are projected from their points of intersection r with a gener- 
atrix x by cones of (n — 1)* order and 2 (n — 2)'^ is which intersect x in one 
and the same curve of (n — 1)‘* order. 

All the n*** C are projected from all their Qon upon the plane x by the 
curves of (n — 1)" order of a 1-dimensional system of (n — 1)(n — 2) order and . 
2 (n — 1)(n — 2)" class, with the curve of 2 (n — 2)™ order and (n— 1)* class € 
as envelope. 

Hence all the curves of the nt° pencil can be produced as the curves of 
intersection of 2 (n — 1)"* cones, E and H, which have their centres in the points 
x and ÿ resp. of two generatrices x and y of K, have the rays of the pencil in : 
plane [xy] with centre in x resp. in common, and project the same two curves 
of (n — 1)™ order and 2 (n — 2)™ class in x resp. 

Multiple perspectivity does not exist amongst higher curves than cubics. 
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A Classification of Logarithmic Systems.” 


By Irvine STRINGHAN. 


Though the graphical representation of logarithms by means of the loga- 
rithmic spiral is well known, I am not aware that any attempt has been made 
to use this curve, properly defined as a geometrical locus, as the means for 
defining the logarithm and demonstrating its properties. The problem turns out 
to have not only its geometrical interest, but also some importance for analysis 
in general, giving rise to what I venture to call gonic systems of logarithms, 
whose moduli contain an angular determiningelement, and leading, through 
their introduction, to a classification of logarithmic systems. 


Construction and Definitions: The Gonic Systems.—In a circle whose radius 
is unity, the diameters through S and T are fixed, OR turns about O with a 
constant velocity, @ moves along OS with a constant velocity, P along OR with 
a velocity proportional to its distance from O and is supposed to cross the 
circumference of the circle at A at the instant 
when @ passes O. Let the velocities of 


Pin OR at A—2, 


Qin OS =u, 
Rin ARS =. 
Let i OM = x, MP = y, OP=p, 


ON =u, NQ =v, OQ =q, 
ON! =u, NQ=v, arc AS — Q, 
uj + =m, arc AT— B, 
OT= cos B + ê sin B = cis 8 =e. 
OX is taken as the real axis and 1 3 
-z=g+iy, w=u tiw, i=V—1. 





. The condition tan ($ — 8) = o/A is assigned arbitrarily ; and this, together 
with u[^/ 2? + o o = m, by elimination.of o, gives also ` 


m = u[2.cos (p — 8. - i 


* A paper read before the New York Mathematical Society, November 8d, 1891. 
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Thus m—as is ‘seen from its value in terms of A, u and w—is the ratio of the 
velocity of Q in OS to that of P in AP at A, and—as its value u/A. cos (p — 8) 
shows—it is also the ratio of the velocity of N’ along OT to that of P along OR 
when Ris at A. 

Since the rates of variation of u! and 'p, so long as m remains constant, main- 
tain their ratio to each other undisturbed, namely, the ratio m/p, the fixing of 
m fixés their relative values. Hence m, and 8, which is independent of m, are 
assumed to be constant for all corresponding values of z, w, in any one system. 
of logarithms, whatever the value of $, and fix the system, while A; u, o may . 
vary subject only to the conditions 


u// 4 + a = constant, tan (o— B) = 0/2. 


The terms modulus, logarithm, base, and exponential are defined as follows : 
1. me is the modulus of the system of logarithms. 
2. The difference OQ — OQ is the logarithm, with respect to jodu me, 
of the ratio OP/ OFP, wherein P, P' correspond to Q, Q'. In particular OQ is 
the logarithm, to modulus me, of OP. The symbolic definitions are: 
| | w— w = log™ (2/2); 
w= log s* 


By assuming that P passes A at the instant when Q passes the origin, so 
that to u = v = 0 correspends y — 0, v= 1, we take advantage of the conve- 
nient relation 

| log*?1 = 0. 

3. In any system of logarithms the value of z, for which w = 1, is the base 
of the system ; it is here denoted by 5,. 

4. The value of p, for which w = 1, will remain Pu and indepen- 
dent of 8 so long merely as m is constant. l 

Denoting this value of p orb b, we define z symbolically as a function of w 
W^ the identity 

= = pe. 
The expression 5? is here called the exponential of w with respect to base 5,. 


*Ihave elsewhere written this in the form "log z, but this notation is sometimes used to denote 
logarithm with respect to base me (see Harnack, Diff. u. Int. Rechnung, p. 18). It seems best therefore 
to abandon it in favor of & notation that has not been already used by FAR authors for another 
purpose. 
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The Law of Metathesis.—The value of m being unchanged, suppose u changed 
to ku (k a-real quantity), then u/ 4/2? + oe becomes ku/ ^/ 2? + @.e — kme, and 
q, w become kg, kw, whence 

Iw = klog'"?z 

= log, 

and .. also = kn logs. 
More particularly | | 
| f w = logí"?z = m log®z, 
from which, by putting w = 1, and correspondingly z =b., we obtain m in the 
form . 

m = 1/log®%b,, 
and the bnn function in the consequent form . 

EM 
LE (me), — 

When now for zin this last equation we = eis its. GE equiva- 

lent 8”, the formula thus obtained, 

w log, = log?b?, ` 
expresses the law of metathesis, if I may so call it, for the natural system of 
logarithms with compléx modulus. For logarithms in general the similar 
formula 
w log*?5, = logé? 
is obtained from the preceding by multiplying each member by the real quantity 
k, the complex quantity b, representing, in the new system with the new 
modulus ke, any complex value whatever. 


The Law of Involution.—Successive applications of the law of metathesis give 
the following equivalent expressions : | . 
w logbe = w log?9b» 
= log™ (b2) = log (bp)”. 
A sufficient condition for the equivalence of the last two is - 
(Ge = (eye, 
and for every pair of values w, w, there exists the corresponding equation as 
above written, expressing the law of involution. We may therefore omit the 
parentheses and write without ambiguity 
(OF) = OP a ew, 
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The Addition Theorem.—The definition of the logarithmic function states also 
in substance the addition theorem; for the equation of definition is 
w — w = logí**z — log™ 7 | 
_. Slog (2/2), 
which is the form of the theorem for w— w. In order to obtain the form for 
‘w+ w, we write in the last equation w = 0, whence 
— w = log™ (1/4); 


but | +w = log", 
~ w + w = log" + log". 


= log™ (2.7), 
which is the form required. 


The Indes Law follows as a corollary from the addition theorem. Thus if 


-g=bep J=, 
| n w= log™s, w = log" 
and. ged = be. Dr. 
But ^. log? (2.2) = logs + logi"? 
| = vw 4 w, 
z.g = betw 
= br.bY, 


which is the index law for multiplication; and the law for division is deduced 
by a repetition of this process with the signs / and —. 


The Agonic System: B = 0.—The special value zero for the modular angle 
AOT eliminates the imaginary term from the modulus and introduces ihe ordi- 
nary system of logarithms, whose equations of definitions are 

w = logs, z= BY, 
or as they may now be written without ambiguity, 
w —logí?;, z = b”, 


The original systems above described, whose modulus involves an indè- 
peñdent angular element, will be here referred to.as gonic systems; when special- 
. ized by the omission of this angular element it will be called the ordinary or 
a-gonic system. 
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The laws of operation in the a-gonie system have their expression in the 
formulae already deduced for the gonic systems, with 8B and e everywhere 7 
dropped out. The geometrical representation is obtained by turning the figure 
TN'OQS backward through the angle AOT, so that T, S fall into the positions 
A, S'. The new $, say Q', = arc TO = arc AS’, the new modulus 


= u[ v 2? + = u[A.cos Q! = m, 


its former value with the factor e omitted, no change in A, u, and o having 
taken place. Thus the motion of P remains intact and the new Q moves in the 
line OS" with its former velocity. Hence the values of z in the two systems are 
identical, while w in the agonic system and w in the gonic bear the relation to 
each other, i 
w = w cis B — w'e, 
and we may write . 
w = log z= e log™z. 

Since e is independent of m, this equation, together with 

k log™?z = log" 


previously demonstrated, expresses the law: To multiply the modulus of a loga- 
rihm by any quantity has the efect of multiplying the logarithm itself by the same 
quantity. i | 
The corresponding equation in terms of the exponential functions, namely, 
b? pe 
gives us (by the law of involution) the value of the gonic base b, in the form 
b, = b1, 


The value of b itself, expressed in terms of m and e, the base corresponding to 
modulus 1, is obtained in like manner from the inverse of the equation 
1/m = log(%,, namely, from 
. b, = e^ = gm, 

giving | b ze, 

A second agonic system is obtained by putting f =n. Its modulus is 
— m, its basè 1/b, and its logarithms are the negatives of those in the systems 
whose modulus and base are + m and b.. In every other respect the two 
systems are alike. l 
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Linear Systems— When the angle TOS = 0, the corresponding values of 
function and variable are w= q cis 8 = qe, and z= p a real quantity; and the 
relation between p and q is expressed in either of the forms 


w= qe = log?"p, z= p = bf, 


belonging, when @ is not zero, to a gonic system. @ moves in OT with the 
velocity u, P in OA. with the velocity Ap. Hence in a gonic system the loga- 
rithm of a real quantity is, in general, complex; though iu particular, when 
B = + n/2, it is a pure imaginary, 
When 8-0, the condition $ — 8 makes angle AOT= angle TOS = 0, 
w=9,8=p, o=0, m=u/A} e= 1; and the relations between p and g are 
| g —log"p, p — V. 

. These may be regarded as belonging to the general agonic system, obtained 
from it by making $ — 0, or as the defining equations of the ordinary system 
for real quantities only, whose geometrical representatives are lengths upon the 
real axis laid off in accordance with the logarithmic law: that g varies uniformly 
while the rate of change of p bears a constant ratio to its own length. The 
modulus, u/A, is the ratio of the rate of g to that of p at the instant when p= 1, 
and the base, b, is the value of p when q = 1. This is the well-known Naperian 
representation of the logarithmic function. | 


The Semi-cosine Equivalent of bY. —Returning to the general casé: $ and 6 
. unequal and not zero, and denoting the arc AR by 0, OP is 

. z= p cis0— by. 
Then since the velocity of Nin OT'is u cos (p — B) and that of P in OR is Ap, - 
while m = u/A.cos (p — B), the relation between ON’, = w and OP, = p, two 


real quantities, is that of an exponential ` to its oger tam; with respect to the 
modulus m; that is, 


v = log™p and p = b. 
And again, since o = À tan ($ — 8) and m = u/A.cos (b — 8), 
“. mo = u sin ($ — B); 
but o and u are the rates of change of 0 and q respectively, and ii 0, o= 0 
are simultaneous values ; 


. m0 = q sin($ — 8) = 
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and | | v! 


——. 
; m. 
Hence | | b? = p cis 6 
c dto 
| m 


‘or also, introducing me and b, in place of m and b, and substituting for w its 
equivalent sw + dev’, : 
me 

or again, replacing u’, v by their values, u cos B.+ vsin B, v cos 8 — usin Q, in 
terms of u, v, Q, oe 
| putte — pu cose tosina gi, 7 008 — u Bin G 
i i i m 

When @ = 0, this assumes the familiar form 


or: à v 2. v 
phe b" (cos 7A + isin n) 
m m 


The Derivatives of the Logarithmic and Exponential Functions. = definition, 
the rates of change of p, g and 0 are respectively 
d Eu geo | 
in which ¢ is taken to represent time. PAE: + and w, expressed in 
terms of p, g» 0 and $, we have | 
de — d(pcis 6), 
= (dp + ipd) cis 0 
= (Ap + ipo) cis 0. dt, 
and . |. dw = d(q cisQ) 
' | ^m dq.cis $ 
= u cis .dé, 
.dw | u cis 
p (^ + io) cis 0” 





and since o = À tan ($ — 8), 
| dw _ poise cos (p — B) 
` da  qQAcis($ — 8) cis 0 


_ gcos (p — 8) cis B 
= . Aw 
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thé formula for the derivative of the [OPIDO function. Hence also, for the 
exponential function, "E z 


AEN EN 
i dw  .me 
= pe, log®b,; 


for” it häs been shown that: 1/m = log, =< log. 


The Locus of P.—The rates of change of p and 0 are respectively Ap ando, | 
= À tan ($ — 8); hence by the definition of a logarithm, in real quantities, 0 is 


c the logarithm of p with respect to the modulus {at tan ($ — 8 = = tan ($ — 8); 


or, in equivalent terms, . 


0 = tan ($ — B).log® phos | 
which is the equation of the logarithmic spiral. Because pd6/ dp = tan (b — 8), 


| this curve crosses its radius ‘vector at an angle ES TOS. 


The Sine and Cosine Bn GG —An obvious generalization of the formulae 
“of the circular’ and hyperbolic functions is obtained by RU as definitions 
ofthe generalized sine and cosine; the functions . ; 


$0 — E7”), | re i dee. 


Eur os be ‘denoted for ike moment by sinb, w and cosb, w respectively. Well: 
known substitutions and reductions then lead to the following formulae : 


b? = cosb,w + e !sinb, w, 
bz” = cosb, w — e~ sinb, w, 
cosb? w — — sinb? w= 1s 


sinb, (w + w) = stab, w cosb, w + cosb, w sinb, w, 
cosb, (w + w/) = cosb, w cosb, w + e^? sinb, w cosb, w, 


from Ed others are easily obtained. These include the corresponding formulae 
in hyberbolic and circular functions a8 special cases, b. = e and e= £z! giving the 
hyperbolic, b — e and eic —i the circular forms: 

BERKELEY, August, 1891. "5 


| Corrected Seminvariant. Tables for. the Weights 11 & 12. Kx 


: By Pnor. T" 


The fables in my paper, désirent Tables,” À. M. d. t. VII iens pp. 

© 59-73, are not in the best form, but the deviations present themselves only in a 
few columns of the tables for the weights 11 and 12, viz. in the former of these 
-two columns, and in the latter a single column, ought to be. replaced by linear 
combiriations of other columns; there are besides columns which should be new | 
‘named; in regard hereto ‘there: is a point of theory which. requires to be made: 
clear. I remark that in each table the literal terms are in alphabetical order 
(40); this is the proper order for the final terms, and although (as about to be 
explained) the proper order for the initial terms is the counter order (CO), yet : 
as the tables cannot be at the same time arranged in thé one and the other order, 
I adhere to the AO as-the proper arrangement for the terms of the tables ; we 
have, however, to introduce the notion that in géneral it is not the top term of 
a column which is to be regarded as the initial term, and in connection herewith | 


to consider how the columns are to be named. An instance first presents,itself.  : | 


for the weight 11:.we have, see, column 5 of the table for that weight here . 
given, a seminvariant | 


fg + 1 
bj 
bet 

_ bdh 

_beg— 5 : 

bf? — 
ch — 16 

. a+ 70; 

this is to be regarded, not.as a seminvariant fg — e, Gua is hardly necessary .. 


to remark that, pore and ‘elsewhere the — is not.& minus sign, but a mere ' 
' "99 | 
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: Stroke), “bat as a seminyariant c *h — be, viz. oh is a dem entering into the | 


seminvariant, and which, although it is in AO subsequent, it is in CO precedent > 


to the'terms jg; beg and bf*. . The séminvariant contains the terni: — 166°% and 
- other terms with the letter A, and it isa misnomer to ‘call it P be, à name 
implying that the highest letter thereof is g. Instead of the ‘stroke, it would - 
‘perhaps be better to write oo, for instance c/o» be, where of course œ would 
be used as a mere conventional symbol. 

: For greater clearness I give here the express definition of 'eounter order, 
(CO); viz. whereas in AO we begin with the lowest letters, in CO we begin 
contrariwise with the highest letters. À term containing a higher ition: or 
higher. power of such letter. precedes a. term containing a lower letter or lower . 
| power of the same letter—or in the easiest form, the counter order is the alpha- 


. betical order cor responding to the reversed arrangement Beo edi e, b m 


of the letters. 


A symbol as above ch — Lr may be regarded a8 referring i5 a set of terms " 
Ch, Ue and all the terms. which are in CO subsequent to ch: andi in AO preóe-. - 


` dent to bie: ag by supposition the terms are arranged in AO the set includes no . . | 


term lower than 5%’, or say.the bottom term be is also the final term of the set, 


+ but it does include terms fg, beg and bf* higher than eh, and thus.the top term. 


Jg is not, but ch is, the initial term of the set. It should be remarked. that a 
. seminvariant ch — be need not include all the terms of the set as just defined, 
. there may very well be terms with a coefficient zero, or say accidental zeros : an 
- instance presents itself, weight 10, where i in thg column eg - bd? wé have Océ, | 
no term in cé. 
The changes actually required are verÿ slight, viz. 
Weight 11, instead of : 


fa — be, we require eh ye, old fg — bë, new named, 


"dA bP, c . fg — bd}, linear combination (fg — ote) +8 (ch -— Ba), 
dé, Of - — Bb, old dé — bd}, new haned, 
Cf— Bot, dé — bt, linear combination (de — Be) + 6 (ef — Be 9). 


| ' Weight 12, instead of ; 
sf — bed, we require d'g.— bed, old of? — bed, new named,- ; 
dg—cd, 5 cf? — ed’, linear combination (cf°— bed?) —5 (d g— cD); | 
but I have thought it’ desirable. to give the complete tables.for the weights 
in question, 11 and 12; and I have also rearranged the'entire columns of the 
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two tables 80 .as to poai in exi of them the finals in 40. This is the cage ` 
with the oxisting tables, except that in the table weight 10 there is.a single 
transposition. "Instead of the columns.cdf— bd*, cé — &, we ought to have 
ce — cb, Mr bid. The complete. list up: tothe weight 12 is 


vL. w=} 














| w= ps 
-g| e =p | 79. Ilm —gi- 
seo) pen 4 
E e —e 7 , Ls 2 
Ed e E X mee 
5 f — be A g? — 0762 
. [ed —b ceg ^—d* 
ee S per 
; cg —'o8 ETE m 
d^ bica 10 Mi — iq? 
cs —b* | - cdh Sn 
Le def — b:d* 
7 Vene A e — bicig’ 
de —b*o? c'es — c$ 
eid —b* EN SUCHE 
ne | gen rr mee piga B : : : € —D*c 
c Jue EE ai 
di piqa ce — bte’ IA | p E 
e? og AE c'®— bte? ` LEE PCT he eda pd de 
A oy um s E 5 .— ple t | B ; PC — pi À 
— bto En out . . 
M cee. zum : DO d gr de 





(5 The two new tables are as ‘follows : ‘some accideñtal numerical érrors have 
been corrected. T: mE 
EON Wammr1l. . + T 
1.2 3 4 5 6-7 8 9 16 HM 12 13 14 
| 2 [og | ai | oh lon] fg | cap | cag | dS | otf | de | ede | cd? | cta | 





— 4 l 
2 5— 5 

+ 8- 6— 6 

— AF pit 2.- T 

— 6+. s+ F i= 3) 

--10|—100|—100— 34 eF i| i: 

— 5+ 6oj+ e+ 2 4— iT dm 1: 


T +8) (7 

. Jk 8H-920— 48+ 8|- 
.20 pop 4|—. 18+ -40 — 1 
1 2 8 4 B 6° 7 


10 























8 


12:18 14 
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TABLE, WEIGHT 11.— Continued. 


i 2 8 4 5 6 7 8 9 40 dI B’ 








a bo O0 ato bo HR | 
FHP FT E+ 
co BEE SS wo 
| + 
& & 
LT 
at QT Co n to 
























BSoa 





T+ Flt 











ao à 


+ | 





| 














[ ars | de | boaa | cd* | b*e* | b*d* |bc*d*|b*ed*| bee |0583 | 5804 | bros | ro | b11 





636 L188 -L70 2192 -064-1640 87 +170 +43 +278 4192 3-85 +98 +48- 
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| TABLE, Were 12 CC | | " 
1 2 8 4 5 6 7 &. 9 10 n d8 18 14, 15 16 I7.-18 .19 20 21 


ceg ET d?g | of? | cdh | def | 6% |0302 | og | cd?e exar! dt | ote lcd? | ct | 


































































































od 
62l-- 42/4 3]— 40,— AF 1 
—. 3 - : i . : i E 
+ 16 — 45 | pie | | qo 
+ 80- 12) 301—126 
— l4|— 8|4- 12/-+113|— 12 Pues 
— 154- 34:150. FT e 
ae 8|—400H- 50] | inb. M : 4 J 
< [— 70— 224-700 4-680.— 70+. 1+ 8 — 8 A 
+ aal 24|—420.—675--100— 1 F AFR- 6! 
LOT 24 —570+ 80L— 1 eMe ste. 
— 36| °° -925|—200-- 2 —19— 4 . = 
4 15 —4004-100 1| f+ F 2 — YT ài. | 
rt 7 + 80 : " . N . Ps i 20 
—185. = 2 
+360} 4-200). +4 — 4| 
—630|—525.--100.— 1|— 8 + 8 i 
; +878|-+-336|— 64-- -1-- 5— 2— 2 5| 
| Po M 60! . + ‘4 — 12 
+350 —200 + 2|— 4|— 80 +4. 
—105'4 20]—. 2+ 2H- 87|— -8|—- 2|— 54 
_280|+320— 2| |+ 46H- 16 m " | 
i H-175—200|+ 2 — 49j— 4 114|— - ` NI 
oo 1- R34. ec Jed deed ost 
—900-- 2-+ 8l— 49|— 4j— 64+ 54 : | ME 
| 4125|-- 1 s|— 32|4- 280 PH E a 
Su ONE TRE ke — 8| . [+ Oll— 44 —842-- 54.— 2c 
Jt |- 32+ 18) ^ +135 — 27+ 1. 
B + Yd . 
| 4 +% as m 
" 414 20 — 4 1 
— 2184 124- 2-4 6 
+ 4i— 15 — 60 g= 
- |- 8|— 24 — 24+120/ +218 fie 40 
M E £ B H- 45|— 30— 75.—900-- b4|— 2} 
+ 
|— 
a 44 c 
at 
X — 
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1..2 8 4 6. 6 7 8 9 10 1, 12 18.14 15 16 18. 
ck | a | dj | f^ | g* | cag 6462 | eg | cde | e*df | dt | ote | cd? | of. 
l + 8 
= o + 8 
IR EN MT + 1 
| E ; — 6 + 24 
| | | — 4+ 9H 10+ 30 
—|— : + ia i+ à (| 
: E + 24 2 7—75 — 4 
MENS + 4+ 12—.9-- 6H 30+ 3— 8 
a — “4+ 84- 14/4 48|j— 48+ 2 6 
oi + 1 2 .H- 2H-18— i-- 4T i 
“——~|— i1[- 4|- 16 p^ ; 
+ 8 — 21 
— 1l 4—15 : 
— B+ s+ 60 6}. 
zum ft + 2+ 8 — 48— 31+ 3 
GS CN ET AMD cem TT | Yo— 40-- 68— 6H 22 
px. -E 3-F 12|— 24/4-- 3.— 15— 6 
PES cete cn ees E + 6. 
4 — 15 . |—4- > 
ME NM NE iL i0 10— :3— des 
aa eee OR F CE 
i Me m "o HE 2-84 21+ 15 
Ww cc IRAN Sr EST Ha ef 
| | | | + 2) 14j— 20 
: : MET — 3— 9 
1 ET FT à NE 4 : 
EU CIE NHAU XA ec un. ME ILS) 
TUUS l . i 6 
= d PNE al | | HR 
apaa | SCD | AC | attinet | CC | sut | CN | CS | | eee | Meee | | MARC | some | puces | ces | | eC | a 
| g2 | ef l'es |b*f* | bde? | ctoa | d* | D2ce*| bed? | otaa | per | bear |b¢0%d*| ot |b*ed*| 905 | bd? | b*e* | bsos | toa | 13 
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- Sur les fonctions à espaces lacunaires. 


Par H. Porscan£. 


M. Weierstrass dans un mémoire intitulé ‘Zur Funktionenlehre’ et inséré . 
dans.les Berliner Monatsberichte a appelé l'attention des géomètres sur certaines 


fonctions présentant des singularités spéciales. Au lieu de-présenter un nombre 
‘fini ou infini de points singuliers : essentiels isolés elles offrent des lignes singu- 


libres essentielles ou même des espaces lacunaires à l'intérieur desquels elles ; - 
cessent. d'exister. Dans une lettre. à M. Mittag-Leffler, insérée dans les Acta . : 
Societatis Scientiarum Fennicæ M. Hermite a retrouvé les mêmes résultats par - 


. une voie toute différente. D’après les ‘conseils de M.. Hermite j'ai entrepris de 
rechercher. de nouveaux exemples de la ae signalée par les deux 
savants géomètres. - 


Tl y a une infinité de manières de définir une. fonetion, et si on ne s imposait 


a priori aucune condition, rien ne serait plus facile ` que de concevoir uņe trans- 
cendante' présentant ‘un espace lacunaire quelconque ; on pourrait imaginer par 


exemple une fonction définie de la manière suivante ; elle devrait être égale à 1 . 


à l'extérieur d'un certain cercle, et cesser d'exister à l’intérieur. de ce cercle. Ce 


cercle serait alors un ‘espace lacunaire. Si donc on donnait au mot, fonctions à . 
espaces lacunaires le sens en qu'il semble comporter d'abord, on pourrait en | 


imaginer arbitrairement une infinité. Il est done nécessaire de préciser ce qu'on 
doit entendre par cette expression, fonctions à espaces lacünaires. C'est ce qui 


est facile, grâce à une conception nouvelle des fonctions analytiques qui a son’ 


origine ‘dans les travaux de. Cauchy et que M. Weierstrass a si clairement 


exposée dans. son mémoire ‘Zur Functionenlehre’ (Monatsberichte, Août 1989, i 


page 12). tos 

Oonsidérons une o série développée ut les puissances croissantes de 4 a — By 
Elle sera convergente à Pintérieur d'un certain cercle C, ayant pour centre:, et 
pour rayon À. Sion nes 'occupait ane du développement lui-même, on pourrait 
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‘considérer Ja fonction définie par la série comme cessant d'exister à l'extérieur" 


du cerele de convergence, et toute la région du plan extérieure à ce cercle comme . 
| formant un espace làcunaire. Ainsi comprise, la fonction à espaces lacunaires ne 
"serait pas une notion analytique nouvelle. “Mais il est un moyen bien: connu 


' " d'étendre au-delà du cercle de convergence le domaine. ot la fonction envisagée ` 
: existe. Si l'on considère un point a intérieur au cercle de convergence, On . 


pourra par la formule de Taylor développer la fonction en série ordonnée suivant 
les puissances de x — x, et convergente à l'intérieur d'un certain cercle C,. A 


i intérieur de C, on prendra un point x; et on, developpera la fonctión en série ^" ' 


ordonnée guivant les puissances de z-— a, et convergente à l'intérieur. d'un cer- . 
tain cercle C,. La fonction se trouvera alors définie non &eulement à l'intérieur ` 


. du premier cercle dé convergence, mais l'intérieur de Ci, de Oy, etc. 


` Pour la plupart. des fonctions qui ont été jusqu'ici l'objet des travaux des 
géomètres, les cercles tels que Ci, Oz, etc., recouvrént tout le plan, soit une fois, | 
soit plusieurs fois, soit une infinité de fois, en laissant seulement de cóté certains 
. points isolés, appelés points singuliers. La fonction existe partoüt, sauf ën. des "a 
points isolés. Jl m'y a pas d'espace lacunaire. ' E | 
Mais il n'en est pas toujours ainsi; il peut arriver que, les eres! Ci, Ce, 
ete., laissent de côté’ non des points isolés, mais foute une ligne, ou méme toute, 
une région du plan.: M. Weierstrass a le premier mis cette vérité en lumiére, ét 
après lui M. Hermite a défini à l'aide d'intégrales multiples. demie des trans- 
‘cendantes qui n'ont d'existence que dans un domaine limité. 
On pourrait citer un grand nombre d'autres exemples de ce fait lyrique. 
Ainsi l'on sait que les fonctions définies par les, séries : . l 


| | ip um pi. 
(et 7 ap (1) + a (2) $ -. pr 


(où $ (n) représente la somme des puissances p% des diviseure de n) : existent 
. qu’à l'intérieur du cercle qui a pour centre l'origine et pour rayon l'unité, n 
‘ en est de même de certaines fonctions que j'ai appelées fuchsiennes. e 

Les exemples que je veux étudier spécialement dans la présente note: pre- 
senteront les particularités suivantes. Le plan sera divisé en deux régions, l’une 
extérieure, l’autre intérieure à un certain contour C. À l'extérieur du contour 
la fonction envisagée sera holomorphe et uniforme (et-par conséquent finie, con- 
tinue, ‘monodrome et monogène). . A l'intérieur du contour elle cessera d'exister, 
La region intérieure ü g sera un uds lacunairé. 
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Je A dans ce qui va suivre que la ligne qui jas C sit en chaque E 
point une tangente et.un rayon de- courbure afin qu'on puisse construire un 
cercle tangent à cette ligne, ayant son centre en un point quelconque de la partie 
du plan qui est en dehers Ae C et de telle façon que ce cercle soit tout entier 
extérieur à C. 

‘Si a est. un point quelconque extérieur à O la fonction’s gera sonate 
suivant les puissances de x — «y; le cercle de convergence sera tangent exté- 

rieurement à'C.. Réciproquement si (x, étant un point quelconque extérieur 
à C) une fonction est développable suivant les puissances de z— 2, de telle 
sorte que le cercle de convergence soit tangent extérieurement.à C, il est clair 
que cette fonction. offrira un espace lacunaire’ qui sera la eos intérieure au ` 
contour C. . m 

| Voici maintenant comment je définirai une transcendante Jota de ces 
“propriétés. Envisageons la série suivante: | 





À E td E ` s 
| DORE JE 
Je suppose : a | 
.1° que la série: ` M Pie à 
| e ME a 0l (2) 


Boit absolument convergent. 
2? que tous les points 5, soient intérieurs à C ou sur le contour C ]ui- méme. 
3 que si l'on prend sur le contour O un are quelconque et aussi petit que - 
l'on voudra, il y: ait toujonra une infinité de points 5, sur cét arc. 
Je pose: 


2 E Eus " 2530 7 : 


La série (2) étant i convergente, on ‘pourra — fp assez a 
pour que À, soit aussi petit que l'on veut. 
Je dis d'abord qué si ay est extérieur à C; la fonction $ (x) définie par la 
- série (1) peut se développer en série suivant les puissances de z — ay, et que 
cétte série est convergente à l'intérieur du cercle qui a pour centre x, et qui est 
tangent extérieurement à O. Si en eHot R est le rayon de ce cercle, -on. aura 
pour tous les points bis 
T 1d, — %| > B. : ^. "Posons fr — a |= 6.2. 
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Pupposons que x soit intérieur au rois qui a pus centre a, et pour Ue 
R, on aura: : i © <1. | | 
. On aura évidemment : 


n= 


T E pes 2 [ (4 Es 
n est clair:. 


: 1? que la série à termes positifs et à double c bids ée . 
zT MEE Ws ied 

Da a 
& (& — 2 : . E j . : i 


est 20 UON SOBNSHESHUS 
. 2° que 





| (a A "" | mod 4,90? 
mod [4. Goel: < mod (æ — a) ` 


Il en résulte que la série à double entrée: 
nu, | Reese. Hox E us | 
L— x d. : 
2 A, i =a) aa rs à (4) i 


n=}, g=0 


est absolument rene et que sa somme est indépendant de l'ordre. dis E 
termes. v - 

La somme de la stie (4) sera donc — M (ey iud que soit l'ordre des termes. i 
On aura donc: 


q=% 


-rosiner à +0 


nca. Cr art. 

J'ai donc démontré à i fois: 

1° que si æ est extérieur à C la série (2) est convergente et la fonction $ (x) 
qu'elle définit est holomorphe et uniforme. 


2° que sia est intérieur au cèrcle qui a pour sant ay. et pour rayon R et 
qui est tangent extérieurement à C, la série (B) est convergente. ` ` 


- èn posant: - 
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dé dis sas cea que dd série (5) est divergente si æ est sur ce cercle ou - 
extérieur à ce cercle et. pour lé démontrer, je suppose d'abord que x, soit sur Ia 
normale élevée à C en tin des points b, au point 5, par exemple... 
"e e me propose de faire voir que le terme. . 


BB 


‘ne tend pas vers 0 quand g tend vers: l'infini ; ; je vais. montrer en effet que. Jon . 

pont prendre. q assez grand, pour que : 

; mod E ae A, (b, — x em < 6, 

is petit que soit E. 
Soit p un nue entier assez grand pour qe: 


R< -y R. 


Supposons en même temps - 
p > k.. 
Décrivons du point To ‘comme centre un cercle de ayon. Hi plus grand que 
E, mais: assez petit pour que tous les points : 


` bos bi, bs, ees > by — 3 b, 1: been been : je * bp 
‘soient extérieurs à ce cercle. On aura: . >> mE 


ysl 


Soit maintenant g un Soni cities assez grand pour que: 


DECORE 





-On aura: 
a=k—1 . n—p- —] E 
-G+D — a Se 
B,— ~ Ae (be — e : D. Ye EE 
i On aura: 


| f—k—l: E | g 
mod Ri(B,— A em aces rat. mE ii X. (en s 


R—=œ: 


smd ger EE qu GE). E Pu 
D Ge ^» ET. PG R zs 7 
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On a donc: | 
Vp lim R (B, — sA du apre) 0. 
Or: 

mod (tA, (b, — 2)- 1*3) = eas s: 
l a est donc impossible que RA, (b mss et par conséquent qus RB, 
: tende vers 0. 
Supposons maintenant que æ ne soit pas sur la’ normale élevée à C en l'un 
` des points 5,; je dis que la série (6) est encore divergente quand: 

EE mod (z — x) > R. EE 


‘En effet supposons que cela ne soit' pas vrai et que le cercle de convergence 
ait un rayon 2 plus grand que E. - Ce cercle de convergence découperait sur le ' 
contour © un certain arc sur lequel, par hypothèse, il devrait y avoir une infinité 
de points 5,. Soit b, l’un de ces points., Elevons en ce point une normale à C 
et prenons sur cette normale un point x, assez voisin de b, pour que le cercle Æ 
qui passe par b, et qui a x, pour centre soit tout entier intérieur au cercle qui a 
pour rayon A’ et pour centre a; cela est évidemment toujours possible. La - 


fonction g(x) pourrait alors se développer en série suivant les puissances de ` 


a — m et; cette série devrait être convergente, non seulement à l'intérieur du 
`. cercle X, mais sur la circonférence de ce cercle, ce qui est contraire à ce que je 
viens de démontrer. 

. Il est donc démontré que ie cercle ia convergence de la série (6) est toujours 
tangent extérieurement à .C. 

Donc la fonction @ (x) est ee et uniforme à Vestérious de o et pré 
gente un espace lacunaire à l'intérieur de ce contour. í 

Je vais maintenant citer quelques exemples de séries satisfaisant a aux condi- 
tions imposées à la série (D. ; 

‘Soit d'abord : 








00 amus up 7 x 
$0 >, _ Mht + Mma T my. S (6) 
(XP 3 Ma +m +. pu M 
Je suppose : 
1° que uj, Use. «Up sont des ninie données de module o plus petit que L 
2° que.a;, mers . à, sont des constantes quelconques. 


3° que m, ts, x. «My prennent sous le signe Z tous les systèmes de valeurs - 
entières positives. e s 
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J ON le polygóne P défini par les conditions suivantes : 
1? Il est convexe. ` i i 
2° Tous sea sommets font parue du système des Soins. y Agee ee 


: 8° Tous les points d4, 05. -. «a, Qui ne sont pas des sommets du polygóne p 


P sont sur le périmètre de ce ae ou à son intérieur. 
“Tl est clair que: - 
.1? La série 


: 3 5 mod Cei La «tige ) 
- est convergente. ; | b eats 
2 Tous les points 


maa F Mas + -o à + M 
My + m+... + M 





sont sur le périmètre de P oubien à l'intérieur de ce polygône. 
. 3° Sour tout segment, si id qul alb de l'un des eot de P, Y a une 
infinité de jene. : 
mu + Mag F- ide my 
m + ms +, E m, 

Soit en effet’ a, a, le cóté di. polygóne consideré, il est clair qu'on pourra 
choisir les entiers positifs m, et m, (et cela d'une infinité de manières) de telle” 
sorte que le point 
nds t ms 
| m, 4m. 
soit situé sur un segment donné du côté ajaz. Pr: 

Il en résulte qué la fonction $(z) est holomorphe et uniforme à oies 
de P et présente un espace. lacunaire à l'intérieur de ce. polygóne. | 

Dans le cas où p — 3, l'espacé lacunaire se réduit au ‘triangle a,agu,. 
. . Dans le cas où p = 2; l'espace lacunaire ge réduit à une > ligne singulière essen- . 

tielle qui est le segment de droite de. 
| Comme seçond exemple je citerai la fonction dont voici l'origine, 
id l'equation aux différences partielles: 


ds s de id " : od 
Eri et rwn "du, — | E : (7) 
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F, F, .... F, sont des fonctions des n variables th, tig... . u, et du para- . 
` mètre x, holomorphes pour toutes les valeurs de x et lorsque les modules de ` 
a, MS. + Up sont suffisamment petits. Elles se réduisent respectivement à 








E quand on y Pa tous les u u. 


Dans une thèse que j'ai soutenue devil la Faeulté des Beiéncos. de Paris le ` LEE 


1% ‘Août 1879, j'ai démontré que si le point x est extérieur au polygône convexe 
P circonscrit aux n points’ Qj, Age re. An, il existe une série S ordonnée suivant. 
les puissances des à, convergente satisfaisant à l'équation (7) pourvu que les ` 
modules de ces variables soient assez petits. Les. coëfficients de cette série sont 


des fonctions rationnelles de x; si on donne aux u des valeurs de module.suffi- `, 


samment petit et qu'on les considère comme des constantes,.la somme de la série 
est une fonction de.z, et l'on peut voir qu'elle est analogue à la fonction @(x) 
définie. par la série (1) et qu'elle présente comme elle un espace Rund Le 
polygóne P est compris ‘tout entier dans cet espace lacunaire. 
On remarquera que dans la démonstration qui précède, il ya. un procédé qui '' 
joue un rôle essentiel. On décrit du point a, comme centre un’ cercle avec un 
rayon AR! pus grand que -. :-, CS 
0 = | a —h| 
et cependant assez petit pour que tous les points 
bo, bi, bg, +++ E ET bs- HETA bees, ss. y 


S MO 


c'est à dire are point b. tels Eque npn k soient tous extérieurs. à cé cercle 
.etque | .- 


CYXuuess R; 


la sommation étant ainsi étendue à tous les indices n 7» p. 
‘Les points | b, sont ainsi répartés en deux catégories : 


<L; 


E “extérieurs au cercle de rayon Æ à l'exception d'un seul, le point by. | 

. 2° ceux pour lesquels n > p qui sont en nombre infini, mais si p est assez - 
grand la sómme des modules des co&fficients correspondants À, gera: aussi petite 
| qu on voudra. ; 


1? ceux pour. lesquels np; Ws sont en nombre fini et ils sont d 
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.  Qest sur la possibilité de cette répartition que repose toute la démonstration 
et c'est pour cette raison qu'elle n'est pas susceptible de diverses géneralisations _ 
que l'on croirait d'abord possibles. i - 

Soit par exemple dans le plan une courbe fermée O.et z. un point mobile 
assujetti à rester sur cette courbe ;- soit œ un point extérieur à la courbe et fe) 
.une fonction. quelconque de z. L'intégrale” 


a. Cp 

z—g ` 

étendue à la un ee C définit une fonction g(x) de x. | On pourrait croire . 
que les raisonnements qui “précèdent lui sont applicables, à condition que 


eue | 
Jona 


soit finie, et que la fonction. (a) admet l'intérieur de om comme espace lacunaire. 
Il.n'en est rien à causé de l'impossibilité. de la répartition dont-nous venons de 
parler. Tl est vrai que cette fonction @(x) reste holomorphe à l'extérieur de C, 
mais non pas que si ay est extérieur à C,le cercle de convergence relatif au 
développement de $(z) guivant les puissances croissantes :de z — zy. soit tout 
entier à l'extérieur de C. Il suffit pour &'en convaincre de ge rappeler que. si x) 


est une fonction quelconque holomorphe à l'extérieur de C et tendant vers 0 . l 


quand le point < x s'éloigne indéfiniment, l'intégrale 


fe) 
Z—% 
prise le i de C est précisémént égale à à 2iaf(z). 
De méme si le point z n'est plus assujetti à rester sur la uud C elle méme 
mais peut prendre une position quelconque à l'intériéur de cétte courbe, si f(z) 
est une fonction continue quelconque de z et da un élément de l'aire limitée par 
. cette courbe, et que z z désigne précisément l'affixe du centre de gravité de do, 


l'intégrale 
uo ‘Aide 
Z— % 


étendue à l'aire limitée par C eds une fonction $(z) qui sera holomorphé 
à l'extérieur de C mais qui n 'admettra pe en général la région. intérieure. i ©. 
comme espace lacunaire. i | 
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“On obtient des resultáte analogues dans la théorie du potentiel newtonien. 
. Soient ue M,.... M, .... un nombre infini de points ‘dont les masses 
My, ms, ^. . . M, Bolent toutes positives. Supposons que la série ` | 


Ya 


E soit convergente; que tous ces points. attirent un odit mobile P de coórdonnées 


: æ, y, et à conformément à la loi de Newton’; que tous -ces’ points soient à 
l'intérieur d'une certaine région R limitée par une surface S; et enfin que sur- 
. chaque Den si ue qu'il soit de cette surface § il y ait une infinité. de ces, 
points. s 
Soit alors Yt y, ide gotas: A ces points strate ' On verrait adok 
par:un raisonnement- tout pareil à célui qui précède, que la fonction V est 
` holomorphe à l'extérieur de R et qu'elle admet cette région R comme. Sepang 
” lacunaire. | ; ; : 

Supposons au contraire que nous ayons affaire non pas à des points attirants 


_ discrets quoique en nombre-infini et infiniment rapprochés les unes des autres, 


mais à une surface attirante, ou à uh volume attirant, ik.n’en sera plus de même. 
“Si on considère par exemple un volume attirant. limité par une surface S 

sans point.singulier et. que la dense’ soft une fonction holomorphe de z,y etz, 

la fonetion V pourra être ploten par continuation analytique à l'intérieur du - 

volume attirant. me 

| . Supposons en particulier une sphere attirante homogène ayant son centre à 

PE Vorigine, ayant pour Hon R et pour masse M. ` Alors on soit que la fonction 


M. 
y- 
VIP | 
loin SILIO comme espace lacunae l'intérieur de la sphàre 


yt + = BS 


peut être prolongée par continuation sanelycane nas au ‘centre même de cette, 
sphère. | 
Tl arrive quelquefois qu on aà envisage aes T en séries de 


la forme &uivante: 
| E = XR), 


| R, (x) étant rationnelle en x. 
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Supposons que ce développement soit convergent à l'intérieur d'une certaine ` 
courbe ©, convergent également à l'extérieur de cette courbe, mais qu'il diverge ` 
pour tous les points de la courbe elle-même. Les développements de cette forme 
ont 6t6 étudiés par M. Weierstrass dans le mémoire que j'ai cité plus haut, ainsi 
que les diverses circonstances que je vais signaler. | l . 

Soit (x) la somme de Ja série à l'intérieur de la courbe C, ¢,(z) la somme - 
de cette même série à l'extérieur de la courbe O. . Il peut se faire d'abord que 
les fonctions (x) et $,(x) puissent être prolongées, par le procédé de la continua- 
tion analytique exposé au début du présent travail, la première à l'extérieur 
de C, la seconde à l'intérieur de C. 

C'est ainsi que par exemple la série de M. Tannery: 


Y a*—1 aid 
LP TI X1 
a pour somme +1 à l'extérieur du cercle: 

[e] — 1 





et — 1 à l'intérieur de ce cercle. Il est clair alors que les fonctions +1 et e 
peuvent être prolongées dans tout le plan. 

- Mais il peut arriver aussi que Jes fonctions $, et $, admettent comme ` 
. espace lacunaire, la première l'extérieur de C, la seconde l'intérieur de C. M. 
Weierstrass cite des exemples de ce fait dans son mémoire et d'ailleurs plusieurs 
des développements en séries de la fonction modulaire présentent la méme 
particularité. | 

Une question se pose alo Nous avons: 


$()mzRG) 00 00 
ple) = 3, (a) 


à l'extérieur de C. Avons-nous le droit de dire que la fonction à: cesse d'exister 
à l'extérieur de- et la fonction Q, à l'intérieur, ou bien ne devrons-nous pas 
plutót considérer les deux fonctions >, et >: comme le prolongement naturel lune 
de l'autre? 

On eii serait d'abord tenté ; mais on renoncera à cette manière de xor si 
Von réfléchit qu'à ce point de vue, une fonction à espace lacunaire aurait dans . 
cet espace une infinité de prolongements naturels possibles. Cest ce dont on 


à l'intérieur de C et 
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." peut se rendre compte par deux raisonnements différents que je vais appliquer à 
des courbes C particulières mais qu'on pourrait étendre, mutatis mutandis, à des 
courbes C quelconques. B. 

Supposons d'abord que la courbe C soit un cercle. 

Soit encore : 

pi(x) = ER, (x), (x) = 2, (x) 
la première égalité ayant lieu à l’intérieur du cercle, la seconde à l'extérieur. 
Supposons que les deux fonctions ¢, et Qe ne puissent être prolongées analytique- 
ment au delà du cercle. 

J'ai démontré l'existence de certaines fonctions que j'ài appelées fuchsiennes 
et tétafuchsiennes qui n'existent qu’à l'intérieur du cercle C et pour lesquelles par 
conséquent la région extérieure à ce cercle est un espace lacunaire. ‘Les fonctions 
tétafuchsiennes sont susceptibles d'un développement dont les termes sont des 
. fonctions rationnelles de z ; ; Je me suis longuement étendu sur ces développements 

dans mon mémoire sur les fondtioiis fuchsiennes (Acta Mathematica, tome 1). 

Soit : - | 


Daosut oeta" 


un de ces développements. Il représenters en général à l’intérieur de C une 
fonction tétafuchsienne qui cessera d'exister à l'extérieur de ce cercle, et à 
l'extérieur de C il représentera une autre fonction tétafuchsienne qui cessera à 
son tous d'exister à l'intérieur de ce cercle. — 

' Dans ce développement H{x) est une fonction iationnelle quelconque, m est 
042 + B. 
ys + s 

Bi tous les infinis de A(x) sont à l'extérieur de C , la fonction tétafuchsienne 
représentée par notre développement à l'intérieur de C n'aura pas d'infinis et, 
aussi que je l'ai montré dans le mémoire cité, on peut d'une infinité de manières 
choisir H de telle sorte que cette fonction soit identiquement nulle. On aura 
alors: | 


une entier et CE rés) une substitution quelconque du groupe fuchsien. 


ZH,(x) —0. à intérieur de C, 
A(x) = O(x) à l'extérieur de C; 
6 étant une fonction tétafuchsienne. 
. Quel serait alors le prolongement naturel de (x) à l'extérieur de C. 
Dons 


Pi = = xh. 
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ce prolongement serait la somme de ce développement à l'extérieur de O, c'est 
à dire $,. | ek Oe : 

Mais « on a aussi à l'intérieur de C 

| Ph = ER, + H,) puisque EH, = 0. | 

Le prolongement naturel de ®, à l'extérieur de C devrait encore être la. 
. somme de ce développement X(R, + H,), c'est à dire $, + ©. 

Ainsi une fonction à espace lacunaire serait susceptible de plusieurs '' pro- 
longements naturels"; c'est assez dire qu'il n'y en a aucun qui mérite ce nom. 

Mais on peut s'en rendre compte encore d’une-autre manière. 

Considérons le plan des æ comme divisé en deux parties par l'axe des 
quantités réelles. Soit /(z) une fonction n'existant que dans la partie supérieure et 
étant partout holomorphe dans cette partie; soit f(x) une fonction n'existant que 
dans la partie inférieure du plan et étant partout holomorphe dans cette partie. 

La moitié inférieure du’ plan est pour f(a), la moitié aprene pour f(x), un 
espace lacunaire. 

Je dis alors que je pourrai trouver deux fonctions up) et a jouissant des 
propriétés suivantes : 

1° Elles existeront dans i le plan, sauf le ine de certaines “ coupures.” . 

2° On aura $ + 4j = f dans moitié supérieure du plan. 

3° On aura $ + Ÿ — /f dans la moitié inférieure. 

4° La fonction $ admettra pour coupure le segment de l'axe des quantités 
réelles compris entre les points œ = — 1 et z = +1. 

6° La fonction } admettra pour coupure les deux autres segments de l'axe © 
des quantités réelles, c'est à dire les segments (— œ, — 1) et (+1, +œ). 

"Sil en est ainsi il est clair que si la fonction f avait un ‘prolongement 
naturel" dans la moitié inférieure du plan, ce prolongement ne pourrait être que 
Jı; car les fonctions $ et 4 existent dans tout le plan et le prolongement naturel 
de f devrait être comme la fonction f elle-même égal à la somme $ + 4. Mais 
J, est une fonction quelconque assujettie seulement à n'exister que dans la moitié 
inférieure du plan. . Une fonction quelconque pourrait donc être regardée comme 
le prolongement naturel de f. | 

Pour démontrer le théorème que je viens dénoncer; j'ai besoin d'abord 
d'établir le lemme suivant. . | 

Soit F(x) une fonction que je n'assujettis pas à être analytique, mais qui doit 
rester finie et continue pour toutes les valeurs réelles et positives de x, tout en 
croissant indéfiniment avec a. 
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Je dis alors que quelle que soit cette fonction F(x), on pourra toujours | 
trouver une fonction analytique entière G(x) qui croisse assez rapidement pour 


que le rapport : 
E 
| c G (x) 
tende vers 0 quand z croit indéfiniment par valeurs réelles positives. | 
En effet, on peut toujours trouver un nombre positif A, assez grand pour 
que la plus grande valeur que prenne le modüle de Ae) arena x varie de n à 
n + 1 soit plus petite que A,. 
On aura alors (pour E E 1): 


[ro Ax E EV 


. Je puis supposer que A, est un entier pont plus grand que n et assez 
grand d'ailleurs pour que : 





A< (9) 





An — 1, 
Considérons alors la série: 


TSOR 


Je dis d’abord que cette série converge pour toutes les valeurs de x et représente 
par conséquent une fonction entière. Il vient en effet : 


VAYA 


= i tend vers 0 et comme ^ est, plus grand © 








‘Quand n croît indéfiniment 








| : CLADE a g 
que 1 il en sera de même de d 


La série est donc convergente. 
Je dis ensuite que pour les valeurs réelles et positives de w, on a 


| (a) | « G(). 


En effet tous les termes de la série G(x) sont positifs, et l'inégalité (8) prouve ` 
qu'il y a toujours un de ces termes qui est plus grand que | F(x)|. 
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- Il est clair alors que 


> lim 


F(x | : 
zo jio à (pour z= + FA EE O Q ESD. 


On peut tirer de ce lemme divers corollaires. Comme Q(x) est une fonction 
entière dont les termes sont tous positifs et contienment des puissances de x 
dont l’exposant dépasse toute limite, on aura quand. z croitra indéfiniment par 
valeurs réelles positives : 

. lim Gi —0, lim [e = 0 
et par conséquent | DEBE | 
. lim Z(a)e- = 0. 


. Je dis maintenant que si F(x) est finie pour les valeurs réelles de x tant 
positives que négatives et suffisamment grandes.en valeur Shaali; on pourra 
trouver une fonction entière G(x) telle que 


lim F(z)e-99 = 0 


quand x croît indéfiniment par valeurs réelles soit positives, soit négatives. 

Soit en effet Fi(2") la plus grande des deux quantités | F{x)] et | F(—x)| ce 
sera évidemment par définition même une fonction paire Rex a, c'est à dire ne 
changeant pas quand on change a: en: — x. 

On pourra.alors d'aprés le lemme qui précàde trouver une fonction ae) 
telle que | 

lim P(e $e = 0 
pour a? = + o (a? réel positif). 

. Si alors Gi) = G(x) on aura 
| lim Finer tA = =0 
pour x = ck œ n réel, positif ou négatif). 

Comme les valeurs que prend F(a): quand || est suffisamment Brand. E 
influent évidemment seules sur cette limite, il suffit pour que le lemme soit 
vrai que F{x) soit fini pour les valeurs réeles de x suffisamment grandes, il suffit 
par exemple que 70 ne devienne infini que pour un nombre fini de valèurs 
réelles de x. | 

Considérons maintenant la circonférence. M 


|z| 1 | 
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. décrite sur le segment (ei, + 1) comme diamètre et supposons que sur cette 
circonférence que j'appellerai C' pour abréger la fonotion. F(a) n ‘ait qu’un nombre 
. fini d'infinis pon lesquels le point z = + 1. : 
Je dis qu’ on pourra trouver une fonction entière G(z) telle ane 


lim F(s)! ( £59 — 0 


` quand a tendra vers 1 en suivant la circonférence. 
© - Posons en effet 





‘Si æ est sur la circonférence O, y sera réel; si x tend vers 1 en suivant l'une 
des moitiés de la circonférence, y tend vers +; si a tend vers 1 en suivant 
l'autre moitié, y tend vers — o. Si nous posons F(x) = F\(y), la fonction F, 
. n’admettra qu'un nombre fini d'infinis réels. Alors on pourra trouver une fonction 
(y) telle que l 


lim F(y)e = 0 . (pour lim y = + œ) 
on en déduira par conséquent : : . 
lim F(z)e- «625 = o. | € Q FD > 
De même, alors même que F(s) deviendrait infinite pour s= — 1, on pourra 


trouver une fonction entière G'(x) telle que: 
lim (z)e- * GD 


quand a tend vers — 1 en suivant la circonférence. 

Ces corollaires établis venons à la question qui nous 8 occupe. 

Nous désignerons par F(x) une fonction qui sera égale à f(x) dans la moitié 
supérieure du plan et à f(x) dans la moitié inférieure. Sur la circonférence que 
jai appelée C, la fonction F(x) ainsi définie ne pourra avoir que deux infinis, 
v= +i et s= —i. , 

On pourra alors construire les deux fonctions entières : 


oC) a es 








que je viens de définir. 
Boit alors: E 


(a) = oS) - 688 gear, 
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On voit que 6(x) est une fonction de œ holomorphe dans tout.le plan et 
.n'admettant d'autres points singulièrs que deux points singulièrs essentiels 
e=lete=—l. | 

_Je dis maintenant que. . ; 
lim F(x)6(a) = 0 
quand x tend vers — 1 ou vers +1 en suivant la circonférence C. 

En effet. 

F6 = Fe~ eee, 

Si a tend vers +1, Fe tend vers 0 et e~® vers une limite finie; si œ tend . 
vers — 1, Fe~® tend vers 0 et ET vers une limite finie. 


Soit donc 


de”, 


o étant réel; x est alors sur la circonférence O; le produit F(z)0(x) peut ainsi 

être regardée un instant comme une fonction de o. Cette fonction est analytique 

sur tout arc de la circonférence C qui ne contient ni.le point s = +1, ni le point 

x= — 1, et quand x se rapproche indéfiniment de l’un de ces deux points elle 

tend vers 0. Elle est donc développable par la formule de Fourier et je puis 

écrire : EN 
| FY = Xe, cos mo + Xd, sin mo, 

ou bien encore ` | | 

FO = Zaye + Ibne (as = 0) 

les coéfficients a, et b, étant der constantes qu il est aisé de calculer. On a en 

effet : 


2a, = f Poe"edo 
Iba = f Fee-™*do : 


Considérons les deux et 


$(x)0(z) = 20,07” 

ab (ce) O(a) = 2 
Le premier de ces deux die pente est convergent à l'extérieur + la 
circonférence C et sur la circonférence elle-même, mais diverge à l'intérieur de 
cette circonférence ; le second développement au contrdire converge à l'intérieur 
de C et sur la circonférence elle-même, mais diverge à l'extérieur de C. 
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Sur la circonférence elle-même, on à 
p(x)0(æ) + RAS ar +" = — Feble) 
et par conséquent: l 
$(z) + x) = Fa). . 
Pour reconnaître si cette égalité a encore lieu pour les valeurs de a qui 
. n'appartiennent pas à cette circonférence, il faut chercher à prolonger analytique- 


ment $(z) à l'intérieur de C et (x) à l'extérieur de C. 
Nous avons: 


2nia, = 4 f. Todo E » 
niba = à Kf Toe "do = f Fea-*— der, 


les intégrales étant étendues à la circonférence C tout entière. ES je désigne 
alors pour éviter toute confusion par la lettre z un point de la circonférence C et 
par la lettre x un point n'appartenant pas à cette circonférence, il viendra : 


Pina f F((z)g"— ds; imb, =f F(z)0(z)z- "da, 
. et par conséquent si x est extérieur à C | 
Bing (2)O(x) = 2inXa zi" = f FE UE , 


ou enfin: | 
: i Anp(x)0(x) = = fs Eede. 


‘et sia asl au contraire intérieur à ©, 


meos inb." = E Fa) Az- de, 
ou 


F(z)0(z)dz | . 


3— ZX: 


. Size (a) (x) = (10) 


Toutes ces intégrales doivent être prises le long de. ©. 

Ces intégrales ne définissent encore les fonctions @ et 4j, la première. qu'à 
l'extérieur de C seulement et la seconde qu'à l'intérieur de C seulement. - 

Mais on peut modifier le contour d'intégration. 
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.Je représente sur la figure 
-1. laxe des quantités réelles 
AOB, l'axe des quantités imag- 
inaires DOE, et ]a circonférence 
BNEMAM'DN'B qui n'est autre 
chose que la circonférence C. Le 
point À est le point z — — 1 et.le 
point B est le point x = +1. 

Joignons deux points M et N 
de la moitié supérieure de C par 
un arc de courbe quelconque 

Fro. 1. ' i MPN restant tout entier dans la 

Hoik supérieure du cercle limité par C. Joignons de méme deux points M' et 
N' de la moitié inférieure par un arc de courbe C. 

On pout remplacer le contour d'intégration O par le conteur BNPMAM PNB 
que j'appellerai C. | 

Je dis que si x est extérieur à C, on aura encore 


sino (c) = = [EL Fe ae. 


T—8% 





l'intégrale étant prise le long de O', ou en d'autres termes que l'intégrale : 
| f^ F(z)0(z)de 
CST B | 
- prise le long de C! est égale à cette même intégrale prise le long de C. 
Il suffit de montrer que cette même intégrale prise le "ong du contour 
NEMPN ou le long du contour N' P'M'DN! est nulle. 


En effet F(z)0(z) est holomorphe sauf sur l'axe des quantités réelles, E 


an 





est holomorphe sauf pour z= c. Si donc a est extérieur à C, la fonction sous le 
signe f sera holomorphe tant à l'intérieur du contour NEMPN qu'à l'intérieur 
du contour JV'P'M'DN'; ce qui démontre la proposition énoncée. 

Mais l'intégrale (10) prise le long de C', définit une fonction de x qui reste 
holomorphe pour tous les points extérieurs à C", et comme on peut rapprocher les 
deux ares MPN et M'P'N' autant que l'on veut de la droite AOB, on peut définir 
ainsi la fonction $(z) pour toutes les valeurs de æ sauf pour le segment AOB, 
c'est à dire pour le segment (—1, +1) qui sert de diamètre à la circonférence C. 

25 - i f | 
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La fonction $(x) ainsi définie est holomorphe sauf pour les points qui appar- | 
tiennent à ce segment (—1 ,. +1). | 
. Je me propose maintenant de démontrer qu’ on aura ponr un point x inté- 
rieur à C 
. 9(z) + dx) = F(a). 

Supposons en effet que le point z vienne en X, c'est à dire à l'intérieur du 
contour NEMPN. L'expression — 2im}(x)6(x) sera égale à l'intégrale (11) prise 
le long de C; l'expression Zin@(x) sera Ar à l'intégrale (10) puse le long de C'. 

Par conséquent l'expression : 

— 9ünÜ($ + Ÿ) | 
sera aie á l'intégrale (10) prise le long de NEMPN qui est égale à Qin F(a)0(a) 
en vertu du théorème de Cauchy, plus l'intégrale (10) prise le long de N'P'MDN' 
qui est nulle en vertu du même théorème ; il vient donc 
$T v= F. | 0.Q.F. D. 

“On définirait de la même manière la fonction (x) à l’extérieur de C. Il 
suffit pour cela de prendre l'intégrale (10) le long d'un contour C" formé en 
remplaçant les arcs NEM et M'DN! de la circonférence O par deux arcs de courbe 
quelconques N QM et M'Q'N' situés en dehors de C et ne coupant pas l'axe des 

‘quantités réelles. On pourra alors choisir ces deux arcs de courbe de telle façon 
que le point æ quel qu'il soit se trouve à l'intérieur de C". — . 

L'intégrale (10) prise le long de O” est alors égale à — 2izw(x)0(z) ce qui 
définit la fonction (a). 

On verrait aussi que (a) est holomorphe dans tout le plan et qu'elle n'admet 
d'autres singularités que deux coupures qui sont les deux fien = o, — 1) 
et (+1, 4 0). 

On démontrerait d'ailleurs par un raisonnement identique à celui qui 
prede que l’on a à l'extérieur de C: ` 


g+U=F. 
Cette égalité a donc lieu dans tout le plan ; c'est à dire qu'on aura 
(e + dE) 
dans la moitié supérieure du plan et E 


plz) + (x) =H) 


dans la moitié inférieure. | ORD. 


e 
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Les fonctions $ et 4j ne sont d'ailleurs pas les seules qui jouissent de cette 
propriété. Si en effet A(x) est une fonction de w n'ayant d'autre point singulier 
que deux points singuliers essentiels + 1 et — 1, la fonction $(z) + A(x) n'aura 
d'autre singularité qu'une. coupure (— 1, 4- 1) et M fonction (x) — A(x) n'aura . 
d'autre singularité que deux coupures (—79,-—1)et(-- 1, +). | 

On aura d'ailleurs dans tout le plan : 


[$(2) + A(2)] + De) — A(z)]— F (s). 


On the Computation of Covariants by Transvection.* 


By Emory McCrinrock. 


Let A= Aga? + ay + a ah +... + Ay and B= Bax? + Bam y+... 
+ 8,7" be covariants of the quantic U = aa? + nba? y + 4n(n — 1)ea^ —*? Le 


If a,, ¢ a, represent E i operating only on A, and £,, 8,, represent g 


dx’ de’ y 
operating only on B, then, k being any number not greater than either 7 or m, 
(A, B), = (ay — Ba) AB, . (1) 


veis (A,B), represents thé £^ transvectant of A and B, itself a third covariant, 
which let us denote by C — (agi EME Lp gen $i 1y +... That the effect of 
this operation of transvection (''ueberschiebung") is to die a covariant is . 
well known, ás are also the theorems i 0, Ya, = (A+ 1)4,41; where 
X—a$ + oo p aei. cand Y abr "n as 1)egr DE ..; 88 well as the 
' converse theorem that if Xo = 0, pi is, if ARES us dn coefficient 
of a covariant. 

The actual performance of the operation indicated in (1) will effect the com- 
putation of © in all its details. It is, however, extremely troublesome. An 
easier method, no doubt usually followed, is to obtain by that means the leading 
coefficient only, ©, and to derive 0,, 6,,... successively from œ, expressed in 
terms of a, b,..., by repeated applications of the operation Y. For the first 
- step I am usio] to use the formüla 


Co = pAsB, — qp*- TayB,_1 + g®p*— ZUM +. vds q*A.Bo, (2) 


where p=/—k+'1, g=m—k+1, p®t=p(p+i1)(pt 2)...(p+h—1). 
This will be found, on examination, to embody, omitting a common numerical 





* Read before the New York Mathematical Society, Jan, 2. 1892. 
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factor, the results of the operation indicated in (1) for all terms independent of 
y. Something equivalent to (2) must no doubt be employed for the evaluation 
of c, by every one who has to do with the computation of covariants by transvec- 
tion. If we undertake to frame, in terms of Ay, Ag,» .., B, ..., corresponding 
formule for ©, 6, etc., we find them (except perhaps, as.we shall see, when £ —.1) 
becoming too complex for use, and it is easier, as just stated, to derive the other 
coefficients directly from œ by applying repeatedly the operation Y. 

What cannot be done with formule, however, towards assigning the numerical - 
coefficients resulting from (1), can be accomplished by a tabular construction, by. 
the aid of which I find it easy to compute &, 6, etc., by means of 45,41, ..., Bo; -+9 
without performing the operation Y. It is perhaps better to present this method 
at first by a numerical example. Let it be required to calculate the third trans- 
vectant of two covariants of the fourth and sixth- orders respectively. (This is 
the process recommended, for instance, by Clebsch and Gordan for producing 
degree 6, order 4, of the quintic.) Let us call the quartic A, and the sextic B 
(the choice is immaterial), and let us form a table having as arguments at the side 
the coefficients of A and at the top the coefficients of B, the spaces of the table to 
be occupied by the numerical multipliers, respectively, of the product of the 

argument at the side by thé argument at the top, in the resulting expression 
for the transvectant desired, say C. We know that the latter can contain no 


Bo Bc By Bg B, 7 B | Bg 














Ay 0 0 0. 3 12 30 60 
A; 0 0 —3 —6 eu 0 15 
inthe “Ss 5 4 exc o 0 
As ANB. 0 6 ` 6 3 0 0. 
A, —60 —30 —19 -—3 0 : 0 , 0 


expression 4,8, in which g + A « k. All spaces for which the sum of the sub- 
scripts of the arguments is less than.k, that is, less than 3 in this case, are 
therefore filled with zeros. We know that g +h=k for all terms composing 
€, that g + À — ic-- 1 for all composing ©, and so on. Therefore the diagonal 
AgBg... AgBo Will contain the multipliers for the terms of c, the next diagonal 
for those of œ, and so on. We fill the diagonal a,B,, AB, etc, by means of 
formula (2), which in this case (where [— 4, m —6, k=3, p=2, q= 4), 
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deona the common factor 8, gives Cy = 3AB; — 3A,By + 5A,B, — 154. 
These figures being inserted in the table, the remaining spaces in the line 4,, 
at top, are filled successively by multiplying the number to the left by the 
subscript of B for the space to be filled, and dividing the result in the first 
instance by 1, in the second by 2, and so on. The remaining spaces in the 
column 5, are completed in like manner, by multiplying the numiber above by 
the subscript of A, the rule for division being the same. The figures — 6, 4, 0, 
completing the diagonal of 0,, are now obtained by performing both operations, 
and dividing the sum by 1; those completing the diagonal of c, are next com- 
puted likewise, dividing by 2, and so on. Thus, for 4,8, in €, the number above 
(3) is multiplied by the subseript of A(1), and the number to the left (— 3) by 
the subscript of B(3), the results (3 and — 9) added together and divided by 
1 giving — 6. Again, for AB; in &,, the number above (— 4) is multiplied by 
3, and that to the left (6) by 4, producing (— 12 + 24) --4— 3. In all cases, 
the process to be pursued is embodied in the formula 


x= (sa +ér)+r, l e (3) 


where x is the number.required for the space 4,B,, o that appearing in the space 
above, v that to the left, and r the number of the diagonal (counting the first as 
0), or subscript of C. It is obvious that r = s +t—k 

| In proof of (3), we observe that c,_, consists of studiis having subscripts 
amounting in each casé to s-+¢-—-1, and including A, 1B, + TAB]. The 
operation Y, which changes A,. , into ga,, will, if performed on those products, 
produce a succession of products having subscripts of the joint value of s+4¢, 
including among them the form 4,8. Since we have YA, ,-—5A,, YB,_, = @B,, 
YO,; = 70,, it follows that the coefficient of a,B, in Yo, , is on the one hand 
equal to rx, and on the other hand equal to sc + /z, whence (3) follows imme- 
diately. Since xo, — 0, when ©, is defined as in (2), showing that œ is a new 
covariant, the original definition of transvection contained in ( 1)is not necessary, 
when the only object in view is the production of new covariants. 

. If we call the evaluation of (1) the first method of calculation, and the 
repeated use of Y upon the full expression of œ in terms of a, b,... the second 
method, we may explain this third method as equivalent to the cond. except 
that the actual performance of Y is avoided, while -the work is assisted by 
recourse to the tabular form and to formula (3). p 
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When &4=1 (the case of the Jacobian), the table takes a simple form, in 
that all rows and columns must be in arithmetical progression. Thus for l= 4, 
m=6,k=1: 




















Bo B Bc Bg . B, Bs By: 
PEE AE: 2 4 6 8 10 12 
4 —3 —1 1. 3 — 5 7 9: 
4 — 6 —4 —2 $0 ` 2 4 6 
Ag — 9 —7 —b —8 = 1 3 
A, —12 — —10 —8 —6 —À —2 0° 


That this must be the case follows from (1), viz., 


anes ee. 


Here the coefficient of 458, is ig; that of ays, is (L—1)g —(m—g)- lg —m; 
that of A,B, is (1 — 2)g — 2 (m — g) — lg — 2m; and so on, with m-as a constant 
difference, When & — 1, therefore, we are able to lay down a sufficiently simple 
formula, i | | 
a= (l—syt—s(m—1)-iü—ms. ` © (4) 


This is 80 obvious, and the evaluation of Jacobians has been performed so often 
as compared with other transvectants, that it must have been observed repeatedly. | 
The use of (4), however, is less advantageous than the tabular method with 
constant differences. 
The operation (1) produces, as we have just seen in (4), & function of the 
subscripts of the first degree when k—1. Similarly, when &= 2, it produces a 
function of the second degree, and so on. The rows and columns; therefore, 
when k= 1, have constant first differences; when k= 2, constant second differ- 
ences, and so on. While this observation is chiefly serviceable when $= 1, it 
will be found useful for other small values of X, particularly in complicated 
cases. For example, if l= 4, m—6, k= 2, the constant second difference of 
each row is 4, and of each column 10. From the method of forming the 0 row 
and 0 column it follows in ‘all cases that the constant (4) difference of each row 
is the first number in the 0 row, and that of each column the first number in the 
0 column. - | 
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“Since by interchanging a and y the whole process might be performed back- 
wards, calling A; A, By By, etc., the numbers forming our table are always the same 
at opposite points, except that the sign may differ; that is to say, the multiplier | 
for A,B, is numerically the same as for A,..,Bs. ,. This property, together with 
the constant X^ differences, makes the computation of the table a matter of little 

.diffieulty in most cases. It is not, indeed, really necessary to. carry the table 
more than half way. When the evaluation of the resulting covariant has been 
effected as far as it can be by the help of half the table, the remaining com- 
plementary terms can be written off, as usual, by substituting — in the case of the 
sextic, for example — g for a, f for b, and so on. Yet it is safer to carry the 
work.out completely, and to check the results by verifying the complements. | 

When one of the covariants employed is the quantic itself, we may write a 
at the top of the first column, nb (say, for the sextic, 65) at the top of the second, ` 
‘and so on, in lieu of By, B,..., or in addition to those headings. A better way, 
however, will be evoiniied: shortly. We may, of course, in simple cases, re- 

arrange the whole table to suit our convenience, even substituting diagonals for 

. eolumns, and vice versa. For example, I have used this table to compute the 
fourth transvectant of the covariant of the sextic of degree 2, order 4, with the 

sextic itself: 


_ For Op. For o,. For o. 











ae — Abd + 3e e. 2f 

2af.— bbe + 4cd —d — 9e of 
ag — 9ce + 8d? COR 2d e 
2bg — 6cf + 4de —b : — 2e — d 
cg — 4df + 3e ^a - 26 c 


Performing these multiplications, and- dividing throughout by 2, we have 


G= acg — 3adf + 2a —b’g + 3bef — bde — See + 2cd?, 
Q, = — beg — 8bdf + 9be + cf —17cde + adg + 8d? — aef, 
o= aeg — 3bdg + Lg — af? + 3bef. — cdf — 3ce* + 2e. 


We have here, as will be seen, the coefficients of the quadratie covariant of the 
third degree. This sort of table may be used to advantage whenever B — 
quantic and £ — order of A. 
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I have, in the current number (January, 1892) of the Bulletin of the New 
York Mathematical Society, mentioned facts which have led me to believe that the 
simplest expression for any desired groundform, whose source is not that of a 
groundform of the quantic next lower, is that: which is produced, when the . 
operation i8 possible, by simple transvection from the nearest available covariant ; 
using the phrase ‘simple transvection ” ag meaning "transvection with ine 
quantic itself.” ; 

It will be found that for simple transvection the multipliers can be con- 
siderably reduced by incorporating with them the numbers at the head of the 


columns (coefficients of b, c, ...) and striking out common factors. The labor of | j 


doing so may, however, be obviated by applying formulæ different from, but 
derived from (2) and (3). Let s, as before, denote the row, and # the column, ¢ 
being in this case the weight of that literal coefficient of the quantic which: 
appears at the head of the column. On occasion, we may write ap for a,a for b, and 
soon. In thiscase B=U, m=n;q=nt—k +1, By = a, B, = nb, B, = n(n —1)e, 
and.so on. If now we reverse the, order of the terms i in (2), MINE throughout 
by + gt, we have for this case 


è A 1 d : ; 
… Oy = Aya — pA, Sb t 91D Arae Pass (8) 


. Again, if we assume all other numbers in the table to be similarly divided, we 
have the right to employ (3) for the determination of the other numbers, and to 
modify it similarly by appropriate substitutions. In this way we obtain. 


iz (at + ubir, (6) 


where z is the multiplier "desired for m column f£, 4 the number above, 0 that to 


the left, r the same. as before, and y —.n — ¿+ 1. Itis to be observed that zand ~ 


¢ are respectively n(n — 1)... (n — ¿+ 1)/t! times larger than s and c, and that 
0 is n(n — 1)... (n — t)/t — 11 times larger than r. We may say, therefore, that 
(6) is derived from (3) by.making these substitutions and multiplying throughout 
by n(n — 1)... (n — t+ 1)/t!, which leaves 0 with a coefficient t(n — t + 1)/t— v 
Or, we may obtain (6) de novo by remarking that YA, ,—2A,, Ya, ,— (n— t --1)a', 
Y0,., — 70, 80 that the coefficient of Aa, in Yo,_, is on the one hand 7z, on the 
other hand at + aub. 


26 
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The formation of a table for simple transvection may be illustrated by the 
case n = 68, L= 4, k= 2, p — 3: 











0 1 2 8 4. t 8. 

a b . c d e. f g 
A 0 0 6 24 36 . 24 6 
Aj 0 cu —9 —6 6 9. 3 
À. 1l 0 —9  —16 . —9 0 1 
Ag 8 9 6 — 6 —9 —38 -0. 
"E 24 36 24 - 6 : 0 0 


The upper row, beginning with column &, consists of the binomial coefficients of 
the degree n — k, each multiplied by p®; the zero column is formed by writing 
1 opposite Ax, then &+ 1, (k + 1)9, &(E + 1)9, andso on ; and the first diagonal, 
beginning with the space A,a,, consists of 1, p, $p®, and so-on. The columns 
(alone) can be completed or verified by constant #* differences. For another 
illustration, let us take a Jacobian, n = 6, L= 4, um =1,p= 4: | 








0 l1 ^7 3 8 4 5 8 . 
a E e d € f g 
A, 0 —4. —20  —40  —40 —20 —4 
A d — 5  —30 —2% UM  —38.. 
A4 à 8 dió © 210. —8 0-39 
A, 8 14 25 20 Be — 2. se^ 
A 4 _20 40 40 . 20 (4 07 


That case of simple transvection in which £ — 7, so that p= 1, supplies a 
numerical table which may be written down without calculation, and the table . 
may be simplified further by substituting columns for diagonals. (An instance 
has already been shown.) Under the general rule, when n = 6, l= 4, k =i, p=l, 
we should put the table in this form: 











1 357 5 4 5 

a b c d e f 
A 0 0 0 0 1 2 1 
A 0 0 - 0 —1 —2  —1 0 
A; 0. 0 1 2 1 0 0 
A, 0 —1 — 2 —1 0 0 0 
A; L 2 1 0 0 0 0 


MoCzinrook : On the Computation of Covariants by Transvection. 229 


The simplification now in question consists in reducing the number of columns to 
n—1l+1, one column for each coefficient of C in the result; in writing the 
binomial coefficients for the degree n — J at the head of the columns; in affecting 
Ay, åg, ---, having odd subscripts, with the negative sign; in writing a at the foot 
of the first. column, b above it, and so on, the rows being then completed in 
alphabetical order. The illustrative table just given then takes this shape: 











For ® . For €, For & 
xi x2 xi 
Ao e f g 
mi, d e S 
As. e. d e 
—Asg ; b C : d 
l Ay a b c 
The coefficient of c when p —1 is, by (5), Aya — Ar—1b +4, $6 — .:., the numerical : 
multipliers being equal, with alternate signs. But by (6), when the numerical 
multipliers, say for c, ,, are equal with alternate signs, we have 0— — (6, 


Tz = O(u — 8) = O(n — t — 8 +1) (n — 1+1 — r): If n —1, which is the order 

of C, be represented by A, we find thus that the numerical value of each multi- 

plier for œ is 1, for c, is À, for œ is 44(A—1), and so on according to, the 

binomial series, the multipliers of each column. having alternate, and of each 
row the same, signs, as constructed in the foregoing table. . 


E LA 


Transformation of a System of Independent Variables. 


By J. C. FœuLps. 


. Let x,y,7,.... be any number of independent variables; u, v,4p, .. 

- the same number of independent functions of x, y, z, .... and $ any func- 
tion of u, v, w,....; being therefore also a function of x, y, Zes We 
wish to transform any differentiation of $ with. regard to.z, y, z, ... . into 
differentiations of $ with.regard to u, v, w, ... . or in other words to obtain 


j : " d'N/dNv/rdwN : $ ‘ 
for any differential coefficient (5) (3) (+) +++. its equivalent nn 


of the form Y Ay. je ee) e$, where An 2 is a function 


of the differential coefficients of u, v, w,.... with respect to æ,7,#,..:. and 
independent of the form of @. First supposing $ and u to be functions of but 


= : | | saN, ANE a a 
one independent variable z, we will have à) $= Y A) $, an equivalence 


which may also be stated in the form (e ya). where-.A, is a func- ` 


tion of differential coefficients of u with regard to æ and independent of the form 
of Q.' Assume that, a being an arbitrary parameter, we have in any manner . 


obtained an expression: for the »'^ derivative of p™ in the form (drs 
3 Bæ. p“, where B, is independent of a. Since p™ is a particular form of 

i 1 d ý em d : aw — À patt 
spa we will have also evidently (s =) AS)? =). Ae ips 


where A, is the same as in the general case, and being independent of the form 
of is in this case independent ofa. The two expressions for the 7® derivative 


of p™ must be equal and therefore 34e. pm Bar. p". Consequently 
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Va = Ys o^, and since this equatiori h holds for any- -value ofa while also 
the coefficients A and B do not involve a, we must have A, = B,. We have then 
t i) = V4 (s D B (4 du ? . In order now to find the general formula - | 
for the transformation of the r™ derivative of $, we first find the 7^ derivative 
with regard to æ of p™ in the form Y Bag", and gubstituting 7 for a in the 
‘summation of 35e obtain thence a formula which holds in general — 


l d Am r d À | ` | g 

Ge) = 225)- | (2) 
We proceed to find the r°* derivative of p". The coefficient of £'in the expression 
of a function F(x E £) in powers of £ is AG x) F(a) ; consequently AG zy p 
is equal to the coefficient of £' in the expansion in powers. of E of pute tie) 


Ps E P. 
TE Nue y e Gy n (S Du 


o Pi! «Bi 


aw’ t 


prp 
We have therefore 


yh " ud NP. b | 
DES MAC RC anes D E 


where the summation e all terms such that Pit Wet... peppers =r. 





i a a by 7 Zu e hence obtain from formula (1), 


(w’) “(ur | nS -(u) ».. 

Ge) = E. PAROI LEE E ur CHE M , 
where à = p +H pat .... pup eee, tho summation being subject as before to the 
conditions p, + 2p; En. . xp. EE ...: =r. This theorem was first obtained 
by Faà de Bruno,* who - proves it by induction. Proofs have also been given by 
M. Bertrand t and by M. de Presle.] Formula (3) may be neatly expressed i in 











* Annales de Tortolini, 1855 ; ; reproduced in Théorie de Formes Binaires, p. 804. 
1 Cal. Diff., p. 808. 
T-Bulletin de la Société Mathématique, Vol. XVI, p. 157. 
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the form of a symbolic determinant. On differentiating (r—1) times in guc- - 


cession the aie renal equation Z—z'- = 0 of which a solution is y = g*, and 


RE for zy. , we obtain in the form of a determinant an expression for the rt" 


derivative of p*, which may be written 


Z z "FN 
MN: 1i > 23m (r—1)! 
dies —(r—1) d 4 Bo 
(ae) = = ZEE : 
oe eee ea ne £ s 


In this expression substituting au for z and afterwards E fora, we will have 
by (1), 


y À d d u” d 
du ' 14 du’ 21du `’ (r — 1)! du 
2 d u! d wt» d 

(r— 1), w du 1 11 du soe oe (r — 2)! du 


0 0 0 . ja . 7 1, ul a P 
du (4). 
uw u^ w^ . wu? 
P i i | 1! ' 91 (r— 1)! 
Jesus uw 
D Ta) | 7 ' 1l (0— 391 
d » rad 





0 ; -e-3( ues or 


Ce oe casd ‘l 
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where of course fi is supposed not to operate upon any element of the deter-- 


minant itself, a supposition which i in the case of the second form of determinant 
may be taken account of by operating first in any term with those elements 


which involve (2 2 x | 
We might also notice a generalization of the well-known Here 


Gy po PL +a) v. For brevity. writing AG pA ) instead of the second 


determinant of (4) we have — 


(D) gr a A (2) : ce. po = ne a) ; (24 a) v a 


m vu y" “ait. 
s wE An 
d ie 1 m Ev 
(1% +) ; w, il’ '@—2! F 
au (r—2) 5 
f o—(r—3( 7 + a) >  w,. Gay! G +a) 90) 
À d wy 
0 0 0 -(at2) v 


Our method of procedure in dealing with a function of several variables will 
be the.same as that employed in the case of one variable. If $ be a function of 
any number of variables u, v, w, .. . each of which is & function of the same 


number of independent variables z, y, 2, ... . we will have e ) PR E e 


A. icc, (oe Q, a an expression of finite degree in $, | desde 


the ecd À of which are functions of the differential coefficients of 
u,v,.... With regard to x, y...., and independent of the form of $. ae 
we have in any manner obtained a formula 


Ge) Ge) : gum. - as". apte 
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where the coefficients B are independent of the er parameters a, Bs. 
Since p++ is a particular form of @, we will have also 


gy. emm a. GG "OM | 


SA, a, Ca . ptit. where the coefficients À are independent of the 


parameters a, B,... ~ Consequently 


en ae ee ee 


n kid ind functional coefficients A and B not i the arbitrary paineis 


we will have Ain. = B,,,...., and hence 


Ye ona) Ge) eo = Da... 7 (y GE) 


Our process therelore will be to first obtain the formula 


zc Où e prit J Bas PME ABE .. Qs 


then substitute bt d Cras fOr ue iore respectively in the summation . 


py ay nic Rz . - obtaining thence the formula 


d G»--Exe e 0 


which, as we have seen, must hold good in general. : 
. We will now determine the form of the coefficients B in (6). 


1/dN 17/45 . ; Pam | 
We Snow that AG at (ay) a pies Fe, Y,....) is the coefficient of 





_ En... in the expansion of Fæ +E, y 0. +) : powers of £, x, Cae R 
then p* is a function of æ, y,.... we will have - - (Ey OR -p Fix 
the coefficient of Ey°.... in the expansion of ver cy _ where 

E d Putting esau + o+.. , we have — 





| pter e T A(au + Bv + vs) | 
M A qu E) (a) . coefficient of Ew... i d (7) 
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E phe e Er. pe ess = plots: ae, ae pis 
RG ad PM ad 
ca cg Fi 
= p" ep at we -p Gat #5 vis Seg. T 


ds in none of the exponents of p are all the numerical exponents 
a, b,.... zero at the same time) 


ST D (GB te 
eb D Dress üt on | RE-——— m TE peeve 
Developing p^, ie oats . in the same bee we find 


| TTE yn Gg. 
"=r Ex xig a. - pt E 


Cee ES m y. 


where for brevity the product py! pa! +.. «is AOT by Gi lexus 
We will now have the coefficient of £y... oi in g^* equal to 


du cer Er © 
(D Go Gy ce “(Gry a)" Gp zu (Gy ay) - G^ Gp (5) i a, gov... 














subject to the conditions Xpa + Zp'a + ....—r, Epb-E XpU ....— 8, etc. 
We may write (9) in the form a l 
porters XE ` j 
a (x) ' (10) 


5 S es ag"... gehe 


where by yu is meant any differential coefficient of u with regard to 
£, Yı... and where z(wu)" designates any product of powers of differential 
coefficient of u, O.... being a constant coefficient for any term and equal in. 
value to the reciprocal of the product of the factorials of all the exponents which 
appear in the term, each exponent being taken as often as it appears in the term, | 
e.g.in the term which appears explicitly in (9), a, enters as an exponent A 
times while p, occurs once, and consequently in the denominator of the coeflicient 
27 | | | 
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ail appoer p, times and p,! once. The only limitations upon the summation in 
(10), as we see from (9), are that the dimensions of each term in ( ay (x $c 


must Md equal r, 8,... . while A, p,» . must indicate its dimensions 
in u, v, . respectively. fun (10) by (6) we now derive : 


rlsl.... T ni (5) T WE =), On(vu. noy. Ce) eor . : (11) 


where to repeat ourself the only conditions upon the summation are: 

| L os dimensions of every term in S. a .... respectively must be 
idees | "4 2 | 
II. The dimensions of every term in uw, v,.... respectively must be zero. 
= IT The coefficient in any term is the Saa of the product of the 
factorials of all.exponents appearing in the term, each being taken as often aB 
it occurs. 3 

That all the terms which occur. in the transformed.. expression for 


( z) ie x . must satisfy the first two conditions i is from the beginning self- 


- evident, but that all the products which satisfy these conditions do occur is not’ 
80 evident, nor is it RAR apparent what the values of the numerical 


- - coefficients will be. 


The Deduction of Final Formulas for the Algebraic 
Solution of the Quartic a a 


By MANSFIELD MERRIMAN. 


L—The . solution of a quartic equation "depends upon that of a cubic 
resolvent. Let this cubic be of the form 


y + 3py + 3gy +r =0, (1) 
the three roots of which are expressed by i 
y= —p +s +t, 
ys = — p.d- es + et, 
ys = — p es + et, 
in which e is an imaginary cube root of unity. To find s and f£, let & and Ie fret 
‘ be determined from the given coefficients by 


p= + g), t=(#— 9. EC 
and then - f e 
&— (hA — Ey, t= (h—- AB. (3) 
These formulas are well known; if p=0, that for y becomes the formula of 
. Cardan. 

When the coefficients in (1) TNT such values that i? — k is a positive 
quantity the cubic has one real and two imaginary roots, the values of s and t 
are real, and the real root is given by y,. The imaginary roots will then be 
expréssed in the simplest practical form by inserting the values of e and &. Thus, - 
the roots are, 


Y= —p + mi . | : 
w= —p HOUSE | . (4) 
yc —p— zet) (60v — 8, | | 
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. and these together with (2) and (3) are the id formulas for the Mgebrae 
solution of (1). 

When A? — & is negative the above ue also algebraically Enen the . 
roots, but the numerical solution is said to fail, or more strictly it should be said 
that the algebraic formulas fail to give numerical results in as simple forms as 
. desired. In this “irreducible case ” the values of s and £ are imaginary, but s + t 
is real and so is (s — £)w/ — 3, yet their final numerical values cannot be ascer- 
tained by algebraic operations... They can be found graphically by trisecting an 
angle, or trigonometrically by the use of a table of cosines, but the discussion 
here is concerned only with algebraic solutions. PANE 


IL—The cubic resolvent deduced by Euler, in 1770, for the solution of the 
quartic equation, is one of the simplest and is hence most Frequently quoted. 
Let the proposed quartic be à 


z +6B2+40z4+-D=0, a (6). 
and let there be taken the cubic resolvent, e 
y+ BBy + LOB Dy- 7” =0, LN (6) 


whose roots are Y1, Ya, and yg. Then the roots of the given quartic are, if C is 
. negative, . | 
A | LOVE Ew b^ 
' Om NN Ys, e dne 
z= — A yi + Vi —V ys, | 
m= — die "Vs TM Yar 
and if C is positive the signs before all the radicals are to be reversed. . 

The reasoning by which the above is deduced need not be given here; it 
will be found in many of the mathematical reference books as well as in da 
treatises. In applying these formulas, however, to numerical solutions, difficulties 
are found to arise even when the cubic (6) does not fall under the irreducible 
case. The numerical example generally given is that stated in the article Algebra 
in the last edition of the Encyclopædia Britannica, namely 2* — 267^ + 602 — 36 —0, 

25 ,, 7169. 225 


which leads to the cubic — 54 +59 a. — 0. The roots of this are — 
found “by the rules for cubics,” to be + 18 and z, so that vVn=4, 


4 . 
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Mu VS Ys =; whence the roots of the quartic are z = —6,2,-— +3, 


z= + 2, g= +1. Now this example has no place in the exemplification of 
the algebraic solution, for it falls under the irreducible casè where the values of 


the roots of the cubic resolvent cannot be algebraically obtained. 
An examination of numerous authorities has been made,-but not in a single. 


' instance has there been found a numerical example of legitimate algebraic —— 


solution by Euler's formulas. The solvable cage, numerically, is that where the 
proposed quartic has two real and two imaginary roots. Such a quartic leads to 
a cubic. resolvent having one real and two imaginary roots, say y; real, and y; 
and y, imaginary. The square roots of y; and y, are also imaginary, and hence . 
2,, 4, % and z, appear in unmanageable imaginary form, although two of these 
are real quantities. This, apparently, is the reason why legitimate numerical 
solutions are not found in connection with Euler's resolvent, although this is 
` better adapted than any other resolvent to the exhibition of the roots. of the 

. quartic. 


IIL—In order to discuss the quartic I prefer to use the complete equation 
a^ + daa? + Gba +de Hd 0. | (8) 
In this, let x be replaced by 2 — a, and it reduces to (5), or, 
(7 ge MOT 0. 
if the codifidiunté have the values | 
B= +6, 
C=— 2% + 3ab— ce, ` s (9) 
JD = — 3a* + bab — 4ac + d. l 
Inserting these in Euler’s resolvent (6), it becomes (1), namely, 
y. + 38py + 3gy +r — 0, 
in which p, q and r represent the quantities 
| —(e — 0), | 
q= (à — 5) -- (dc — 88 — d), E (10) 


r= — 2e — Bab + oy: 
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The formulas for the roots of this cubic resolvent are given by (4) and need not . 
be written here again. Then the roots of the quartic are, when 2a? — 3ab + c is 
negative, SE ue 
S =at yt (Wu Nu). | 
(wc at A Jy — (WV ys + Nu), i: 
| 





mney Sa UR. mE 
=-a—Nyp—(Vyn— y). ) 

and when 2a? — 3ab + c is: positive the signs before Vy, and the parentheses are 
to be reversed. 

Now to bring these roots into manageable form for numerical solutions let 
y; be regarded as real, and 4 y, and y; as imaginary, their expressions.in terms. of 
8 and ¢ being as given in (4). It is clear that both Wy, + Vys and Vys — ~ ys 
are real, and in order that their algebraic expressions may be free from imagi- 
naries it will be well to write . 


yy + N 1 = T T | (i) 
VI, —Ny= NY + Ya — 27 Yiÿs. | 
Thus the imaginaries disappear, for as ys is of the form a+ Bi. and yg of the. 


form a — Bi, their sum y, + y; is 2a, and their product yy is a? + 8°, both real 
quantities. i 


To complete de solution it is now only necessary to obtain the values of 
Vi Ya + Ys, YYs, in terms of the coefficients of the given quartic. Let =u, 
Yat y= v, and 4717; =w. Then from (4) are obtained E 
y= —p ts +t=u, ' 

Ys t Ys = — 2p —8 —t =v, ` l 

4yss = (2p + 8 + t) + 8(8 — y= w, 

in which — p is a* — b. The quantities e and ¢ are, by x 
ec PEE, (dm (h—w 7 — hy 


and A and & are found by substituting in (2) the values of. p, g and r as given by. 
(10), whence : 


(18) 





ho lease 3abc — bd), | p 
8 sui 
k 1 1 4 B` : (14) 
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Thus a, d £g, La are. rationally expressed in terms of a, b, e, d by (11), (12), 
(13), (2) and (14). A further slight simplification results by putting h= =m 


_ 1 
and k= En. 


IV.—The following, therefore, are final for mulas for the» algebraic solution 
of the quartic equation 
gi + Aas? + bbe? + dow + d= 0. (15) 


First, let m and n be determined from 


m = ad + b + 8 — 2abc — bd, " T 
(16) 
— (73 TO 3 
n = (db +d Aw) i 
Secondly; let s and t be obtained by. 
= (m+ Vb — ne 
(17) 
= (m> A/ m! — ny ; 
Thirdly, let w, v and w be found from 
u = (a? — b) + (s + è), | 
20 v= Xa! — b) —-(e-- 0, À (18) 
= w= d 3(s — t. 


Then the four roots of the quartic equation are given by the expressions 
m=—a+Vu+ Vv+ ww, | 
a —aJd wu—v- Ve, | | T 
EC | E 
| m= —a— Vu V Va, E 
in which the signs before the square roots are to be used as written provided 
2a? — 3ab + c is a negative quantity; but if this is positive all radicals except 
^/w axe to be reversed in sign. 


V.—As & numerical example let the proposed quartic equation be 
at + 3a? + a — Tx — 30 — 0. 
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. Here, by comparison with the general form in (16), 


3 1 a 
= + = + — = — = — 30. 
Ome EE mr gee 
First, by the use At 6), are derived the values | 
m=— 2% and n= — 408224 
D AE E 


Secondly, from (17) are computed, 
8 = T 1.2767 and ¿= — 1.6100. 
Thirdly, by (18) are found T ; 
'u= + 0.0625, v= + 1.125, w= + 26.265. 


Then, : as 2a? — 3ab + c is a negative number, the formulas (19) furnish 


oy = — 0.75 + 0.25 + V 1.198 F 5.125 = + 2, 
uper LL qe 

= — 0.75 — 0.25 + v 1.125 — 5.125: = — 1 + A, 
2, = — 0,75 — 0.25 + V 1.125 — 5.126 = — 1 — i, 


and each of these exactly satisfies the proposed equation. 
As a second example let the given quartic be a*-F 7x+6. Herea=0, 


b=0, c= + i d- +6. First, m= + 35 and n= + 8. Secondly, 
s= + 0.8091 and. ¿= + 0.6180. Thirdly, u = 4-1.427, v — — 1.427, and 
w= + 2.146. Then, as c is positive, the formulas (19) furnish the roots 
| ay = —1.194— A/ — 1.497 + 1.465 = — 1.388, 
Wy = — 1.194 + V — 1.427 + 1.465 = —1.000, 
m = + 1.194 — 4 — 1.427 — 1.465 = + 1.194 — 1.701i, 
z= + 1194 + V — 1.427 — 1.466 = +1. 194 +1. 7014, 











and these closely satisfy the proposed quartic. 
For the third example let the equation be one with equal roots, 


a — 9% + dm + 12= 0. Here a = 0, b=—+, c= +1, d= +12, whence. 


195 age (28 ng a CEPR MUN. 
m= + 125 an d n= (+), which gives m* —n —0, as is always the case for 
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equal roots. Next e= t= + T from which w= +4, v= + + and w = +4. 


Then, as c is positive; 








. which are the roots of the given quartic. - i 
"Lastly, let the equation be one such that m —0, or gt — 302? — 20% + 20 = 0. 


Here, from the given coefficients, m is found to be 0, and n= (=). Next, 
au t= 0 and 3(s — tf = — 95, when u= &, v= 10 and w=5. Then, as c i8 
negative, the formulas give the roots i | 
= + V8 + V10 + 75 = — 5.734, 
= + V5 — WV10 + 75 = + 1.269, - 
ay = — V5 + 10 — V5 = — 0.550, 
| gum — v5 — V 10 — Vb = + 6.022. 


VI. —The final formulas (16), (17), (18) and (19) furnish.the means for the 
complete discussion of the circumstances under which the algebraic solution is 
possible numerically, and also of the conditions necessary for the occurrence óf 
equal roots. The coefficients a, b, é and d are, of course, taken as real quantities 
in this discussion, although Mgeprenoady the formules are valid for imaginary 
coefficients also. 

First, it is clear that the roots can be obtained on whenever m? — n 
in (17) is a positive quantity, that is, when the coefficients are so related that 


(ad + B+ e — 2abe — bd} — (P + La — aor 
is positive. Then s and ¢ are real, as are also u,v and w, and w is greater than 


v". Hence v$ Va will be positive and v — v w will be negative. Accordingly 
28 ^ ^ | | un 


a 


(19) then requis to 
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the roots ax, and a, are real and the roots 2s and x, are imaginerics of. the form 
a + Bi. - . 
Secondly, the roots of the quartic are easily found whenever m? — n is zero, 
which is well known as the condition for equal roots, For this case s and ¢ are | 
equal, and hence v = s/w, so that the roots zy and a, are equal. The formulas 


— n: Su + ^/ 2v, 

a = — a + ^u — A/ 20, 

| t= y= —a— Vu, 

in which u = a —b + nt and v= Aa —b)—nt, while the signs before the 
radicals are to be used as before. For two pairs of equal roots the further con- 


dition v = 0 is necessary, or the coefficients are related so that - 


| Lu — DE (5 + la Sac) 


' also vanishes. Then one pair of equal roots i ig m = a= —a + / 3(a? — b) and - 


the other is z, = x, = — a —:« 3(a* — b). | 
Thirdly, the roots can be computed when m = 0, that is when the coeffi . 


_cients are so related that ad +-+ e — 92abe—bd —0. Then e+t=0," 


(e — t = — ni, and hence u— a — b, v = Ya” — b) and old 


whence by (19) the roots are obtained. 


The roots of any numerical quartic can be determined when a known 


‘relation, other than that expressed by the coefficients, exists between them. For 


instance, as one of the most important cases, let xx, + z, =0. Then it will 
be found that the cubic radicals entirely disappear from the general formulas, 
and that (18) reduce ‘to s | 


u= ad a — 55, v—uda, REOS 


while the coefficients are connected by the necessary relation © ce 0. 
‘For instance, the quartic a* — 11x" + 282? + 36z — 144 = 0 has its coefficients 


thus related, and the formulas give the roots ee +3, a= + 4, m — 6, 


and x,— + 2: 


When m? —n is negative the final formulas iod in general, to the irre- 


.ducible case, where the quartic has either four real roots or four imaginary 
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roots. The formulas here correctly ont: the roots, but their numerical | 
expressions cannot be algebraically reduced to simple forms, 


Vil.—In conclusion dt may be observed that the algebraic solution of all 
critical and special cases of the quartic equation is effected by the final formulas 
(16), (17), (18), and (19), and that simple expressions: for the roots may be 
deduced for some of these cases. — — 

` Perhaps the simplest instance is af — a — 0, for which, using” the formules 
in succession, there is found a; = + e, a= — e, x; = + e, and x, = — ei. 

The quartic e+ 6b? +d isa special case, the solution of which is easily 
made by quadratics. The general formulas do not, at first sight, appear to- 
reduce to the same expressions, but by observing that 2a° — 3ab + c vanishes it 


is clear that /u = 0. Hence s + t= b, and v = — 3b. Then, since g= Lr, 
there i is found 3(- — tf = — d, so that w= 90 — d.. Therefore (18) reduce to 


= a= + V — 8b + A/ 90 — 
x = n = + V — 3b — A/ 9D! + 


which are the same as given by the quadratic solution. 
. If d= 0 one of the roots of the quartic vanishes and the iras for the 
other three will reduce to those for the solution of the cubic. As a special case 


coe E waste g 20, b=0, nc d— 0. Then (16) give 


n= tu n — 0, whence by (17) ihai is ae e= D? aibi 0. Next E 
(17) give u=-+ 1o, ve and w=+ le. Finally formulas (18) 
pii: the roots a; — +e, m ee on 3)e; m= (73 =l av 


where the coefficients of e are the cube roots of ‘unity. 

Thug the final formulas here deduced give the: algebraic sinon of the. 
quartic equation for all possible instances, and they lead to ready and exact 
numerical solutions whenever the proposed quartic does not fall under the irre- 
ducible case. | 

LEHIGH UNIVERSITY, May, 1892. 


A Class of New Theorems on the Number and, Arrange: 
ment of the Real Branches of Plane alate 
Curves, 


By L. 8. HursunT. 


The maximum number of real branches possible to a plane algebraic curve, 
of order n, and deficiency p, is, as has been shown by Mr. A. Harnack,* p +1. 
He has also proved the existence of such a curve for every deficiency number p. 
. In a recent article on the rea] branches of algebraic curves, Mr. David Hilbert 
of Königsberg has proved, among other important theorems, that the maximum : 
number of nested branches possible to a non-singular curve, which has the | 
maximum number of real branches, is }(n— 2) when n is even, and à(n —3) ` 
-when. n is odd. ' And furthermore he has shown that, for every order number 
n, there exists a non-singular curve O, possessing the iov: remarkable 

properties : | | 

1). It has the maximum. number of real: branches, viz p+1.or 
Hn — 1) —2) +1. | | 

2).. It has the maximum number of nested SRE $(n — 2) or 4(n—3), : 

according as n is even or odd. 

3). An ellipse can be drawn which shall enclose one or more of the nested 
branches of C, and intersect one .of the non-nested closed branches in 2m real 
points, whose: order of succession shall be the same upon the branch as upon the 
ellipse. L4 

By nested. branches is meaiit a set of closed branches, of which the first is 
enclosed by each of the others, the second encloses the first and is enclosed by 
each of the others, and so on. | : 

In proving the existence of such a curve, Hilbert adopts the method 
employed by Harnack, which COSE in deriving from the equation of a known 





* Mathematische Annalen, Bd. 10. Ueber die Vieltheiligkeit der ebenen algebraischer Curven,’ M 
t Mathematische Annalen, Bd. 88. “Ueber die reellen Züge algebraischer Curven." 
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degenerate curve of order: n, an ae representing a curve of the same 
order, which can be shown to possess the required properties. 

It is the object of the present article to extend Hilbert's results to curves. 
having certain singularities, and then to: point out the limitations of the method. 

. L . ; . 

Following Hilbert’s method, and making use of his sud: we ebat prove 
the following . 

Theorem.— For every order number n, there exists a curve NN (a), 7 n, Or 
fewer, double ‘points ; (b), the maximum number of real branches, p +1; and (c), 
the maximum number of nested raie &(n — 2) or Wh 9) according as m is 
even or odd. : 

‘We consider first the case ter the number of double points i is n. 

- — Let$,- 0 be the equation of a non-singular curve of order n, possessing 
the three properties which Hilbert's theorem asserts that'such a curve may have. 
Let f, — 0 be the equation of the ellipse which meets a non-nested closed branch, 
b, of the curve $,— 0, in 2n points, whose order of succession is the same upon 
b as upon the elipse. Ofthese points we select any n + 2,88 py Dy ee e Dates 
and connect them by n + 2 right lines, in such a way that two lines shall pass 
through each point, and two points shalllie upon each line. "Let the product of 
the equations of these lines be 4,,,— 0. We form now the equation 

Vn pa = Pas E elap = 0 . : (A) 
where e is a variable parameter. ne 

For every sufficiently small value of e this: equation represents a curve of 
order n + 2, each point of. which lies very near a point of the degenerate curve 
fe = 0. Now the curves cid 0 and /,,,— 0 have each a double point at 
each of the points Pi, ps, . . Dess Therefore Waa = 0 has a double paint at ` 
each of these points, that is; n + 2 double pointe in all. 

The ellipsė J= 0 and the closed branch b form, by their intersection, 2n 
regions, each bounded by a single segment -of b and a single segment of the 
ellipse. One of these régions, which we designate by R, contains, in general, 
some of the nested branches of $,— 0. Let e represent that segment of the 
ellipse which forms a. part of the. boundary of R. We next choose the sign of e 
80 that that portion of the curve 4, s= 0, which lies-very near to the segment 
s, shall lie wholly within E. That this is always possible arises from the fact . 
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that the right lines 4,4, — 0, having already two pôints each in common with 
` the ellipse, cannot meet s, except at its extremities. "Now the form of equation. .. 
(A) teaches that; if the curve Panpa 0 exists-within a given region; G, of the 
plane, then it exists in.any other region, H, only when it is possible to pass: 
. from G to H along a continuous path, which meets the lines ofthe figure in an 
‘eben number of points. By virtue of this principle, it follows that, if the curve 
Wape = 0 exists within any one of the 2n regions defined above, and at the same 
time lies very near that segment of the ellipse which bounds this region, then it exists 
within each of these regions. But e has already been so. determined that 
aga = 0 shall exist within R and in the vicinity of 8. Therefore it exists 
within each of the 2n regions. Furthermore, if the right lines had no points in- 
common with either the ellipse or b, the curve would have, within each of these 
"regions, & single ‘closed branch, that is, 2x such in all. -But in the case under - 
consideration, two of these branches are united at each double point, and a little 
reflection will make clear that every occurrence of.a double point reduces the 
number of these branches by one. Hence the curve Yate = 0 has, in, the Vy 
of the ellipse and b, 2n — (n + 2) real branches. 
. Again, in the immediate neighborhood of each of the remaining 
. (n — 1)(n — 2) branches of $9, — 0, there exists a branch-of 4,,, — 0. "There- _ 
fore, the total e of real branches belonging to Png = 0 8 à(n — 1)(n — 2) + 
2n — (n + 2)= à(n F2 xp = 2- — (n 4- 3) +1, and this is the maximum 
number. | 
The branches of Waa = 0 lying in the vicinity of the’ Seed branches of — 
Pi = = 0 are themselves nestéd branches. That the former curve has yet another . 
nested branch becomes evident on reflecting that the portion of Vis = 0, lying’ 
. very near the segment s of the ellipse, is a portion of a branch, which encloses 
- (or is enclosed by) all the nested branches within, the region. R; and is, there- 
fore, itself a nested branch, Hence, the curve Y,42—=0 has (n — 2) +1. or 
An — 8) + 1,-that is, An F 2 — 2) or r a(n + 2—3) nested pos and this # the 
maximum dites l 


= 5 Writing w for n +2 in the preceding formulas, our argument ‘thus far 
proves, for every order number n', the existence of a curve by = 0 having n! double 

, points, 4(n! — 1)(n — 2) + 1 — p! +1 real branches, the maximum number, and . 
` the maximum number of neo RES) EG — 2) or 4(»! — 3) ETS as " ts 

+ éven.. or odd. 


r 
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We consider next the case where the number of double points is less than n. 
Fixing the attention upon the 2n points of intersection of the ellipse with 3, 


we select, not n +2 of these points as in the preceding case, but n + 2— r, and ` 


connect them by n + 2—r-right lines as before. The r remaining right lines 
are drawn to intersect neither the ellipse nor the branch b. The curve 4j, s= 0 
has now only n + 2 — v double points. lt has, then, in the vicinity of the ellipse 
and b, -2n — (n + 2— v) real branches. The remaining real branches are, in 
number and arrangement, the same as before. The curve has, therefore, - 
Hna —1)(n — 2) + 2n — (n - 2— v) = pn —1)(/ — 2) —( —r) +1=p +1. 
real branches. And, finally, it is evident that # has the maximum number of 
nested. branches. 

In order that our. ne may still ae valid when n + 2—r< 3, it jg 
only necessary to draw the two lines, each of which meets the ellipse in but one” 
double point of Yp} = 0, in such a way that they shall have their second points 
‘of intersection with the ellipse upon the same segment of the latter. 

' The preceding results may be summed up as follows: 

For every order number n, there exists a curve, 4, — 0, having (a) n—Tv. 
double points, (r — 0, 1, 2,....m), (b) 365) E 90527) +1=p +1 
real branches, (c) &(n — 2) or jn —3) neated, branches, according as n is even or odd. 


II. 


Both Harnack and Hilbert, in the articles to which thé reference has been 
made, prove that, for every order number'n, there exists a non-singular curve 
- having the maximum number of real branches, p + 1. wo g 

Harnack sets out from a known non-singular curve, $, = 0, kevin DE 1 
real branches, one of which is met by a right line, f, = 0, in n real points, whose 
order of succession is the same upon the branch as upon the right line.* He + 
draws, in a suitable manner, n +1 other right lines, 4,4, — 0, and forms the 
equation | 
. Vim Ouh + le 0. 

By suitable choice of the magnitude and sign of e, this new, curve will pave 
.n— 1 more real branches than has $4 = 0, because the latter curve and the 
right line, f, — 0, form, by their intersection, m regions, in each of which 
exists a single closed branch of 34,,,— 0. , The latter has, therefore, 
a(n — 1)(n —2) + n=4(n+1—1)(n +1—2)+1 real branches, which is the 








* À non-singular cubic possesses all these properties. 
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"maximum number. The lines lı = 0 are drawn in such.a way that the curve . 
b_41 = 0 intersects the right line fi = 0 in n + 1 points whose order of succéssion 
is the same upon each. Accordingly, the method may be employed to derive, — 
from 4j, 4., = 0 and f, = 0, anew curve, 4, ., = 0, possessing the same properties. 
In this manner Harnack proceeds, step by step, from a known curve with p +1 
real branches to one of any order having the maximum number of rea] branches. 

As we have already seen, Hilbert’s method differs from this merely in the 

: use of & conic, J = 0, as the auxiliary curve, in place of the right line f — 0. 
. The derived curve is of order n -- 2, has 2n — 1 inore real branches than had the 
original curve $, = 0, and, hence, has the maximum number of real branches. 

- The availability of these two methods of proof is due to the fact that the 
,humber of new branches formed is, in either case, exactly sufficient to maintain 
° at the maximum the number of real branches of the. derived curves. | 

Now it is wor thy of note, and this is the point to which particular attention 
is called, that, if any cutve other than the right lime or the -conie, be chosen as 
the auxiliary curve, the derived curve will have less than the maximum number 
of real branches. 

For, let /, = 0 represent a curve of order & intersecting a single branch of 

.the non-singular curve @, = 0 in £n points, whose order of succession is the game 
upon the one curve as upon the other. Then the equation 


broad d: él, +k = 0 


' represents a curve of order n + k, and under proper choice of e, and suitable 
convention concerning the position of the right lines + = 0, this derived curve , 
will have a single closed branch in each of the #n regions formed by the inter- * 
section of $, = 0 with /,— 0. If now we assume that $, — 0 has p F 1 real 
branches, the total number of real branches belonging to 4,4,—0 is 
(n — 1)(n — 2) + kn. . Let us now assume that this is the maximum number of 
real branches possible to Yate = =0. This assumption gives, for the determination 
of k, the equation 


And kn $b) 1 2 fn — Di —2) +. 


This i is a quadratic in Æ, whose roots are 1 and 2. 
.Hence the auxiliary curve, A= 0 must be either a right line or a conic, and 
this was to be proved. 


CLARE UNIVERSITY, WORCESTER, MASS., And 28, 1892. 


The Symbolie Notation of Aronhold and Clebsch. 


By Wimax F, Osaoop, Cambridge, Mass. 


. In the 55th volume of Crelle, Aronhold communicated a symbolic notátion . 
for functional invariants of a general linear transformation, and applied this 
notation with marked success to the investigation of the ternary cubic. Clebsch 
then showed, in Crelle 58, p. 117 and ib. 59, and later in the Abh. d. k. Ges. d. 
Wiss. zu Góttingen, Bd. 17, that this notation suffices for the symbolic repre-* 
sentation, in perspicuous form, of any functional invariant of simultaneous 
forms. The right to define functional invariants by means of certain symbolic 
expressions, well adapted to display: their essential characteristics, was thus 
established. 

This notation has been adopted generally among German mathematicians. 
As yet it has not, however, met with the acceptance in English literature to 
which its merits entitle it. The writer believes that this is due, in part, to the 
lack of an easily accessiblé and systematic exposition of the notation and of 
those fundamental properties of the same that render it so well adapted to the 
expression of functional invariants. The object of the present paper is to supply 
such an exposition. à - l l 


$1.— The Symbolic Notation for Binary Forms. 
Let the binary form of degree n be written | 
Si Y) = agr, + MAT re + met CR +. 


where | Ny, = a xl 


This expression resembles the expansion of the binomial 
(ami + ag) = = al? + na lag Les + nap jayxp ue. 
in its homogeneity in z, in the number of its terms and the degree of the latter 


in q, and a, and in its. numerical coefficients. The n +1 coefficients & of f(x) 
29 : 
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are, therefore, completely characterized by the n +1 products of powers of a, j 
and a,, and we may write symbolically ` | 
üj—a?, Gal, Ga a, 8a 
i Jala) = (axo + an) = az, 

where a, is an abbreviation for ax, + ag. Thus in any expression in which the 
ās enter linearly, they may be replacëd by their symbolic representatives in 
the a’s, for these latter symbolic products are linearly independent of each other. 
The symbols d, az, taken by themselves, have no meaning in terms of the coeffi- | 
cients à; only when combined in expressions of degree n in a, a, are they 
capable of interpretation in terms of the a's. 
À simple example of the application of this notation is the following. Let x- 

be replaced by «' by means of the linear transformation ; 

| a, = Ee + me } 
a, = Evi + yos 


"E Em 
& m 








(1) 


and let the form into which /,(#) is transformed be written ` 
fia!) = — Fl aix!" +. MT ag + nali" oy + 

. Then the coefficients a’ are linear ‘functions of the coefficients & and are homo- 
. geneous functions of degree n in the coefficients of the transformation £, x, for 
Jæ) Efe). The relation Dervenn à' and à can be expressed symbolically in 

simple form. Let 

— fü!) = (ciel + aia)" = a, 
80 that -al= at, a =a a, a = ai 
On the other hand, 
at + Ale = a (£y + mæ) + as (Ey T mel) = = agri + ax, 
and thus we have two,symbolic expressions for f(x), namely (aizi + algly^ and 
(ax! + ami). Hence we may put | B 
ai = à, a5 = a, T | (2) 


In —k, lk 


ay . 


and thus the coefficients d! can be represented Te in the simple form : 


n—k 


aye 


The conciseness and clearness of expression that this example so well illus- - 
trates are characteristic features of this symbolic notation. 


aj=at, U= ta, ^ apap... =G 
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When it is desired to represent symbolically a function of the a's of higher. 
degree than the first, confusion would arise from the direct introduction of the 
a’s, since, for example, afa? = a?-'af.ala?-* would represent equally well any 
one of the products aja, ., (T = 0, 1,.2, ... .). In order to. avoid this ambiguity, 
further symbols b, C, esee BTE introduced, subject to the same conditions as 
the as: | 


a = at tay = wt qd —À 
Ac) = at = b = a=. ieu 
and, in a product ‘of ās, each à is replaced by & different symbol.. Thus 
da, = ata, . bb. ch 4e§ = ata, . cle. 097 55$ — .... If we agree, there- 


fore, to hee symbols equal in number to the degree in the a’s of the 
product we wish to represent, an ambiguity is no longer possible. 

Suppose, for example, it be required to represent symbolically the dis- 
criminant A of the binary quadratic form | 


Jhe) = Gt + me + a = a = bE GT .... 
: We have Azm|^ | =| d p = a,b,(ab), 
, : à, a, | 

















where (ab) = |ab|. But A might equally well have been expressed symbolically 
in the form : 





| A= Ann = — - basa). 








ps d 
Adding these two expressions for A Drk we have 
| ` -2A = (be — aghy)(ab) = (ab), - - A= ab}. 
From the symbolic expression thus obtained the invariant character of A ` 


with regard to linear transformation is at once evident. For, (1) and (2): 


ai + ds aim + Aie 
in TA. bm + bans ; 
ifa = (ab) 


Here,. again, the €— and perspicuity of this notetion are striking 
' features. One sees at once, when A is written in the symbolic form, 1) that 


(ald!) = 








= ab), E 


and. hence 
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A is an invariant, 2) that the power of r that enters is the second, 3) that the ^ 
degree of A in the coefficients of f is the second (since A contains two symbols).* 


$2.— The Symbolic Expression of Invariants of Binary Forms. 


From the purely formal relations between the symbols 


: de =a, | (3) 
l . (ab) = r (ab) 
it is at once evident that invariants can be written down at pleasure. Thus 
(aby'a2—?05-9, (ab) (be) (acaz tbo", (ab) 
are certainly invariants (I include here under this expression covariants as well). 
The last one vanishes identically when n is odd, for then, by an interchange of the 
| Kia symbols a and b, 
. (ab)^ = (ba) = — (ab), 2(ab)" = 
and it is shown in like manner that any . invariant thai changes sign when 
equivalent symbols are interchanged vanishes identically, for example 
(aba, n—8—1pn—f-1— 0. 
To obtain an invariant, therefore, it is only pecan to write down a 
product of factors of the above types (8) 


I (a5), (bo), e.e Qp, by, ....] 
subject to the condition that each symbol a, b, .... shall appear just n times. 
The number, à, of the determinant factors in II will be the exponent of r in the 
invariant equation : 
Il = IH (a5), (Uc),.... ai, bl, es e } = PTI] (ab), (bo) «cd. bassee} 
Furthermore, if IT; , I, Il,,.... are such products, all boit the same number 
óf symbols of f, the same dress in æ, and the same À, then 


P= AR + xT, + xls + 


where x, Xs, %, +... are arbitrary numerical constants, will also be an invariant, 
P = AP. 


* For a further treatment of the subject of this paragraph see Gordan’s Vorlesungen über Invariant- 
entheorie, edited by Kerschensteiner, Leipzig, 1885, Vol. II, where this symbolic notation is used 
throughout ; Clebsch's Theorie der algebraischen bindren Formen, Leipzig, 1872 ; Clebsch's oi à 
über Geomeirie, edited by Lindemann, Leipzig, 1876, Vol. I, p. 167. 
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. - Thus far we have considered bilo a single form f(a). The extension to 
the case of simultaneous forms f(x), (x), .... presents no difficulty. Let 
Paz) =a2 = 83 = .... Then in the symbolic product 

Mab sce (au). (OB) oss laisse cel 
the symbols a, b,.... must each appear n times, the symbols a, B,.... m 
times, etc. II will then be a simultaneous invariant of f; $, ...., and | 
i . P = all, + x, + x; + ...., | 
formed subject to conditions similar to the previous, will also be a simultaneous 
invariant of f, Do. | 
We have thus seen how to form at plessure, with the aid of this symbolic 
notation, invariants of a form j,(x) or of simultaneous forms f(x), (x), ...., 
and the form of the expressions thus obtained was such that the Siena 
properties of the functions of the coefficients of f, $, .... that they represented 
were evident at the first glance. Now the fundamental property of this notation, — 
the property that renders it an adequate and well adapted means of investigation : 
for the theory of invariants,—is the converse of the above, namely, that every 
invariant can be expressed in the form . 


P = wll, + ll + xls +... 
Stated as a theorem*: very rational integral invariant (including covariants) 
of the binary forms f(x) = at=b8=...., Qal) =a = BP=...., etc, can be 
expressed as a rational integral function of factors (ab)... . . , (dà) des (a8). 
S M TETTE c v 


$3.— The Symbolic Notation for Ternary Forms. 


The extension of the foregoing symbolic notation to ternary forms is at 
once evident, Let à 


fs) = An ot + as —-— 12, + n(n — 1)a4 91, m tatoo. 
n! i 
+ il jl appr wets + 
where $--j -- k= n, be a. ternary form of the n degree. Comparing it with. 


‘the expansion of the trinomial 


* An elementary proof of this theorem is to be found in Olebsch- EEE S 8 Geometrie, p. 184. 
Other proofs are given in Clebsch’s and Gordan’s books previously referred to. 


~ 
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© a= (ao + dyta + asz)" = SO ae y+ n(m—1)a?—*ayaye} art. . 
+; T EFI S Tyr ipd aie de 2 
where ¿+j -- k— n and a, is written as an abbreviation for ax, + Gb + agis, 


we see that the coefficients à are completely characterized by the produces o of the 
as, and we may, therefore, write symbolically 


An, 0, oca fa. 1,0—= a CORRETE Gy, = aak.. 


It is shown, similarly as before, that if, wien a linear transformation of the 
xs is made : 


x = £g + mal + Cel; ($1, 2, 8), r= Ep], 


`. the form, into which f(x) goes. is written 





f!) = Y rrp nll = (aa + aln] + al) = al, 
then > 0€ o5 " al=a, aja, al = a; 
and | dj, = alala. E 
When the function of the @’s that is to be expressed ‘symbolically is of 
“higher degree than the first, additional symbols must be introduced.. Thus if A 
is the discriminant of the ‘quadratic’ :. 
A(2) = er + Gants + eger + p MA + Lots + Pants = = a, = b, = Cg. 
. | | deo Go Ayo, a Ua Alg i | 
wehave A=] Guo dw, don [=|b,b, O? bbs |= a,b,¢3(abc) , 
| Gio Gon das | [eres a d Ie 
. where (abc) denotes the determinant [abe]. By interchanging thé symbols 
a, b, c, and adding together the 6 expressions for A thus arising, we have 


6A = (abo) [abes + ade + hem abes — abe, — abes] = (abo, 


= i(aboy. 
Let p, c, * be symbols of xd form or E forth 
fa; = . eO $= a3 = me... eto, 


| P ol, T ro of the Se transformed forms f’, 9’, etc., so that PI = pe, 
Pa = Pr, PE = pg, ete. "Then the law for the multiplication of determinants gives 
the relation 

(p o's!) = r (por). = 
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From this it follows that 
| (abc Y = v* (abc), A uA. 

Thus far the analogy between the binary and the ternary forms has been a 
perfect one. But whereas, in the case of the former, it was necessary to consider 
only functions of a.single variable, x, it is now necessary to consider, in addition, 
functions of u, where the ws may be interpreted geometrically as the coordinates 
of a line, the 2’s being taken as the coordinates of a point. The corresponding . 


transformations of æ and u are, since wu, = ty, | 
r= £i + mes os Uy = Eu + Este + Eats mrtg | 
x = Eye + nyt, + Las » Ug mt + gs F Nas = Uy , T— | Eines | À 
ag = Exi + gts + Vars Uy = Gi + Yata + oug = u 


Hence it appears that, when x is linearly transformed, the line coordinates u 
„and the symbols a, b, c are subjected to the same transformation. From this it 
follows that, whatever symbols p, c may be, 


(pow) = r(pou). 


§4.— The Symbolic Expression of Invariants of Ternary Forms. 
‘From the purely formal relations that have been obtained, namely, 
Py = pa "E i 
(pa) = (po) | | (4) 
(p'o'u!) =r(pou) 
and with the help of the identical invariant Un, invariants of the form f can be 
formed at pleasure. Thus for the cubic (cf. Clebsch-Lindemann, Geometrie, pp. 
543 and 553), ‘ " | | 
A(c)=a,=B=a=...., 
S = (abe)(abd)(acd)(bed) ; 
is the invariant, whose vanishing is the condition that the Hessian of J; 
| A= (abeya,b,o, = 0, . © 
break up into three straight lines, while | 
| O = (abu)’a,b, = 0 


is the equation in line coordinates of the first polar of æ, when æ is taken as 
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constant, or the locus of the points æ, whose first polars touch- a given line u, 
' when wis taken as constant. .The equation of f itself in line coordinates is 
| (abu) (edu) (acu)(bdu) = 0. | 
In general, if | 
f=æm=b=...…, dd ee m ues y = etc., 
be any simultaneous forms, an invariant of these forms can be obtained by mil- 
tiplying together factors of the type (4) and the identical invariant t : 
TI | (abo) ....(aaB)....(ady)....(abu)....(aau)....(aBu)....a....aæ....tw}, 
care being taken that the symbols a, b,.... appear just n times, the symbols 
a; B,....just m times, etc. The number, 4, of determinant factors will be the 
exponent of » in the invariant equation. | 
I = eI. | 
When there is only one form f, II reduces to — — b 
TI[ (abe)... . (abu) ....a, .... Ua}. 


If IL, IL, Il; .... are such products, all having the same number of symbols 

of f, of $, etc., the same degree in wand in x, and the same A, then 
| P= All + xl, + 515... | 

where the x's are arbitrary numerical constants, is also a simultaneous invariant 
‘of the forms f, @.... 

Thus for the ternary as well as for the binary forms we have a symbolic 
. notation, with the aid of which we .can obtain invariants at pleasure, and the 
expression of the same is one that renders their chief characteristics, namely, 
their degree-in the coefficients of each of the ground forms (shown by the number 
of symbols of each form that appear), in the point coordinates æ, in the line 
coordinates u, and the value of à (shown by the number of determinant factors), 
evident at the first glance. And just as in the case of the binary forms, so 
here, the converse is also true, namely, that every invariant of f can be expressed 


in the form* ; 
P=32ll + xl + all, + ss... 





: * Bee the memoirs by Clebsch cited at the beginning of this paper ; also Cl.-Lind., Geom., p. 970. An 
elegant proof of this theorem is given in Gordan-Kerschensteiner, Invariantentheorie, IT, 9, p. 110. The 
corresponding theorem for binary forms is first proved, and this proof is then extended to the case of 
n-ary forms. Í - . icy r . : 


009 
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Every rational integral invariant (including covariants, etc.) of the ternary forms ` p 


J= = b= n. G= a= pz., p= ede, can be expressed as a rational 
integral Junction of the identical invariant, u,, and of did of the type (por); 
(pou), pe, where p, a, v are symbols of f, $, .... ; 


§5.—The Symbolic Representation of Higher Forms. 
The application of this symbolic notation to the. representation of higher 
: forms presents no difficulty. Thus it is evident that the biternary form. can be 
written 
(a + ay Hago)" (uz + was + Was)" = zur, 
aüd the invariants of this form will. be rational integral CHORDS of factors of 
. the type* 
dg; (abu), (abo), "NES Js (aa), | (aby), 
and of the identical invariant u,. In the memoir-in.the Gottingen Abhandlungen . 
above cited, Clebsch proves ai a ground form with several cogredient variables 
-. of each class (the number of the homogeneous point coordinates being m) can 
always be replaced by a system of ground forms (das reducirte áquivalente 
System), each containing at most but one variable from each class and such that 
the totality of the invariants of this system coincides with the totality of the - 
invariants .of the given. ground form.. Any simultaneous rational integral in- 
variant of -the forms of this system, and hence of the ground form, itself, is 
“expressible symbolically, rationally and integrally in terms of determinant factors 


of a few fundamental types, and thus Aronhold’s symbolic notation is shown to: ` 


have the same fundamental properties in the case of the higher forms as for the i 
binary and ternary forms.f 


$6.— On Certain Identical Reine. 


If, in the identically vanishing determinant, 


2, a5 0. - 
b, 5, 0 |=0,. 
€ C3 0 





*Ot. Cl. Lind., Géom., p. 942; 
t Of. also Cl.-Lind., Geom., pp. 269 and 934. 
t Bee also the reference to Gordan-Kerschensteiner given at the end of 4. ; f 
30 - . i ; : 
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the first column; multiplied by z,, and the second column, multiplied by a, be 
added to the third, the determinant thus arising. can be expanded i in the DINE 
form: 

“dy ds Ay 
b, b, b, 


(€ Ce Ca 


RN + (bc)a, k (cabs | sr, + 4 I 








If, in this identity, we put z, = d}, ta = — d, we bave 


| (ab)(ed) + (be)(ad)+(ca)(bd) 0. —.———- Ir 
Again, if c; = ye, c; = — yı, I assumes the form | 
CO ab, — ab, = (ab)(2y). 7 W 
Similàr identities exist for the ternary forms. The development of | | 
4, d, a, 0 Q4 Ay ds Ay 
0= -b babs O |__| 2 bs b, b, 
| 02 |8559| 2952429 
LE d, d, d; 0 d, dy dy d; l 
gives (abe)dy — (bed) a, + (cda)b, - — (dao, = (IVO 
and from this follows, by putting | b 
2 = (ef ah) = (Fh = (af — af)= (ef), Gy af) = 6» 
(abc) (def) — (bed (acf) + (cda)(bef) — m = 0. V 
` The determinant i on | 
Me ds Ay as 
b, b, b, 
Ce Cy s 








ean be developed into two con which, put equal to aie other,. give the 
identity 

Aabye + ae + a bun, — ab, — asbyo, — Ayb, = (abo) (eye) . . VI 

-: Finally, the identities j “tee E ; 
Hae fu bbe ` Aaby — ybs = (abu), . - VII 
where ] 
= (ess = ee = CM - s = (ri — o) = z a. 
= (nn: — ay) = (xy)s, | 
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and i | ab, — a,b, = (ay), | VIII 
where . z = (ab), m = (ab), z = (ab), 
can be verified by actually multiplying out. t2 


. These identities are of prime importance in transforming symbolic expres- 
sions.* i i 


CAMBRIDGE, MASS., March, 1892. 





* The significance of these identities for binary forms is brought out in Gordan-Kerschensteiner, 

- Invariantentheorts, II, Nos. 12 and 117, where it is shown that every relation between symbolic producta 

(and hence, for example, between the invariants of a form or forms) can be referred directly to these 
identities. And the significance of these identities for ternary forms is no less fundamental. 


The System of Two BURN AUE Ternary Quadratic 
Forms. 


By Wruiax F. ON Cambridge, Mass. : 


Prof. Gordan has shown that all invariants and covariants of a single binary 
form or of simultaneous binary forms can be expressed as rational, integral’ 
functions of à certain set of ‘invariants and covariants, finite in number, of the 
ground form or forms.* This set he calls the “ system” of the ground forms. An 
essential advantage of the method that he employs is that it also furnishes, 
^. gimultaneoasly with the proof of the theorem, the system itself; for he actually 
establishes a set of invariants (I include under Civan? in this. article 
` covariants, contiavariants, etc.), finite in number and having the property that 
every invariant can be expressed rationally and integrally in terms’ of these 
invariants. This set may contain superfluous members, namely, members that 
are themselves expressible rationally and integrally in terms of other members 
of thé set. Such members are to be discarded, and the Res members on 
. constitute the system of the ground forms. , 

The method employed for the binary forms Godin then extended to the 
ternary forins.t -He discovered the characteristic marks.of a set of invariants . 
that form the system and showed how actually to find such.a set. It may be: 

. remarked that there is a certain degree of choice as to the particular invariants 
that shall be taken. to form the system. - That this system would always be. 
finite he did not prove generally, but he examined a number of special cases, T in 
all of which he found that the system is finite. Thus he established the system - 
of the ternary cubic and biquadratic, and showed further, both for ternary and 





wees 


* Ueber das Formensystem binürer Formen, Leipzig, 1875, in which the earlier demonstrations 


” _ given in Grelle, 69, and Math. Ann., 8, are revised and simplified. See also Gordan-Kerschensteiner, ` 


' Invariantentheorie, II, Leipzig, 1887, and Clebsch, Binäre Formen, Leipzig, 1878. 
_ t Ueber terndve Formen dritten Grades, Math. Ann., Bd. 1. | 
TUeber das Formensystem, etc., p. 50. See also Math. Ann., Bd. 17, p. 217. 
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for Sas forms, that if any ne of ground forms each have finite 
systems, the system of these forms, considered as simultaneous, is also finite.. 

Recently, Dr. Hilbert* has proved the general theorem that the system of 
an n-ary form or of such simultaneous forms is finite. How to find this system . 
is, however, a question that.at present has not been answered. 

The object of the present paper is to show, in an elementary manner, how 
Gordan established the’ system of two simultaneous ternary quadratic forins. 
Án account of this method is given in Clebsch-Lindemann, Geometrie, I, Leipzig, ' 
1876, p. 288, but for the reader that is unacquainted with Gordan's methods 
this account is too brief to be easily intelligible. The importance of these investi- | 
gations, which at once form a natural introduction to‘ the theory of the ternary . 
forms and help to systematize:the geometric theory of a system of two conics, 
renders it desirable that they should be easily accessible. The notation employed 
is the symbolic notation of Aronhold and Clebsch, the essential properties of 
which I have explained in the present number of this Joumal d Symbolic 
Notation of Aronhold and Olebsch). 


—The Symbolic Representation of Invariants of y and f. 
Let the two simultaneous ternary quadratic forms. be | vs 3 
| Jf-4 = Td 2E ay. 
and ee J= =b ep n., o A : 
Then surely the discriminants} | 
| Ain = (abc), As = (ab) | 
of f and f’, as also the forms i in.w which; pue equal to 0, are ime equations in 
line coordinates of the conics Fa =.0, f = 0: 
| —(abuy, Pac (au) 
must belong to the s E 








+ Ueber die Theorie der algebraischen Formen, Mass Ann., Bà. 86. 


T Of. Symb. Not. $8. : À 
{See Clebsch-Lindemann,: Geometrie, I, p. 287, where it is shown that the ua of a Angle 
ternary quadratic form f= af =b =... consista of the form itself, the disoriminant (abo)? and the 


form (abu), the vanishing of which gives the equation of the conic f—0 in line coordinates. The 
identical invariant u, belongs to every system and, therefore, is not further explicitly mentioned. 
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Whenever two symbols of f, as a and b, occur in the bases 
(asby — aab) = (ab), (agb = = ab) = = (ab, (aiba — a;b) = (abs; 
: it is of practical m to replace them by a single symbol a: : . 
= (ab), a= (ab). ag = (ab)s, . E: 
` or, abbreviated, «20, Thus | - m 
Ve (abu) = Ad + as + Us = Un. 
The symbols a,b are cogredient with the line coordinates u when the linear : 
` transformation how i 
= Eod + mel + Cat. $—1,2,3 
is ; performed,* but the combinations (ab) of'a and b, i.e. the symbols a, are 
-cogredient with the point coordinates œ, and hence the notation u., which suggests 
an analogy between a and z, is justified, "We now have "n . | 
| Aud, Ay =a3, Fin, Bu, 007 000 (me 
where, in the first expression, a = (bc).  . i | | 
The simplification effected by the introduction of the symbols a, B,.... 
appears from the following theorem : if the symbols a, b appear once in the 
iae product IL in the. SOR (ab): 
= (abv) M = = v, M, 
where v is any element d with u, then their e ther appearance will also be 
- 4n the combination (ab), so that 
oq -—evwM, 
where M no longer contains a, $ D hence they can be completely ud iy the 
single symbol a. For either II is already of the form demanded by the theorem, 
or else: ; | . . | l 
= (abv)a,b, M,, B 
where a, b now enter only explicitly. (s, ¢ are, for example, (cd), (ed), (dd), 
` (eu), (cu), ete, or x; in general, they are any combinations of symbols and | 
, coordinates that are cogredient with x. In the same way, v, w are. symbols- 
e, d, a’, b', or u, or any combinations of symbols and coordinates that are cos 


-gredient with u. ) When a, b are interchanged, the value of II is BosHtóren, the 
: form of II becomes: 


——À 





‘IT = (bav)b,a,M, = — (abv)a.b, M, . 


- * Of. Symb. Not. 18. 
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Adding these two expressions for II together;. 
A 21I = (abv)(a,b, — à,b,) M, . 
Botby identity VII,* gy. 
| | a,b, — a,b, = (abw), w= (st), 
—the elements w are cogredient with u and hence ‘the notation. is justified—and 
it appears that "S ROT i 
m= abo) (abu) M, = v, We 4M. Q. E. D. 


We will, therefore, in the following: always, when possible, replace symbols- - 


a,b,.... by symbols a, 8,.... The above applies equally well to the Ga 
ment of symbols a’, b', .... by symbols a’, 8',. 
© À corresponding erien holds for products in which ‘the bd a, B 
appear in the combination (aß), i=1,2,3. For,if the symbolic product H 
contains the factor (ads) ; then II either contains a second factor (at) or else is. 
of the form : i 
= (abs) M = (aßs ww M!, 
where M' is free from a, 8; and then - ; 
, — (as)(v.wg — vs) My. 
By identity VIII, ^ ` va, — ou, = (at), i= (vw), 
and II is also in this case of the form: 
= (a8s)(aBt) . 4M. Dl. 
“AI rational iaiogral invariants of Í and J' are formed of terms that are 
products of symbolic factors of the typest . i 


(abe), (abd), (a00), (WU), ` (abu), (aau), O T din ^ 


Introducing the symbols a, a/, we must. annex to the foregoing further the 
symbolic factors (nz), (a/B'x); (aax), and hence we see that every rational .. 
integral invariant of f and f! is a sum of products of factors of the following types : 


= as; ` Uar Ue s i VO » | 

| | ‘a, ^ Qw, al, 1 T! ; U (3) 
(acu), (aBx) (a'B'a), n a) 

each product multiplied by a, numerical constant. . | 





* The identities referred to in this paper are those given: in Symb. Not., 36. 
fus i ck: Not., Us 
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$2.— The Method of Solution of the Problem of the Present Paper. . 


| Before attempting to describe the general method of solution of the problem 
- of this paper, I will illustrate the method by a few simple examples. | 
a). A symbolic product II of factors of the types (3) that contains the `’ 
symbolic factor a, contains the actual factor a? = Ay). For II is either of the 
form ` | ko | 
II = (abc)a,b,c,.M or —(abe)(abv)e, . M 
where M does not contain the symbols a, b, c, and 7, 8, ¢ and v have such values. 
as in the previous paragraph. By identity VI, e 
abc + asbye, + abc, — a,b,0, — a,b,c, — abc, = (abc)(rst) 0 
Multiplying each side of ‘this identity by (abc). M, we see that each of the six — 
expressions on the left hand side represents II, and hence : : 
6II = (abo)! (rst) M, I1 — Ayn. (ret) M. 
In the sécond.case, by identity IV, . 
| (abu)e, — (cbv)a, — (acv)b, = e 
Multiplying by (abc)M, we have - | 
STI = : (abeyoM, T = 1. M: 
Similarly for products containing the Dés factor al: ‘such products 
contain the actual factor ‘Aggy. 
b). Again, ifa symbolic product II Si a factor of uo iype. (agis) and 
‘hence (81) also the symbolic factor (at) : | 
i, II =(a80)(ae)M, | | 
then II contains the factor À... (1f the constituents of II were all factors of the 
. types-(3), e could be only æ; but it is often convenient, as will appear later, to 
consider products in which s = (au), (a'u), (aa!), etc.) For, ` 
(ab); (ab) (ab) t. ; 
(aB9) =| (ed) (e. (ed) |= (abd), — (abe), 
8 B3, ‘8. ; z 


- (aBs) = abc} di — *(abc)(abd)od, 


B since (abd)c, = (abc)d,. But the second term can be reduced to simpler form, pu 
for, by interchanging ne symbols, we find that | 








2 
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(aho, . (ao,  3(abo)d, (abdo, — (chd)a, —(aod)b,} = Habe) 
by identity IV, and hence _ | 
(a(88)* = #(abc) d = 7 


The polar P (42 de, + ne +4 £), EENE to each side of this equa- 


tion, gives . À (a@s)(a8t) = #Armaa. 
And similarly, — — (alB's)(a/B't) = #Apalal. 


` Thus it appears that every symbolic produet, IT, that contains any one of 
the symbolic factors a., a7, (28s), (a/'e), breaks up into two actual factors, one 
of which (Ain, Ass) belongs to those invariants (2) that we have already admitted 
to the system, and the other of which (Jf) contains fewer symbols than I1; and 
hence a symbolic product will surely be reducible to simpler products if it 
contains other factors than those of the following types: 


da ’ a ’ Ua, Uus 
Gy, ^ al, 2 . (4) 
(aa'u), (ax g). 


The method of establishing the system of f and f! consists now in ascer- 
taining still further restrictions on the choice of symbols for a symbolic product 
that shall really be an irreducible invariant, and not a product of two invariants, 
one (or both) of which contains fewer symbols than II, or a sum of such products. 
It will appear that the number of such irreducible products is very limited, and 
these, taken with (1) and (2), form a set of invariants, in terms of which every 
symbolic product, and hence every simultaneous invariant of fand /’, can be 

expressed rationally and integrally, 1. e. they form the system of f and f. 


'83.— Further Reduction of Symbolic Products. 
_ I will now show that a pan produce containing two or more cogredient 
symbols of f: a, 5, .ora, B, . 7. :, 4. e. a product II of the form 
I = aabb M or = p,0,7,05 M, 
is expressible in terms-of symbolic products each containing fewer symbols than ` 
II. The same proof applies to products containing two. or more cogredient 


symbols of f’: a, 9... . or a’, B',.... Hence it follows that all symbolic 
81 2n | | 
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products can be expressed in terms of such as contain at most one of each of the 
symbols a, a, d, w. 


Theorem A.—In the symbolic products, 
"s | T= a,a,0,,M, | & 4) 
- I= pO ToM, © o. | (II) © 
` either two of the elements r,s,t, z or p, c, T, are identical or else TI can be 
expressed in terms of products for which this is the case, and of products that contuin 
fewer symbols than Tl. And similarly for products containing two or more symbols 
of f'. | | "OD l 
First consider the product (T). From the last § it is evident that we may 
résttict our attention to those cases in which 7, s, t, z are four of the elements 
(see scheme (4) ): 


v,8,0, 92.0, Bl y, : : (5) 
(au), (Bu), ee 
` Tn no case can more than one of the elements r, s, t, g belong to the last row of 
(5); for otherwise II would contain one of the two factors; | 
(aa u)(ab'w)b,b, 
(aa'u)(B0'u)ab,, | 
where #, z are any two of the elements of (4). In the first case II would be of 
the form : | 


a,a,bb, = | 


i= aa bib. M, where Lu = / = (au) 1 


and would, therefore, satisfy the conditions of the theorem, enunciated for the 
symbols of f". In the second case, the application of identity IV : 

(bb'u)a, = (bua)b, — (uab)b] + (abb!)u, 
gives - | ; 
(aa'u)(bb/u)a,b, = (aa'w)(ab'u)b;b, — (aa'u)(abu)b,b! + (aa/u)(abb/}b,u, . 


The first of these symbolic products is of the form just considered ; in the second 
and third, a, b can be replaced by the single symbol a and the symbolic products 

arising from these terms will contain fewer symbols than II. Hence the theorem 
is proved.for all products, II, in which two or more of the symbols r, s, £, 2 
belong to the last row of (5). ' v od | 
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After the exclusion of such products, there remain to dux considered products 
of the following three types: l 


| y Gud gb pb, 
a,a,b,b, = 4 a,agb,b, 
Gua, bday 


where z is ee The first and second of these products alr eady satisfy the 
tonditions of the theorem, for TI is then of the form : 


|ODcpgo07,094M, where p=r=a. | 
The third is also of a form already considered, unless z = (a'u). Then 
= (aa!u)a,b,b, . p.05 M, 
where p, o are of the following types: u, c, d, [¢, d’,] (ax), (8x), [(y/z), Va]. 
For the bracketed symbols II would be directly reducible Gil and 2) If 


p = (ax), then H contains the factor (identity VI): 


l! u 


a, al Uu, 
(aa u)(au/x) = ay Ay Uy 5 . (8) 


ay GL, Uy 


and is, by the foregoing, reducible. Hence p, ò can be only of the form u, c, d. 
One of them, p, let us say, must; therefore, — c, and.II contains the factor 
d,1,0,0,, Where $ = (a'u) and ¢ may have any value. This product satisfies the 
conditions of the theorem, and thus the proof of the theorem for products of the 
form (I) is complete. 

It remains to consider producta of the form (II). This is the dualistic of 
the case just considered and the treatment is accordingly analogous. The reduc- 
tions differ, however, in certain details from the previous ones, and for this 
reason [ give them at length. _ 

Only products in which p, o, 7, o are four of the elements: 


(waw), (B'x), .... 
_need be considered. Not more than one element, P can belong to the last row, 
for otherwise we should have 


Ne ee 
eee -[e (BB), 


| sd, T, 0:4 d, Den S (7) 
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In the first case, TI has the factor-p/pj and thus satisfies the conditions of the’ 
theorem ; in the second case (identity IV)* 


` (aa), . (BB'x)7, = (a2/2)os| (B’xa)e, — (zaB)ry + (a88')s.]- 
The first term is of the form just considered; the second and third have the 
factor (a8x) or (a#88’), and these latter terms contain accordingly (881, 2) the 
actual factor Aj; they are, therefore, expressible in terms of products that 
contain fewer symbols than II. 
Lastly, when at least three of the elements p, 0, 7, o belong to the first two 
. rows of (7), 
alb! clos 
PaO aT pp = 4 alba Up 
i GU 
where o is arbitrary. The first and second of these products are already of the 
form demanded by the theorem, the third needs to be considered only when 
= (ax). TI then contains the factor . 
(aa/x)aibiu, . albi, 
where r, 8 are of the following types: a, y, 6, Dy, yj (au), (bu), [(c'u), (d'u)] , 
and it is evident from similar considerations to those of the previene case that 
the theorem holds for this product. 
The proof of the theorem for products i in the symbols of f is thus complete. 


Interchanging primed and unprimed symbols, we obtain at once the proof for the 
corresponding products in the symbols of f". | 


. Theorem B.—Symbolic products | D 
I—aabbM, | (1) 

| II = p,0,7,0, M, ^ . (D) 
in which two of the symbols v, 8, t, z or p, 0, v, @ are identical, are expressible in 


. terms of symbolic products containing fewer symbols than TI. The same also holds 
for similar products à in the timbol of f. 


* Tt is to be noticed that symbolio determinant factors have the invariant property only when all 
the symbols are cogredient. Hence when a, b, o of identity iv are cogredient with z, the identity must 
be written in the form 


(ret)d, — (stz)d, +(tær)d,— (ora) ds 0. 
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For products of the form (I) there are three cases to consider : 


ecd 
1) r=i=g f pui ec 


LS 


b) s= (du) | 
2) qepesg! A 
3) r=t= (d'u) 
1) a) . ab be = asb (a,b. + (aalz)) E 
| by (aa'u)a,b, b, = a,b, (a'ub)a, — (uba)al, + (baa')u, | : 
2) yA Dad, = a,b, aub, + (asd!) | 
3) (aa'u)(ba'w)a,b, = (ba'u)a,| (aub)a, — (uba)a!, + (baa’)u, | 


by the help of identities IV and VII. The terms on the right hand side either 
contain as-factors terms with a less number of symbols than II or admit the. 
replacement of the symbols a, 6 by the single p a, and hence meet in 
every case the demands of the theorem. 

It is not necessary to make these divisions into cases, for the reductions- for 
all four cases are comprised in the single formula : 


7 ` duas bb, = a,b la,b, 4 ant). "D (8) 


Produċts of the form (1I) correspond dualistically to thosé just soneidured and 
are treated in a similar manner. As before, three cases present themselves : 


) poem 1) CRP 


i o = (oz): 
2) pc cv. E 
| 8 p =T= (da). 
The desired reduction in each case is given e the formula : 
PF aPeTs = PaT gd Oppa + GED. T | where t= Go), (9) 


and the theorem is proved. 
By the repeated application of these two: theorems, it is evident that every 
symbolic product can be ultimately expressed in terms of symbolic products, 
“no one of which contains two cogredient nd of f or two oe ent symbols 
. of n 
7 | $4.— The. System of f and p. 


dei is now an easy task to write down a set of Baii in 1 terms of which 
every other rational integral simultaneous invariant of f and /* is expressible 
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rationally and integrally. ` A set of symbolic products, each of which contains 
at most one symbol of each of the four types a, b....,a,B....,a,b...., 
al, Bl....is such a set, and is obtained, with the exception of two of its members, 
Ay, = a? and Ay, — a2, by.combining the symbolic factors (4) with each other 
in all possible ways. But.the set thus obtained may be restricted still further, 
for from identity VI (see (6)) it is clear that any such product having the factor ` 
(aa'u)(aa'x) can be replaced by products that do not contain these two deter- 
minant factors, and hence such products may be excluded from the set. The 
symbolic products that now remain are the RE 


f = a 4 ta f= => A 
Fy = u? , | F, 29 — i, i ; 
Ay = at | 3 A= i a? 3 3 
Aus = a? | , Ais = a, ) 
B, = aa Ub, ) B, = CAT a) ; . | 
i The System of 
N= (aa'u)a,as -3 N= (CLIAN , | f and f. 
= (aa'u) CAIA 1, à ET = (aa/x}a,u,a, ; ‘ 
0, = (aa'u)a au, ; Ps = (aa/x)alu,a! , | 
= (aa u)a,a uuu , A = (aa/x)a.alala,, 
Fy = (aa'u) , Pia = (aola)? 


No one of these twenty invariants is expressible rationally and integrally in terms 
of the others and of the identical invariant w,: These bus form the system 


of f and f*. 
Between these invariants exist certain identical relations of higher order,* 
"Thus it is easy to show that i - 


l - uD = F0, + FO — NP 
and, dualistically, uA=Sfr, +f, — Noy. 
For, the first of these identities is, symbolically written, 
(aa u)a,a uuu, = (aa'u)a,a,uru, + (aa/u)a,a uiu, — (au) (aa/z)u,u,, 


or . 
(aa!u) Uata f (aalu)(aa/x) + aile — a au, — dau} = 0. 








* Gorden: Über Büsehit don Kegelschnitten, Math. Ann., Bd. 19. i 
ft Forsyth : Systems of Ternariants that are Algebraically Complete, Amer. Jour., Vol. 12, p. 58. 


Ose000: The System of Two Simultaneous Ternary Quadratic Forms. 273 


Now, by identity VI, 
(aa'u) (aa T) — a au, — a aus — aali, + a aiu, + al Un F a atu, — 0, 
and n is sufficient to show that. | 
(aa! u)u, ua au, — a aus — LU) = = 0. 


This appears as follows. The first term has the symbolic factors a, and al, and 
is, therefore, ($2) of the form Aj 4,,u,. M. But M must vanish identically, for, 
as.an invariant, it is a product of factors of the types (pov), (pou), us given in 
Symb. Not. $4, and out of the three ws that remain no such factors can be 
formed that do not vanish identically. And similarly for the other two terms; 
they contain respectively the factors Aq; and Á, and after these factors have 
been extracted, there are not enough elements left from which to form non- 
vanishing factors of the degree required. The above is, therefore, a true identity. 
An extended discussion of the geometric signification of the invariants of | 
the system for the conics f and / is to be found in Olebsch-Lindemann, Geometrie, 
I, pp. 291-304; further simultaneous invariants of f and Pm are there treated 
and expressed in.terms of the invariants of the system. 


CAMBRIDGE, Mass., March, 1892. 


On Generating Systems of Ternary and. Quaternary 
Linear Transformations. 


By Henry 8. Wire. 


, The following special cases of a general algebraic theorem admit in 
geometric form a proof so simple that the process which it postulates can be 
entirely visualized. Though we tacitly assume the reality.of all points spoken 
of, this restriction is of no moment; for two points determine a line, three points 
` a plane, whether the points be real or imaginary. The theorem now to be 
` examined is fundamental in the Algebra of Linear Transformations. I shall 
exhibit proofs of the theorem only as particularized in the theories of ternary 
and quaternary forms, since beyond three dimensions our intuition of spacial 
figures ceases. A general proof will necessarily be of purely algebraic character. ` 

In order to write as simply as possible the differential equations satisfied by 
every invariant of linear transformation of n homogeneous variables, one seeks a- 
system of linear transformations of simplest type, such that by repetition and 

-successive application of these elementary transformations the most general can 
-be compounded. Such a system is termed a complete system of Generators of 
the n-ary group. 


§1.—Generatore of the Ternary Group. 


Theorem: A complete generating system of ternary linear transformations is 
contained in the following. five; three of which have the determinant equal to 1, 
the other two a determinant different from 1. 


L =y tM, | IL =y, 


y= Yo, | "E | Ts = Ye + H - ss 
v= Ye. ` $5 = ys. 
| IL =, 
T = Yas 


Ts = Ys tv. the 
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IV. mmge 00778 $n ML wet 
s Ar. Yo, : M: : N E s Lg = yay 
= Ys kom ET xs = B . ys. 


. Interpreting. Cr: Ty! ds ‘and 4 3A: Yet Ys 88 point cocrdinatés in a plane,.I shall . 
. first give & geometric characterization of each of these five elementary transforma- - 
‘tions. The well-known method of-determining completely by the use of two 
point-quadruples a general linear transformation will enable me, secondly, to : 
restate in geometric terms the above theorém in the form of a problem. A- 
‘simple process of solution suggests en ware verification Fay proves the. 
theorem. 

By the substitutions TV and V each side and ini vertex of the pus. of 
reference in the £-plane becomes the corresponding side or vertex of the triangle 
of reference in the y-plane. Calling the vertices 4,, 4,, Ag, the’ opposite sides 

“Gy, Gg, Ag, I may say more briefly: Hach of the-six elements 4,,-4,, Ag, tı g, ag -- 
of the triangle of reference i is transformed into itself. So is also, by IV; every, : 
line anter =0 | . passing through A, 
and by Y, every line- -7 At, + ba, = 0 | passing through. 4. 
. But every point-not on the stationary line (x, = 0 in the one case, x = 0 in the | 
other) is transferred directly toward or directly from the fixed point A, or A,. 
.Heriee I may m these transformations IV and V,- "Eure translations of the 
z-plane. i i 

Similarly the ner TI, DI may be called for pese purposes : 
“rotations of the plane. By the transformation I, for example, while the sides: 


j= 0 and 2, = Qe .., become the sides 

y, = 0 and yy = 0° . ofthe new triangle 

of reference, the side > + . . —0 coincides, not withæ = 0, 

but with the line D M A. ay = 0. ‘Every line through the 
vertex A, >o ` aq + bay=0, .  becomés a line through. ` 

the new vertex Ah . ay, + (ar + 5)y, = 0. - The transformation is 


described, with sufficient precision, as a rotation of the side. a, about-the verter, A; as 
a center. Fixing the attention upon the triangle of reference I see that— 

By I, the side a, revolves about A, as a center. 

[120 . II, 6 i ds E sé LE À God Cod 

u TII, e« u ds Da Ou A; [fs « un 

. 82 Qood | 
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| "The theorem gives &s ‘elementary operations, therefore, three rotations and 


two translations. . By the aid of these special transformations there is to be . 


produced the, total effect of. any given general collineation. What is the. : 
geometrical char acter of the latter ? d 
' Projective Geometry furnishes the theorem: “A collineation | is stanley 


determined when to any four points of the plane are assigned respectively the E 


four points into which they are to be transformed ; provided that no three points 
of either quadruple lie in a straight/line." Taking as given points A, A,, Ag, 
aid P not lying on either a, as, or as, and assigning to them respectively four 
arbitrary points B,, By, B;, Q, I shall have proved, the: Fed theorem ifléan ` 
Rings solve the following problem : | BA EE 1 


` By the use of the three rotations and. two translations above described, to m 
the "three vertices A1, À,,-A, of the triangle of reference, and à fourth point P not | 
lying upon any side of that triangle, to four arbitrary points By, Bz, Bs, 9 respec- 
tively, where no three of the latter four points are collinear. 


The solution is effected as follows, If the three vertices a ‘As, P were: 


B already brought to occupy the positions B,, B,, Bs, they could remain fixed 


while the two translations should be applied to transfer the fourth point, P, to. 
the position Q. Now the three rotations suffice for transferring the. vertices 
A,, A,, À, to the desired points; for by their aid it is possible to transfer any - 
. One, e. g. A, to an arbitrary point B, and leave the other two, À, and A,, at 
their initial positions. To see the truth.of this asser tion, suppose that: B; is taken 
upon: the. as. .A rotation III withdraws the side a, from the point B,, and 
transfers the vertex A, along the side a-for an arbitrary distance to some point f 
A^. -If B, were taken not, lying upon az, A, may be said to. coincide with 4’. 
Next . $ 

| By IT, let a be boil to contain LZ incidentally the vertex A, moves 
upon ^ to a position A's; 


: By III, let a, be brought to. contain Bı; this- completes the transfer of 2 | 


. Aly to By; finally — | 
By IT, let a; be revolved about B, till its intersection with a, retüris from 


~ Al; to its initial position. 4z. 


Thus by at most four rotations, III, II, III, II, A, ha been transferred to A, 
- while A,-and A, are unchanged. If P has been brought to P", then next in 
order— | : 
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By I, Ait I, UL the points B, A, A, p may become B, B. A Pp", 
i “IT, I, ‘IL I, E i ve B, B, Ag P T g a B, B,, B;, p; 


. If now the lines AP and B,Q à intersect, or if the lines Ba ;Q and BP" are not . 
‘parallel, two translations will complete the required transfer ; otherwise three 
will be necessary. . Neglecting the latter possibility, since it adds-no difficulty to | 
the problem, suppose B, P! p" and B,Q 3@ to intersect in a point P. + | 


By IV, let P" be prove to the position P”; 
“ M... au pl it ý [T1 it Q. 


These Éditions ne B,, B,, B, fixed, and. nd the point whose original 
position was P to the terminal position Q. "The above problem is therefore 
solved, arid the theorem stated at the outset is provéd. 

. Logically more symmetrical, but practically less brief would be the solution, - 
if made to depend on the lemma: By using not more than seven operations chosen . 
from the three rotations and two translations, it is possible to transfer any one of. the . 
four points A,, Ay, Ag, P, to the corresponding point Bi, By, B; or Q in-such a way ` 
that the terminal positions of the other threé shall coincide with their initial positions... 
The proof is sufficiently obvious from the foregoing. An interesting exceptional 
case would grise, for example, if the, points B:, Ba, -B,:wére situated upon the. 
sides Qi, as, a respectively, and the fourth poin Q m upon d one side à, A) 
or fs of the rcd of reference, 
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For the group of linear transformations of four horhogeneous coordinates . - 


t: 23: a: a, in three-dimensional space an obvious extension of the theorem of ` 
3i is the following: ES. i 


Theorem : À nb generating system of nat linear one 
is contained in the following seven, mu 9. which contains a single variable 
parameter. 


L LIA TAÀANS 700 | RC IL cu =, 


Be Y 7 0c a y= JO + MY 
Lg Ys, As SC 2g = Ys, 


QEY o 0e 4 US to = Yi: 
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“TIL. a, m= ys JEN "owa Cope Monge., 
ge = y; 3 | S | ay = Ys, i 
rs, Ts = Ys, 
t= Y c . | à , m= Y, Ë Ayi- 
V. a =y, . 0 VL ag © c0 VIL m—g, 
no d d, = Yo, et E T = Yas 
iid | om ta on 
= Yee = Ya. MY Ya. 


, The án and method of "e employed in the No case cari be : 
followed again here. Any particular value of the arbitrary parameter in each | 
of these seven elementary transformations shall-be regarded as the terminal value | 
ofa quantity which has varied continuously from an initial value zefo. Each . 

. such finite variation of a parameter can be represented by.a system of motions of . 
. finite magnitude in three-dimensional space. In the tetraedron of reference let 
-each face: x, = 0 be named the face qy let each vertex opposite a face a, be 
“called A,, and each edge ZA, be called a. The above seven transformations 
may then be termed respectively axial rotations (I, II, III, IV) or translations - 
(V, VI, VIN). The effects which are relevant to the present purpose may be . 
,Doted briefly, as follows: Fach. axial rotation leaves in-situ three faces, three 
vertices, and four edges, of the tetraedron of reference; but causes to ‘revolve. ; 
about one edge as an axis every plane, save one, EN that edge,—among g 
others the fourth face, containing the fourth Tortes of He tetraedron of reference. 
More particularly— í 


' Rotation I, about.an axis ig shifts the face a, and vertex Ag, 


we II, “u, uU d. dis ce, u « ds té BT As, 
uo III, u ub di BT den ds “u OB. 4, 
u IV, te [T S u ges 0 ub | « ut ay GC a A. 


Each translation leaves in situ every vertex of the tétraedron of reference, 
but transfers directly toward or from some one vertex every point not lying in 
- the opposite face of the tetraedron. For the translations V, VI, VI, the central 
vertices are réspectively Ay, À; EN , 

Since a collineation is completely : nine when it is required to 
"transform five given points into arbitrary pointe respectively, no four points in 
either quintuple being co-plànar, the proof of the above theorem will be con- 
tained in the: ‘solution of the- Pope 
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By means of — chosen from the dius sorts Ja rotation, and the three 
sorts of translation just described, to transfer the four vertices A,, As, As, A; of the 
tetraedron of reference and a fifth point P not lying in any face thereof, to five 
arbitrary positions B,, B4, B,, B, and wa pu no de. of which lie in the 
same plane. . 

The solution will correspond, im for step, to that Hors in the ternary 
case. Hach point A,, A;, As, or À, in succession can be transferred by five, six, 
or seven rotations to the corresponding terminal position. while the remaining: - 
three vertices remain undisturbed or else. are. restored to their original positions. . 
Tf B,, for Frs is not in neither face ag OF Qas then by the following series of 
rotations :. : : : 

. II, TII, TV, III, Il, the bon 
Ay, Ay, As, Ay, P can be brought. to the : 
‘positions B, Ag, As, Ay, P. Similarly three other sets of five or more Tota- 
tions can be applied to transfer these five points to the pone 
B, B;, By; B,, P™: 


: It remains. only to bring the pont pen to- the position Q by means of transla- à 
tions. If either 


the plane 5. P pav) is not parallel to XG,’ 
or “ u "ds, Ay, P™) uod ui T A,Q, 
: odo oU sad 7 (Ay, Ay, P™) "uc u nu E A,Q, 
then’ three translations suffice to effect the object; otherwise, four. Thus we 
have, for the general case, a complete solution: of the problem, which is tanta- 
mount.to a proof of the theorem.. In the most highly specialized case, four - 
arbitrary rotations of the four sorts and any one arbitrary translation would 


‘reduce the problem: to one, of general character. Hence for all cases the theorem 
is established. - l | e | 


+ 


ES ee ee Determination of the. Generator of a | given Ternary Linear 
Transformation. x 


. When the nine coefficients ofa ternary transformation : 
| PU AY +. dais F As 


Pts = Ga = uis À dass 
Ps = dai = Os + Ass 
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are ġiven, and it is desired to find the nuinerieal values of the ery in its 
generators, the schéme of §1 gives a most convenient algorithm for the purpose. 
“First we must determine: the: coordinates ofthe positions into which the four 
A,, whose one are 1:0:0 ` 


Ab; 0 | Cd “ 0:1:0 
T MN E 
IE a ok P Po P» Ps 


are to be transférred. These are reilly seen. Calling the determinant of the 
“substitution D,— E" Ego 7 


y : P dis 





o D=| ay ay ay |, and its minors Dis 
| an As ds | : 
Du = A we have as coordinates (bi : by: bis) of each point B. m = =e 2 3), the 
an 


following : - . i t : 
; ec ES D (i=1, 2, 3, 


Pis transformed into 9 with the coordinates : 


LE h = pı -Da + Ps. Dy + pr. D. 
g. gs Pi. + Dis + pi Dag + Ds. D 
Ces = Pr Dis + Ps. Da + ps. D 


The digabraio 'equivalent of transferring: either | one of the’ four points to, the 
required terminal position is"the determination of suitable values for two 
parameters. There are therefore in all eight parameters to be fixed—exactly . 
the number .of coefficients, barring the factor of proportionality; that occur in the 
given linear transfor mation. 

` For effecting the transfer of ar to B, while À; and Ay remain in eitu, the 
- generators have the form, —. 
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The composition of these: gives the substitution, — 
2, = ary!" | | 
Ly = ail. + mna! 
a = a + vic] . 


Inserting the coordinates of A, and B,, we have to determine »,, sn, the formule: 


o.1=Dy 2 | m= — Pe . 
c. 0 = Dy + yD, jo di 
o.0= Dy + Dy ‘ BETZ 
* i t ; 18 . 
Introducing these values of uso j we find the coordinates of P’,— 
; D. 
J 13 
Ps = Ps + D; -Pı 


Dy 
pi pt Da D M | 


In like manner, corresponding to.the removal of A, and A, respectively, the two 
pairs of parameters va, As; 3 Aes Us would be. found, and thence successively the 
coordinates of P! and P, To transform the latter. point into Q, there are to. 
be detonmined finally the values of a, B from the formule (see IV and V, §1),— 


ds pi! o. gu =P. Dy + ps. Du + ps. Dg 
o.p! =a.0. g =a. (pr. Dis + ps. Dg + ps. D) 
Lo. m Bo m m 8. (pi: Du P- Da + pe Da) 


Thus all eight parametric values are- found from linear" equations. The solution of 
these equations-can become impossible only by the vanishing of one or more first 
minors of the determinant D. To the treatment of such exceptional cases the 
geometric considerations of $1 furnish still a perfect guide, requiring the insertion 
of additional generators, with arbitrary (restricted) parameters, in the system of 
eleven which suffices for the general case. 2 

The analogous algorithm for factoring any given quaternary linear trans- 
formation into generators of the types here prescribed is sufficiently obvious, 
arising out of the scheme of §2 justes that given above for terhary forms arose 
from the scheme of .§1. We see readily that it will fix the values of 15 para- 
meters involved in 23 or more generators; and that if for a particular trans- 
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formation more than 23 generators are requisite, all the parameters beyond 15 
will be arbitrary. Further, it is worthy of remark that this algorithm, once 
found, is readily extended. to determining similarly .defined generators of an 
n-ary linear transformation. Hence there would be no difficulty in inferring 
that n: rotations and m — 1 translations must comprise a complete system of .: 
: generators for the linear transformations of n homogeneous variables. 
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A Symbolic Demonstration of Hilbert's. Method. for 
deriving Invariants and Covariants of ` 
given Ternary Forms. 


` By Henry S. Waits. 


In the course of a recent paper, now. fast becoming famous, Dr. Hilbert of 
Koenigsberg has developed a process of derivation by means of substitution 
which is likely to prove an important contribution to the theory of invariants. 
and covariants.* Strictly speaking, tlie process itself is not new, but to Dr. 
Hilbert is due the credit of having adapted it to an entirely new end. Practically 
the same operation was employed by Clebsch,+ Gordan,f and F. Mertens|| in 
studying the formal constitution of invariants of linear transformation. Hilbert, 
detecting the rationale of this use, applies the operation to any term or sum of 
terms that can form part of an invariant expression, and shows that the result is 
a complete invariant. While the summary proof that.he gives is sufficient and 
elegant, yet it seems possible to simplify both the statement of the operation and 
. the proof of its character. For this purpose I employ the symbolic notation of 
Aronhold and Clebsch: for the coefficients of a ternary form; thereby the invariant ` 
character of the result becomes evident upon mere inspection. Hilbert’s method 
then admits of restatement as an aggregate of extremely simple groupings and ` 
substitutions ;.a statement which can then be extended at once, as Hilbert’s has 
been, to quaternary and n-ary quantics. 

The derivation of covariants is possible by the same method with slight 
modifieation, and the required covariant may contain as many. cogredient sets of 
variables as one wishes. Further, it may be a function of several distinct sets of 
variables, each set subject to an'independent linear-transformation ; e. g. it may 








* Ueber die Theorie der algebraischen Formen, Math. Ann. 86, pp. 524-8. 

T Ueber symbolische Darstellung algebraischer Formen, Crelle’s Journal, 59, pp. 7-15. 

1Gordan-Kerschensteiner, Vorlesungen über Invariantentheorie, Bd. 2, pp. 114-119. 

| Ueber invariante Gebilde tern&rer Formen, Sitzungsberichte der Math. -Naturwissensch. Classe der 
kais. Akad. der Wissenschaften, Wiens 1887, pp. 942-992. E 
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be a combinant of several quantics-of equal order. I shall give a general state- - 
ment of the method as applied to ternary covariants, referring for proof to the 
discussion upon invariants. In conclusion I present, as a useful application, an 
easy proof of an important (and perhaps not sufficiently well-known) theorem on 
-covariants. 


§1.—Hilbert’s Auxiliary Substitution and Cayley's Operator Q combined and | 
expressed in Clebsch-Aronhold Symbolic define a substitutional l 
Operation giving rise to Invariants. 

In order to define the weights of a function of the coefficients of a ternary 
‘form, I follow a common notation in writing each coefficient with three subscript 
indices: ' "M 

> | an! i | 
fin Lg) 2j) = y IETT’ CONTES + (1) 
2 (4- e+ In) ; 
These three indices may be termed the first, second, and third weights respec- 


' tively of the coefficient am, In any product of coefficients the first Weight will 
mean the sum of me first weights of the several factors, etc., 


uds gi. Aypr » Qr acne (to g factors) ni (2) : 
First weight — Z— 3(i)=i+7+W+.... (tog terms), | 
Second weight K = X(+), i DAN (8) 


Third weight L= Z(D) = n.g —(1-- E). 


Every invariant of degree g in.the coefficients of the ternary form /(a,, x, ts) 
wil be composed of terms all having the same first weight, the same second 
weight, and consequently the same third weight; and these three weights must 
be equal; t. e. if the invariant with its weights be designated by: Jr and its 
degree by g, we must have 


_[=K=L= tng. 2:2 s (4) 


The problem proposed is, from a given sum of terms satisfying these conditions as 
to degree and weights, to derive by some determinate process a, complete invariant. 

As a solution of this problem, the derivation-process adopted by Hilbert is 
the following, consisting of three distinot steps. Suppose the ternary form 
(2,9325) , (1), to have arisen from the form s | 
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fn Ys, Ys) = DE HE TEE i ri Gin. Juss f. Tz, Ts) (5) 
iki : 

by the linear substitution 
Ys = Egg + mtg + Cms >. ; 
Ya = Eg + ma + Cate p. bo ; (6) © 
Ys = Eger, + nat + Corts 
Then the coefficients ag, of the form f are linear homogeneous functions of the 
coefficients aj; of f, and contain moreover the parameters £, 7, 4 homogeneously 
to the order n. Let the given polynomial satisfying the Rues (4) be 
denoted by 
The first step is this: Substitute in. the Selina (Ain) for the coefficients Ai 
their values expressed in terms of the M dees dm and the ene £8, n’s, Os. 
Call the resulting polynomial , 
(Ari). 
Its indices J, K, Lr now denote its.orders in the Ps, the x's, and the @’s respec-. 
tively. Remembering that each of these is equal to $n. g, (4), we come'to the 
second step in the operation: Free the expression from the mine parameters by 
applying jn. g times in succession the operator Q: 
2 x 
Ob 

(7) 





D 

Il 
Re Slo 
Regio glo 
Ro Mo 


The resulting expression, | EC 
| OF. (Ares) = J (Gun), | (8) 
is a function of the coefficients &,. The third step is the following: Replace in 
Nua) every coefficient ryv by the corresponding coefficient a;yy of the form f(z,, te, t3) ; 
the function J (aw) is then an invariant of the latter form. | 

The proof of the invariant property in this product of three operations I 
shall exhibit by analysis of the effect of successive steps, writing each symboli- 
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cally. First of all as a necessary preliminary I suppose each actual coefficient,- 
Gg OT Õim replaced by a. symbolic product ajaja;(= bibib; = etc.) or. ajaya,; ù e. I- 
write each form in the Clebsch-Aronhold notation, thus: | 
(m, Tz, 4) 5 (agis de agis d dun) andi se d Guo did: | | (9) 
SF (Yrs Yor 3s) = (ga + dis + a) = a = bg = G, ete. f. | 


| By virtue of the linear relations (6) between. the z's and the 3 y'8, the symbols a 
are expressed linearly in the es a.* 


a^ ^ | i = Gé: + a. + E, | 
. | ds = dim + As + ng . .(9a) 


ag = ab + abs T sis | 


= ‘Hence follows, e. g. the expression of f(x, a, x) in terms of symbols a: 


(ma 4) = (aya, + ma, + a)". 
From this one sees that the substitution of their values in terms of à4, and the 
` parameters for the a; in the polynomial (A 2 denos id the operator S%,,: 


-3 
| - à 2 m 
(n 1). Sg, = Pi E zy (10) 


(to g factors of n™ order). 


The second operator, Q, is already symbolically expressed, (7). The third is 
simply this : 

| ð 
(à 2 a + ay i + a a) 


QS qu | 
(x PAG, a)= | Ga db, +h t T) E o ai) 


9 69 9 «4 €9 9 9 9 9 Ve * 9 9$ 6 -.» o 9 5 & * 


(to g factors of n™ order): 
By the aid of these symbols we may write the final result thus: | 
` J (an) = RG, à). Qi Sb (Ain). (12) 


- * Gordan, loc. cit., pp. 110 and 114. 
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. The advantage of this distinguishing of operators from function or operand’ 
is, that we are at liberty to combine 0} with S£, before applying. The simplest 
grouping of symbolic terms in the combined operation is to be sought; it appears 
to be the following. Let the three constituents in any horizontal row of the three- 
rowed determinant Q act simultaneously upon a single linear factor of Sse. The 
symbolic product OQ. 8%, is thereby expanded into a sum of terms, each of 
which is a product of $.n.g determinants. The number of such terms is the 
number of permutations of the n.g linear factors of S£,.. But every such term 
will vanish identically if the constituents of two rows in any one Q have: acted 
upon like factors of S¥,; e. g. upon the two factors: — 


"P E DEED EE 

(ha At). | 
There will remain therefore only terms composed of symbolic factors of the 
following type: j 


"IAS xr 

“Ga "ja, Ia | 

OG 12 3,2 [ma 
155, "0b ^9 Ga . db, . des. 
M TE LINE: 


ng 


. . l i | " abe o | 
a 4 
Indicating a term composed of sng such factors by II | (28) 515 Em =| we 


may express the combined operation thus: 


Qr. She- (Ars) = >. m [6952 JA) | (13) 


where the summation extends over all possible arrangements of the symbols in 
each term of (4%) in triplets such that each triplet consists of three different : 
letters with three different indices (as abc). Disregarding here the not unin- 
teresting question as to the number of such possible arrangements, its maximum, 

minimum, ete., we have to notice only the formal constitution of the result. ` 
Every term in the result is a product of ng factors of the type (abc) , and is therefore 
per se invariant. It remains finally to apply the operator E*"(a, a) whose effect 
is evidently to replace each elementary determinant (abc) by (abc), so that the 
aggregate of terms becomes an invariant of f(x, £s, æ}. While it would require 
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ous conventions to enable us to write the combination of the three operators 
in ae symbols, —e. g. 


ae [(abe)] ES : Ob, xh 


yet it is easy to recapitulate in verbal form the entire process as s analyzed above. 

Hilbert’s method for deriving an invariant of the groundform J (o, Ze, Ts) or 
az, from a homogeneous. entire function having the degree g in the coefficients and 
having its three weights each equal to à .n.g is equivalent to the following. Write 
each coefficient of the groundform as a symbolic product of n factors according to the 
Clebsch-Aronhold notation, using g different sets of n similar letters. Separate in all 
possible ways in every term of the function the n.g factors into sng triplets, each 
triplet containing three different literal symbols and three subscript indices 1, 2, 3. 
Replace in each such arrangement every triplet a,b,c, by a corresponding three-rowed 
determinant (abc). The aggregate of resulting products is by vir tue of its symbolic 
structure an invariant.* Q. e. d. 

This statement of the method is extended without difficulty to the deriva- 
tion of an invariant from a function of the coefficients of several groundforms. . 
Such à function is required to be homogeneous in the coefficients of each ground- 
form separately; while in computing its three weights, which must be equal, 
subscript indices from all coefficients indiscriminately are to be summed up. 
The only formal feature in which the resulting invariant can differ from a 
product of invariants. of single forms will be the occurrence of such symbolic 
factors as (aba!), (aa'a"), etc.; where symbols a’, a! refer to additional ground- 
forms aj", a//^, different from the first, a2 = 52. The additional groundforms 
may include one or more linear forms, whose coefficients we are free to regard 
as variables contragredient to the z,, z,, x. Simultaneous invariants involving 
those coefficients are. usually termed contravariants ; these demand no special 
treatment here. Covariants might be dismissed as equivalent to contravariants 
containing at least two sets of variables, but for convenience of application I 

shall state explicitly the process of deriving a covariant from a suitable function. ` 





*A single, non-symbolic operation for.effecting such derivation is given by Prof. W. E. Story in the 


Proceedings of the London Math. Soc. for 1891-2. -The operator consists namely of a product of two . | 


series, infinite in form, but having only a finite number of terms applicable to any sien: e case ; each 
term denoting a particular succession of elementary substitutions. 
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By the weight of a covariant we usually understand the exponent of that 
power of the modulus, by which the covariant is multiplied when its variables 
are transformed. linearly.. To be consistent, we must define the weights of a 
single term in the covariant in the following way. Let Bf, denote a term of 
degree g in the coefficients of a groundform a, and of order @ in several gets of 
variables taken together : 


Bikr = Qm Qeyy Oone ee e e CILY: al mu Ry ere. 
x() + 20 +3) = ag. | (14) 
(a) + X(B) + 2(y)— 0. 
Let I, K, L denote the three weights; they must be equal to the expressions 
Zi) — Z(a), x(b — Z(8), x(l) —Z(y) feeponursr 
Hence | I+K+L=ng— O. 


Moreover the three must be equal, and -accordingly : 
I=K=L= +(ng — ©) must be an integer. (15) 


When a polynomial i is given, every term of which Als these conditions with me 
same g and O,—' - 
(B&)— = Bfr; (16) 
i then only the.first step. of Hilbert's process needs supplementing, i in order to 
derive from (B $;) a complete covariant. . 
Solving the linear substitution (6), we find expressions for the «’s in terms 


of the ys : "od 
Enns = T ) | | 
04 (Dm = (QU) >. (17) 
(End )rs = (yEn) 


* The first step (p. 4) will now be to substitute in the polynomial (Ber) for the coefi- 
cients Qa, their equivalents in terms of the dw, for the several variables (x, &, 25; 
al, xj, xh;....) their equivalents in terms of "transformed. variables (9, Yı, Vy; 
- Jis Vis Mii); and to multiply the result by such a power of the modulus of 
substitution, (En), as will make the product an entire function of the nine parameters 
_£,”,¢. The multiplier is obviously not of higher degree than the ©; and as a 
superfluous factor here means merely a numerical factor in the final result; we 


* mre 
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my always employ 
(Eng *. 
After this first Po the result may be.symbolized by - 


(E no) (BR IKL 


The second step is the same as in. $1, save that-Q has an exponent slightly 
. altered. Its effect is written symbolically :. | 
Quies 99, (Ent). (Br) = JG; y). (18) 
. Lastly there is to be included in the third step the replacement of variables (y) 
by variables (x); Nam; x) is then a covariant, and the process by which it is 
~ derived from (B ;) is perfectly determinate. f 
This process, enables me to verify neatly an important theorem, which may 
' be given here as a corollary. Suppose that (B2,) = Fam; v, x!) is a function of 
coefficients of a single groundform: of, and of only two sets of variables: 
(ay, Las Lz; vi, Xf, xs). Apply the operation described as the first step, and 
suppose further that an identity subsists as follows : 


(Eng) (Bk) = F (aa; y, y) =. F (Giga ; y; y) T G, : ay x à G,. ay, (19) 
(see formulae 9); G, and G, denoting entire functions of both coefficients. and 


variables, Ma function of parameters E, n, ¢ only. By the second oþeration we 
obtain evidently : 


JG ; y, y)= = F (ŭa; Y, y) : (Qvo +38) M) + ay . (Qi +G) + a; : eg, 
Hence the final result is a relation of the form: TE | 
Jam; x, a) = M'.F(ag; m, d)Jd-Gl.at t Ga, ———. (20) 


in which M’ ia a constant, Gj and G{ entire functions of coefficients and variables. 
This is stated as a proposition thus, adding obvious extensions of the above proof: 
COROLLARY: f an entire homogeneous function of the coefficients of several 
| groundforms and of several cogredient sets.of variables, of suitable weights, have the 
property that every linear transformation of the variables reproduces the function, 
MODULIS the given: groundform ; then it is possible to add to the function certain 
determinate multiples of the groundforms (written in the variables of each set 
` separately), such that the eum is a covdriant, 4. e. reproduces itself with no additive 
terms upon every linear transformation of the variables. Applications of this 
theorem arise in the study of point-systems upon algebraic curves. 
; CLARK UNIVERSITY, April, 1892. | 


. Note on the Use of Suptembnuiiry Curves in MO 
Transformation. 


By Ronuw A. HARRIS. 


1. The main object of this note is to show how the problem of repre- 
senting one plane conformably upon another, using any real function* of the 
variable, may be made to depend upon the problem of constructing supple- 
mentary curves from given tracings of the corresponding principal curves. 


2. It will be convenient to begin by determining the conditions for’ & 
monogenic function of the variable a + kw. 
X, W and x, w are real quantities; k=ÿ—=#V1 where i, j= —1. 
Suppose X, W to depend upon z, w; then the ratio of the -change in X+%W to 
“the change in x t kw will be 
dX + ka W 1 
dæ + kdw () 
This ratio will be independent of the direction in which d(x 4+ kw) is taken, i. e. 
independent of the variable quantities dæ, dw, if 
^ 0X, OW OX. aw a 
Oe Ow’ dw Ox | (2) 
It may be noted here that unless equations (2) are satisfied the quotient (1) will, 
in general, become infinite when the variable x + kw is taken along one of the 
two systems of lines | | 





w= + w + constant; PE (3) 
but when equations (2) are satisfied this difficulty disappears, for the quotient is 
0X ,,0W ^ . 
then equal to Oe F ha | 


* The term '' real function ” will be applied to any monogenic function, X+ 4Y, of z+ ty such that. 
X remains unaltered when y is replaced by —y, and Y becomes — Y by thes same substitution. 
84 
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3. Let$ denote any real function, and suppose p(x + kw) to be developable 
_by Taylors theorem in powers of kw within certain regions of convergence; 
then | 


p(x) + wo'le) j aa cosh ( w2) .o(a) = X, (4) 
wool a) + Sama) +... sinh (w 2) pe) = W, | | ` (5) 


which satisfy the conditions for a monogenic function. 


4. Isogonality in general. Let X, Y and 2,9 denotes in this paragraph, 
real or imaginary quantities. Suppose AX, Y to so depend upon x, y that 


OX Y 0X... ƏY- 


(e (WEG Gy ds v» MS 
then at the intersections" of any two curves (real or imaginary), | 
P y= fo, y-(), 0 

| tanc ( 25), — tanci( 27. BD, ~ tanc (29) (8) 


where the subscript indicates the curve taken and multiples of ware disregarded. 
If an angle be measured in the contrary sense, as compared with the others, its 
` sign in (8) must be altered. If a measurement start in advance of the initial 

direction by a certain amount, this amount must be added to one or the other of 
 the-members of (8). 


Since X and Y each depend upon æ, y, the relation y = f(a) leads to a relation ` ` 


between X and. Y. The curve, or portion of curve, (real or imaginary) repre- 
senting this relation and corresponding to y= (x), is a complete image of 


If, now, we define. | 
; ay di 

| a suh —1( 99 

| tan (Ty), oF t7 (2), | 

as the angle which a tangent to a curve makes with the X-axis, or the z-axis, it 
follows that the difference between two such angles belonging to the intersecting 


* It is assumed that at these points, 2X anid Z do not both vanish or both become infinite. 
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images equals the difference between the two corresponding angles of the inter- . 
secting paths (7), regardless of the reality of the curves or angles. In this sense 
the angles are preserved. 


- 6. In like maniter, if the variable point (a, w) be taken along any two inter- 
secting curves, and if X, W so depend upon 2, w that 


OX _ QW ox. oW 
On ux Ow ^ Ox’ 


we have, in general, 


tanh-! (SE) — ten ac (a y= =tan (de =) — tanh? wy, (9) 
where multiples of jx are disregarded. If one of the hyperbolic angles, 
tanh” (T Y 


be reckoned from the W-axis, instead of from the X-axis, and in the contrary : 
sense, this relation becomes | 


aX — tanh (ST = tn (29) — tanh-! (22). .. (10) 


tanh-! aw), 


‘since 


M 


and multiples of jz are disregarded. 
This form is useful when a real hyperbolic tangent il is numerically greater 
than unity. . 


6. If y, =/(x), be such a function of æ that its valües are réal or purely 
imaginary for all real values of æ, the entire curve: y = f(x) can always be 
drawn as a real curve in one or both of the two planes zy, xw where jw 
replaces y. : 

If both planes are required for dei curve, thà part in n the one will be said to 
pe supplementary” to the part in the other. 








' .* Strictly speaking, the part in the one plane would have to be rotated into the plane of the other 
part before it could be called supplementary. For convenience this rotation may be left unperformed. 
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| the plane xY 
` If y = x) lie in. the plane aw, 
the planes zy and zw, 
the plane XY. 
its complete image, by any real function @, lies in the plane XW. 
| the planes x Y and X W. 


7. Measurement of hyperbolic angles. As a real angle whose tangent is known 
may be represented by twice the area of a circular sector, so a real hyperbolic angle 
whose hyperbolic tangent is known may be represented by twice the area of an 
hyperbolic sector. The radius of the circle is unity ; the hyperbola is rectangular, 
having its semi-axis equal to unity. The area (s/2) of the sector.is connected 
with the true angle at the center of the hyperbola by the equation 


tan 0 = tanh s. 


This enables one to construct an hyperbolic papirnog whose divisions represent 
equal areas. 


8. Ifthe variable x -+ Jw describe any.two real intersecting paths in the 
aw-plane, and X + ÆW describe two real intersecting curves in the X W-plane, 
the angles of intersection. will be preserved—all angles being measured with 
an hyperbolie protractor, and in accordance with 884, 5. 

All straight lines cutting the z-axis at a true angle of + 45? transform into 
straight lines cutting the X-axis at a true angle of + 45°. If the «w-plane be : 
divided into rectangles by the pair of systems w = + x + constant, the XW-plane 
(or at least a certain portion of it) will also be divided into rectangles by me 
corresponding FT W= + X + constant. 


9. Quast images. The result of transforming any curve or point in the 
. æw-plane to the X W-plane, by means of a monogenic. function, may Be called the 

quasi image of that curve or point. 
| The last remark in $8 enables one to construct mechanically the quasi 
image of any given path in the æw-plane, as soon as he has computed the real 
values of the transforming function corresponding to the real values of the 
variable x. For, the pairs of systems there mentioned determine all corre- 
sponding points in the two planes. | 
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If X and W are each symmetric in.z, w, then the quasi image of x = f(w) 
has the same equation as has that of w = f(x). If Xis the same function of æ, w 
as W is of w, x, then the equation of the. quasi image of «= fw) mey, be 
obtained from that of w = f(a) by interchanging X and W. 


10. Application to the construction of curves supplementary to he true 
images of certain paths symmetric with respect to the a-axis. 

If y — (xz) denote any real curve symmetric about the a-axis, its true 
image, whose equation is got by eliminating z and y from | 

y=fe) | 
X JAY = (o + ty), | 
is symmetric about the X-axis, @ being a real function. 

Now suppose f to be such a function that for certain real values of x, Y 
becomes a pure imaginary. Replacing y by jw ($6), we obtain a real locus, 
Jw — f(z), supplementary to the real part of y= f(z). The quasi image of this 
is got by eliminating « and jw from the equations 


2 jo=fa) 
- X4 y W — $(z + Hw) 
since k= ij. : But this resultant is the. same "function of X, jW as the former 
resultant was of X, Y; hence the following: 

The quasi image of the supplement of a gen path ie supplementary to the true 
image of the same path.* . 

(In representing a v of the zy-plane conformably upon the X Y-plane, 
it is usually best to select very simple systems of curves for paths of the variable. 
. Having thus détermined corresponding points in the two planes, the image of 
any given path can be drawn at once.) | 


' Special case. The quasi image of æ = a is supplementary to s true 

image a c= a. 
If the function $(z) have a focust upon the X-axis, this point is a real focus . 
of the true image of the system r= pandas For, the quasi image of the line 





* The X-axis is now supposed to coincide with the X-axis. 

fi. e. a point in whose immediate vicinity the transformed elements are indefinitely small in: 
comparison with their former magnitude. 

t The nature of ¢, and the particular focus chosen, when there are Dé such foci, determine the 
limits between which this constant may be taken. 
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à — a (because it crosses the Xaxis and passes through opposite angles of the 
elementary rectangles into which the XW-plane is divided by the systems 
W= + X + constant) must touch the two, lines in the AW-plane passing 
through the focus of the function making angles of + 46°. with the X-axis. 
Now these two lines, when referred to the XY-plane, still pass through 
the focus of the function; they also pass through the circular points at infinity, 
and are imaginary lines tangent to the true image of T= a, which is pappie 
mentary to the quasi image of z = a. 

Example. If $-csine, the quasi image of the system æ= constant is à - 
system of ellipses inscribed in & square liaving two of its opposite corners at the 
points X = +1, W= 0 which are the foci of g(a). Consequently the true 
image of the system x= constant is a system of confocal hyperbolas having the 
points X= + 1, Y=0 for foci. To construct the system of ellipses mechani- 
cally (§9), lay off upon the X-axis the values of sin æ as æ varies uniformly from 
—n/2to +x/2. Draw two systems of straight lines cutting the X-axis at 
angles of + 45°, and join the opposite corners of the elementary rectangles 
thus. formed ; the curves are the required quasi image of the system x = constant 
by the function $. x: 


19. Suppose i 
| X 4- EW = (x + kw, 

and let x -+ kw move over the straight lines . 

9 C= a, w= mo; ! 
X + kW will describe a parabola, and a straight line passing oc the focus 
of the supplementary parabola. , 
| Given any parabola of the second order whose axis of symmetry is. 
made to coincide with the X-axis, and any sécant line passing through the focus 
of the supplementary curve; let tangents be drawn at the points of intersection : 
the one will be inclined as much to the X-axis as the other will be to the 
W-axis,—the angles being measured in opposite directions (884, 5, 7). 
If 
X + kW = (x + kw)", 

where n is any ETN greater than unity, and œ + bw move as ; before, the above 
statement holds true if the words “any parabola of the second order” be replaced 
by “certain curves of the nth order.” 
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If E 
i AX + EW z (x + kw} 
and x + kw move over the straight lines | 
g=a, w=, 
X + &W will describe a circle and a rectangular hyperbola. If they intersect, 
let tangents be drawn to the two curves at a point of intersection. The tangent 


to the circle cuts the one asymptote at the same angle as the tangent to the 
hyperbola does the other. | 


BA 


- 


Fig. 1. 


13. The accompanying figures illustrate the simple case where 
X+iY=(x + iy), 


and where the variable is taken over the systems æ = constant and- 
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Of course X+i¥ will describe a system of confocal 


parabolas and a system of straight lines parallel to the Y-axis. 


(constant). 


£ 3 — 


Figs. 1 and 2 may remain the same for various transforming functions; ` 
Fig. 3 is obtained from Fig. 2 by mechanical construction ($9), (x) having been 


laid off upon the .X-axis. 


The problem which this hote leads up to, is that of passing in general from 
` Fig. 3 to Fig. 4; i. e. from certain given curves to their supplementaries. 


x 
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On the Higher Singularities of Plane Curves. 


By CHARLOTTE Angas Scorr. 


1. The question of the analysis of Higher Singularities is one whose 
importance has been recognized from the time of Cramer. Two of the 
principal methods of dealing with it—by expansions, and by successive quadric 
transformations—are used in his “Analyse des Lignes Courbes"; the explanation of 
the principles involved, and the development of the theory, belong to the present 
day. The memoirs to which reference is made in this paper are those by 
Cayley, “On the Higher Singularities of a Plane Curve,” 1866 (Quarterly Journal, 
VII, 212), and H. J. Smith, “On the Higher Singularities of Plane Curves,” 
1873-6 (Proc. of the London Math. Soc. VI, 153), and the series of papers by 
Brill and Nother in the Mathematische Annalen, IX (1876), XVI (1880); XXIII 
(1884), ete. 


2. The question consists of two principal parts. In the first place, in the 
case of any composite singularity the methods enable us to assign numbers 6, x, 
for the nodes and cusps that would produce the same deficiency and the same 
reduction in the class of the curve as the singularity im question. But these 
being determined, there is then the geometrical side to be considered. Is there 
any geometrical reality corresponding to this algebraic symbol? Do the numbers 
à, x, express actual facts, or are.they a conventional representation of the point 
to satisfy Plücker's equations? i. e. having determined that a certain compound 
singularity is equivalent to à nodes, x cusps, etc., is there a penultimate form in 
which these singularities exist indefinitely near together? This question is to a 
certain extent resolved by Cramer, in special examples, by means of the trans- 
formation y = va;* he shows, for instance, that certain singularities with coin- 


* 1t is noticeable that Newton uses this transformation, y — zy, in his Enumeratio Lin. Ter. Ord., 
calling the curve so obtained a hyperbolism of the original curve. 
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cident tangents occur as the final form of singularities with distinct tangents, 
involving a number of evanescent loops; the ordinary cusp thus presents inel as 
a node with an evanescent loop. Taking, e. .g (p.. 636) the curves ; 

. a = aat + baby + cry? + day! + ey, | (1) 
Cramer applies the transformation (y — uz) 
9g —um,y-wu. 
This pee us à new curve, : 

| 2 — a + by, + cy + dys + egi; | (2) 
both curves being referred to the same axes we have a simple construction for 
determining corresponding points. The intersections of (2) with the axis of y- 
determine the passages of (1) through the origin; an are of (2) cut off by the 
axis of y corresponds to a loop of (1) closed at the origin. If, e. g., all four 
roots of the equation a + bz + cz’ + dz? + ez = 0 coincide, (2) has a. ' serpente- 
ment’ presenting the appearance of ordinary contact; (1) has at the origin a 
point that presents the appearance of a simple cusp; but the cusp contains three 
vanishing loops, and is really a quadruple point. Again, on p. 638, Cramer uses. 
a higher transformation l 
D= La, Y = Là; 

by means of which he reduces | 
x + ary + ex^y* + day? + eyt = 0 © (3) 
to depend on the conic , " 
1 + ax, + e + d, + ey — 0. (4) 


This transformation is of course equivalent to the two 


B= Ly, YH XA; T= Pass AT aS 
but Cramer uses it in the form first given. Intersections of (4) with either axis 
| indicate passages of (3) through the origin, the interpretation differing some- 
what for the two axes; and by considering the different possible varieties and’ 
positions of the conie (4), Cramer obtains all the varieties of the quadruple 
pons on (3). 


3. These same two transformations (i. y — ez, ii. s — vy) are used by 
Nôther in his paper “Ueber die singulären Werthsysteme einer algebraischen 
Function," etc. (Math. Ann. IX, 166), which is devoted to the development of 
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the analytical theory; his conclusion is that any compound point-singularity, a 
multiple point of order &, is made up of a simple &-point, with, in directions 
indicated by coincident tangents, other multiple points of orders 4%; with a 
: number V of branch points, which with the same number of double points form 
V cusps; so that for the resolution of the singularity we have 


ONCE -—1) y. ,— 
p=) BD y; x = Vi 


4. This theory is presented by Nôther as a purely analytical one, involving 
no dependence on geometrical ideas even when geometrical terms are used. 
But by this exclusion of geometry the investigation does not gain in rigor, as 
regards the analysis of higher singularities of algebraic curves; and it fails to 
show very clearly the existence of the various elements of the compound singu- 
larity. The actual significance of the transformation and resolution appears at 
once when we make use of the geometrical method of Quadric Inversion, 
described by T. A. Hirst in the Proceedings of the Royal Society, March, 1865. 
For convenience and completeness I shall reproduce, with obvious extensions, 
such of Dr. Hirst’s results as are necessary for the main object of this paper, the 
Graphical Analysis of Higher Singularities. There is of course no occasion for 
this purpose to recognize any non-projective distinctions. 


5. We have a fixed origin O, and a fixed base conic. Points collinear with 
regard to O, conjugate with regard to the conic, are said to be inverse. If OI, 
OJ are the tangents from O to the conic, the inverse of a straight tine is a conic 
through OJJ; the correspondence is therefore à 1.1 quadric correspondence, 
with O, J, J, as fundamental points, and we have different cases, depending on 
the relative position of O, I, J; (1) if the conic be a proper conic, and O not on 
it, the three fundamental points are distinct; (2) the conic may be a line pair, 
and O not on it, which implies the coincidence of 7, J; (3) the conic being a 
proper conic, O may be on it, in which case J; Q, J, are consecutive points on 
a curve of finite curvature; or finally (4) the conic may degenerate, and O may 
be on it, this happens when OLJ are collinear; this case need not be considered, 
as it is simply ‘harmonic projection.’ It is convenient to-call the polar of O 
with regard to the conic the base line. — 

If the curve to be inverted passes through any of the fandamental points 
O, I, J, then the fundamental lines LJ, OI, OJ, will present themselves in the 
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inverse; they are, however, to be rejected, and the residuum is to be counted 
as the proper inverse. Thus, e. g., the inverse of a line-OP through O. appears 
as OP.IJ. Rejecting JJ, we have: the inverse of a line through O is the line 
itself; and similarly, if JJ are distinct, and A a point on the base conic, the 
inverse of [A is JA. This gives a convenient construction for the inverse P' of 
a point P; let ZP cut the base conic in A, then JA meets OP in P. 


6. From the definition it appears at once that the inverse of any point on 
the base line is the origin, and that consequently k intersections of a curve with 
the base line give, on the inverse, a #-point at the origin. Similarly, in case (1) - 
for the relation of J to OZ, and of J to OJ. Thus a curve of order #, with 
points of multiplicity 4, j, kat I, J, O, gives a curve of order n’, with points of | 
multiplicity 4, 7’, W; where n = 2n — 4 — j — k, . 

v=n—i-—kh, 
J =n E ar k, 
K-n—ài—j. | 
If however we take ZJ coincident (case (2)), then an intersection with OI gives 
a branch touching the base line; thus corresponding to points on OJ we get a 
number of branches with ont at J. Andif we take ZOJ as in case (3), we 
get branches having three consecutive points common. 
Thus the inverse of a conic not passing through the fundamental pointed is 
(i) a quartic with dps at O, I, J; 


(ii) a quartic with a dp at O, anda tacnode at J; 
(iii) a quartic with an oscnode at O. 


7. The formule of transformation are obtained at once; for the three cases 
we get 

()jasy:eaald syd dy; 

(2) x: y: = wg i yaa; 

(3) æ: y z= a aly! :— (ad + 2my”); 


to a projection of one or other of which, as is well known, the most general 1.1 
quadric transformation can be reduced. 


+ 


.8. Applying the method to the analysis of higher singularities, we notice in 
. the first place that a multiple point of any order, with a number of coincident 
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or distinct tangents, gives in the inverse, if not on a fundamental line, a multiple 
point of the same nature. Again, since a straight line not passing through a 
fundamental point becomes a conic, we see that inflexions may be gained or lost; 
. and similarly for double tangents. The method, then, is directly applicable to 
. the consideration of singularities only as point-singularities. | 

9. Attending only to cases (1), (2), the base line does not pass through the 
origin. Let a branch eut the base line in Z; to study the inverse itis convenient 


to mark off and number corresponding divisions (Fig. (1)). 





Phralle l l o base line 


Fia. 1 
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Let the branch cutting the base line at Z pass from 1 to 3; its inverse has 
therefore to pass from 1/ to 3' through O, and so describes a branch through O, 
having OZ as the tangent there. If, however, the branch through Z has OZ as 
the tangent, it passes from 1 to 2, and its inverse, passing from 1’ to 2, and 
touching OZ at O, has an inflexion there; and in general’a branch having with . 
| OZ at Z contact of order n gives a bas having with OZ at 0 contact of order 


n +1. 





Fia. 2. 


10. Next let the curve cut the base line in two points Z,Z, (1) on the same 
branch. The inverse of the arc Z, TZ, (Fig. (2)) is the loop OT' O, T' being inverse 
to T. If then the points Z,Z, close up, the arc included vanishing, so that we 
have ordinary contact with the base line, the loop O7" O closes up, and is finally 
evanescent, with coincident tangents; we have then, corresponding to a branch 
in 1, 4 with contact at Z, a branch in 1/, 4, having contact with OZ at O; we 
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have, that is, a cusp (Fig. (2)), The simples cusp, then, Heroum: itself as an 
evanescent loop with a node. 





Fra. 8. 


(2) But the points Z,Z, need not be on the same branch; they may coincide 
owing to the presence of a double point at Z. In this case we have a tacnode 
at O. To see how this arises, consider the penultimate form, with the double 
point N not on the base line, but indefinitely near to it (Fig. (4)). We have 





36 


308 ^ Scott: On the Higher Singularities of. Plane Curves. 


then in the inverse a node O, due to Z,Z,, and a node N’, due to N. Thus we 
get a tacnode, Fig. (6), with OZ as tangent. The double point at O, then, on 
inversion, sheds one double point, and preserves the other. 





Fia. 5. 


(3) Again, the points Z,Z,, being on the same branch, may coincide on 
account ofa cusp. Now we already know that a cusp arises from an evanescent 
loop with a node ; if then the cuspidal tangent does not pass through O, we have 
the resolution as in Figs. (6), (7), the cusp giving rise to a ramphoid cusp, whose 
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resolution into two nodes and an evanescent loop is here shown. It may be 
noticed, too, that the presence of the inflexion in the ramphoid cusp is shown by 
the one tangent from O to the evanescentloop.VZ,Z,. If, however, the cuspidal 
tangent passes through O, it inverts, not into the conic of curvature as in Fig. (7), 
but into a straight line, and the inverse of the ceratoid cusp is a ceratoid cusp in 
appearance, but it is equivalent to a simple cusp with an extra node, i. e. to 
y = a5 (Figs. (8), (9)), and involves two inflexions, indicated by there being two 
tangents from O to the loop NZZ;. 





Fig. 8. ' 


11. If now we have three coincident points on the base line, we get at O a 
triple point, differing according to the cause of the threefold coincidence. This 
may be (1) an inflexion. Resolving this in the recognized way, we see that the 
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invisible singularity resulting is really (Figs. (10), (11))a triple point with two 
evanescent loops, i. e. it is equivalent to one node and two cusps (Cramer, p. 610). 





Fig. 10. 





Fra. 11. 
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(2) There may be on the base line a node, the base line being a tangent; 
displacing this slightly, we see that the inverse has a cusp with an ordinary 
branch passing through it; the singülarity is a triple point O, with a neighboring 
double point N’, and it contains one cusp (Figs. (12), (13)). 
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(3) There may be a cusp with the base line as tangent. Resolving this _ 
(Figs. (14), (15)) we have two evanescent loops, combined with a triple point O 
and a double point N'. The singularity, then, while presenting the appearance 
of an inflexion, gives ò + x — 4, x = 2. 

Displacing the components of the triple point O, we have Fig. (16). 





Fra. 14. 


(4) If the threefold coincidence on the base line is due to a triple point, this 
presents itself as a triple point in the immediate neighborhood of O; we have 
then two consecutive triple points. 
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Fra. 10. | 007 | . AA 


12. Reversing the process, we see that a singularity at O, when inverted, 
sheds the multiple point of highest order 7, this being represented by & points 
on the base line; some or all of these will coincide if the singularity has coinci- 
dent tangents, and for each such coincidence we have on the base line a multiple 
point of order # (Ek). The original singularity of order & is therefore 
equivalent to a simple k-point, together with singularities of orders #, E, etc. 
(W=k). Similarly in dealing with the intersections of two curves, at a point 
which is an i-point on one, a A-point on the other: the obvious number of inter- 
sections is ik; but if any of the tangents are the same for the two curves, there 
will be neighboring intersections. To detect these, we clear away the ik already 
found, by means of a single inversion (N other, Math. Ann., XXIII, n and the 
next group of intersections is thus exposed. : 


13. Returning to the singularity on the one curve, let the order € k, and let | 
there be # coincident tangents; we have then on the base line & coincident points. 
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We have, that is, a singularity of order E, E pk. If «k,the base line is a 
tangent to one or more branches, and therefore a certain number of evanescent 
loops present themselves, indicating in the or singularity the presence of a 
certain number of cusps. 

These cusps necessarily present themselves vl a k-point has to be made 
by i branches, 7< k. Thus, e. g., if one branch has to make a triple point, it 
must turn back twice, and there are two cusps. In general, for a single branch 
to make an a-point, the inverse—also a single branch—-must meet the base line 
` in a points, giving contact of order a — 1, and we have therefore x91 
(H. J. Smith, L. M. Soc., VI, 161, 170). 


14. The geometry for the analysis of a singularity is the same whether JJ 
are distinct or coincident. For special lines of reasoning it may be convenient 
to take ZJ separate, e. g. in H. J. Smith's paper the curves are generated by two 
peneils whose vertices may be conveniently taken for 7, J. But in transforma- 
tion it is essential that the branch to be inverted shall not touch OZ (or OJ); and ` 
yet the transformations are more conveniently followed if the tangent is & side 
of the codrdinate. triangle. Thus the second form of the transformation, that 
with JJ coincident, is the most convenient for the analysis of singularities. 


15. The formule are — 
miyia= dé sald : a, 


the singularity being at ay with y = 0 as the tangent, and the inverse at yz. 
If then we use Cartesian codrdinates x, y, 1, and write æ : y : g = 1:9 : a, the 
singularity is at zy and its inverse at zy,; the formule are zx = x, y = «y, 
which is the Cramer-Nóther transformation. Here y==0 (the same line as 
y, = 0) is a tangent; «= 0 is any line through the singular point, inclined at a 
finite angle to the tangent considered—call this the axis; 2, = 0 is the third side : 
of the fundamental triangle, the base. Thus the singularity is inverted along a - 
tangent, from its intersection with the axis to its intersection with the base. 

` The process simply splits up the compound singularity into a number of 
simple singularities; i. e. it shows how the singularity with coincident tangents 
`- is made up of singularities with distinct tangents. No application of the method 
of quadrie inversion will replace a A-point by the equivalent 4% (& — 1) nodes; 
the most that it can do is to separate the multiple points (Nóther), and replace 
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the cusps by evanescent loops. The simple £-point may then, however, be further 
resolved by displacement (e. g. Brill, Math. Ann., XVI). 


16. Às an example, take the curve 


qi = gl, 
which has compound singularities at m yz. 
| eae 

gives as first inverse a g. 


Here the base is the tangent at a triple point. Inverting along this tangent, we 
get for the second inverse | i 
=; 


so the point af = zj is that illustrated in Figs. (10), (11), a triple point with two 
evanescent loops. Inverting this, we get the original point, a quadruple point 
with a neighboring triple point,* these implying 9 nodes and cusps. The 
presence of the three loops shows that there are three cusps; we have therefore 


ó-—6,x-8 
(Figs. (17), (18)). 
The other singularity, y! = z", gives as the first inverse yj = vj, the same 
‘point, but with the base line not a tangent. ^ Figs. (19), (20) show that the original 
singularity is made up of two triple points, involving two cusps: i, e. à — 4, 
x= 2. 
The curve ay? = z', which presents the appearance of Fig. (21), is therefore, 
in its repolved: form, represented by Fig. (22). 











*In Fig. 17, the elements of the triple point, are drawn separated by the base line ; in the original 
the triple point therefore presents itself as three nodes. 

t That the numbers obtained by this process agree with those obtained by means of the expansions 
appears at follows. Let the branch be made up of k partial branches, giving expansions í 
PEE i T S 

y= pap... 
the transformation y = zy reduces these to 
y= lyt eto. 
Every exponent, and consequently the exponent at which any two expansions separate, is reduced by 
unity ; 1. e. since there are k expansions, twice the number of intersections is reduced by k (k — 1), and 
therefore the singularity sheds a point of order k, ete. 
87 | 
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17. As a further example, take 
y! — Dh + a? — Say! = (1) 


a.curve having at the origin a singularity affording the expansions ‘of Professor 
Cayley’s paper in Vol. VII of the Quarterly Journal, and giving à — 16, x — 6. 
The inverses are 


yf — 22 + af — Irby = 0 . (3) 
yi — 9223); + 23 — 92$ = 0 (3) 
Ys — Wys + a3 — Day = 0 | (4) 


In this, write x — js = Ug, and it becomes 


us — 9ys (us + ys)! = 0. 


. It is convenient to start afresh at this point and analyse independently the 
singularity . | 


y—9x (zy) =o — (8) 

We get yi — 9 (+y =0 (8) 
yi — 925 (1 + ty) = (9 

yi — 925 (1 + ays)? = Ù (8) 

yi — Ja (1 + xy) = 0 (9) 


| giving Fig. (23), which shows the nature of the singularity on (5). 


SIRS Ner E NIU Cw SS NT A 
KR PERRET YO Va 
(6) (7) (8) 


Fig, 28. 
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The transition from (5) (i. e. (4)) to (3) is shown in Fig. (24), the straight 
line on which lie the four nodes being now curved into a conic.* 





Fra. 25. 


va 





* In Figs. (28) to (26), for the sake of distinctness, the tangents are more widely separated than is 
` justified by the construction ; and the two branches that cross and recross at 1.2.8. eto. are drawn with 
inflexions, as the scale is too small to keep them distinct in any other way. 
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The line a, = 0 (i. e. æ = 0) meets (3) in four points; the base line meets 
it in two. The transition from (8) to (2) introduces therefore one more node, 80 
the first inverse of the given curve has six dps, consecutive points on some curve ; 
one of the dps being a cusp (Fig. (25)). 

In passing from (2) to (1) the base line is z; = 0, meeting the curve in six 
points ; this finally introduces the sextic point, as in Fig. (26). 





Fig. 26. 


The sextic point giving 15 nodes, with 5 loops, we have 
+ x= 15 + 6 = 21, x= 5, 


the numbers given in the paper referred to. Displacing slightly the components 
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of the sextic point, Fig. (27), the course of the curve is made more distinct. The 
appearance presented is that of a ramphoid cusp. | 





Fia. 27. 


18. Applying the process to y” = x? (p prime to m and 7» m) (Halphen, 
“Mémoire sur les points singuliers des courbes algébriques planes," Article IT) 


the first inverge is 


p=at ”, 
the second is y= af, 
and so on, till the exponent of x is less than the exponent of y. 
Let : 
pcm, +g, 
m = gl +r, (1) 
q = rk, + 8, etc. 
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Reducing to the form y" = a*, q< m, we see that the base is now the tangent, 
and meets the curve (the 4. inverse) in m points. There are therefore in 
the original m — 1 cusps, i.e. x — m — 1. Further, we have resolved the point 
into 4, consecutive m-points, ica with the dps that are given by 
= æ (g < m). 
We have then, if A TP the number of nodes in the singularity 
= 27(p >m), 
ô as m em eux usos. 

MEZ x T .m 

This gives us 


ò —7 ™ n D a t6 — D Date Da. 


m.p 


P me m—r)(g —1) +(g—sNr—1)+....} 
from formule (1), in which the last of the quantities p, m,gq,....is—1. 
ELI AM ee E PEE E 
+q—m+r—gqte.... +1 
=4}{pm—p— m+ 1} 
-(p-üm-1 


We get therefore, for the point-components of the singularity y*= æ”, . 





x-—m-—1, Stas GL Dm (Halphen.) 


As was explained in $8, the process does not ordinarily enable us to count 
the inflexions, though in certain cases they can be detected by means of the 
tangents from O. In each inversion used in the present example, the tangent is 
either the original tangent or the base line; and consequently, there being only 
one complete branch, the inflexions can be counted. The number given by 
Brill’s formule (Math. Ann. XVI, 400), p — m — 1, presents itself as follows: 

The first inverse is yf = 21^". 

(i) If now p — m < m, so that x, — 0 is the tangent, this singularity con- 
tains p — m — 1 cusps; each of these indicates an evanescent loop; `O not being 
on the coincident tangents, there is from O, to each of these loops, one tangent; 
these tangents from O give inflexions on the original, in number p — m —1; 
and this being the only way in which inflexions can occur in the singularity 
considered, we have for the total number p — m — 1. 

38 


324 Scorr: On the Higher Singularities of Plane Curves. 


(ii) If p—m>™m, y, = 0 is the tangent, and meets the inverse in p — m 
points; there being only one branch, this gives p — m — 1 contacts, and there- : 
fore in the original p — m — 1 inflexions. 

Finally, knowing that the equation of the reciprocal of the curve y” = a? is 
of the same form, and that the reciprocal singularity contains p — m — 1 cusps, 
m — 1 inflexions, we see that the reciprocal singularity has an equation wu?" —v*; 
and therefore we have | 


PETEN E O ie), t=p—m—1. 


Thus e. ga = 2. 
The 3. Slat eee een xm 
w= 4, r+ 1.14, 

i. e. ò = 5, x = 2, T= 10, (= 4. 
The 5.8 point gives ô -+ x = 14, x= 4, 
122,  T+i=7, 

i. e. å = 10,2224 r= 5,10: 2. 


19. In the case of a singularity with coincident tangents, the danger in 
separating the tangents is that the neighboring multiple points may be 
destroyed. But these are indicated by multiple points on the base line; we can 
thérefore separate the tangents, provided that, on the inverse, no multiple points 
-are thereby lost in the immediate neighborhood of the-base line; and we can 
substitute nodes and loops for the cusps, by nr the base POM so that there 
may no longer be contact. 

Take for example the curve (Cramer) 


(y — 2) —ahy = 0, | (1) 


this has two consecutive triple points, involving two cusps. The first inverse is- 
(y; — a) — egi = 0, (2) 
which by the substitution y; =a, + tn, becomes | 
Uy ay rw) = 0. | (3) 


The inverse of this, obtained by 2, = 2, t = 2s, i8 


yi — %(1 + yy — 0. (4) 
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The curve (4) has an inflexion at z,y,; no multiple points are lost if we resolve 
the inflexion in the ordinary way, separating the three consecutive points by 
writing yy(ys — A)(ys + À) instead of yf. We get then, instead of (4), 


(ya — A )ys— z(1 + ys)? = 0; (4) 
instead of (3) we have 4 

(uj — Maths — ai (ay + wy)? = 0; (3)) 
instead of (2), ((y,— 21) — Ant} (y; — 2) — af = 0. v wan 


In passing to (1), x, — 0 is the base line, and it passes through the triple 
point at my,; take instead as base line x = u; i. e. change the x, into a+ u; 
and we get 


(y; — m =u)? — 29 (m + uy —2 y) — feu gt 0, 
which gives us, instead of (1), 


[(y —2 — uz — X2 (x + uy ty — a? — ux] — yx + w) = 0. (1) 
This has the two triple points separated, they being now at 0.0 and at — u . 0. 
The tangents at each are separated, and the cusps represented by loops. 

If however we take y?— 4, which gives as the first inverse yj — ai, we 
cannot separate the three points on the base line; for by so doing we should 
destroy a dp. But we may substitute for yf, y3(y, + A), which reduces the cusp 
to a node and loop; and then take a new base line which does not pass through 
the node, as in the last example. | 


Bryn Mawr COLLEGE, Bryn Mawr, Pa., June, 1892. 
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Introduction. 


In his memoir on Matrices (Phil. Trans. 1858) Prof. Cayley enunciated the 
theorem: “The determinant, having for its matrix a given matrix less the same 
matrix considered as a single quantity involving the matrix unity, is equal to 
zero.” The equation implied in this theorem is known as Cayley's “identical 
equation." Subsequently (in the Mess. Math. Vol. XIII, p. 139), Mr. A. R. 
Forsyth gave a proof of this identical equation for matrices-of the third order, 
based upon the solution of a system of linear difference equations." Forsyth’s 
method is applicable to matrices of any order. Considerable simplicity is gained, 
however, by the employment of non-scalar equations instead of the scalar equa-. 
tions employed by Forsyth. i 

I have employed this modification of Forsyth’s method to prove Sylvester’s 
law of latency and Sylvester’s theorem. In addition I have by this method 
investigated the existence of roots of matrices for different indices and in 
particular the roots of nilpotent matrices. 

For valuable suggestions in the ne of this paper I am indebted to 
Dr. Henry Taber. | 


*Sylvester stated (in the Johns Hopkins Üniv. Cire. No. 28, 1884) that & proof of the identical 
equation could be obtained by the method of linear difference equations. 
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§1.—Representation of a Matrix. 


In obtaining the representation of matrices by the method of difference 
equations, I shall make two general divisions: I, in which all latent roots are 
different from zero, and II, in which some latent roots are zero. | 

I.- Latent roots + 0.— When the latent roots are different from zero, it will 
be found convenient to distinguish between two cases (a), in which all the latent 
` roots are distinct, and (b), in which there are groups or sets of equal latent roots. 


(a). AU latent roots distinct. 
1. The method readily presents itself on epnaldering a few examples, as 
follows : 
1).— Matrix of order 2. 
. Suppose >= [$n Ps}, 
$n Pas 


“positions indicated by their suffices. 
Define integer powers of @ by o*+!=.9"; and let 


Q^ = (($*)u (9")] 
le "ju (mal. 


(Qu (PF he) = fon valle Ju ($9?) 
(Q^ +a pneu Qn Pas liri al 
Expanding the right-hand member we get the equations 


($^ * D = palda + Pal"), 
(QD = Pal") + palp), 


ete., ete. 


where n, x, ete., represent the constituents in the 





We have then 





The left-hand member of the first equation is Æ(@")1, and of the second 
equation is E($")4, where E is the enlargement symbol of finite differences. 

If we multiply the first equation by $x and subtract from the product the 
second equation Es by @y, we get 


LE — (Qu + $3) E + dudes — Pupa t ($")n = 0, 
or (E — g)(E — gX") = 0, where gı and g, are the roots of the equation: 


Q$u—27 Pr. = 0. 
Pu Pig X 
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The function | ĝu — 8 y is called the latent function of $;* g, and 
; Qa Pre — c 

gs are called the latent roots of $. 
Similarly we obtain 


(E — gy E — gy) (Dh — 0, 


(E—g)(E—9)9),—9, f= 12. 
The solution of this difference equation is 
(9^), = Angi + Brag? 
where A,, and B,, are constants determined by giving n successively the values 0 
and 1. mM | 
^ (Dat= Ant Ber 
rs = Angi + Bags; 


and generally 











(I)e 1 |: a 1 1 
A, = |Ÿ e 4 $4, |and A—Íg ge 
A A 


We may write instead of the above equation, 
: 1 1 
p = Ag, + Bugs, where 4, = ls Is 
A 


|1 1 
gı $95 
A 





and B, = 


(i. e, we may substitute for the scalar difference equations non-scalar ones), 


since g* = (gg — on) + Bu — gi) gi(— Pas) + BPs 
À A A 














Gi(— $2) + gin di(gs — Pra) + of (oss — fi) 
A . À l 





—gi(n —9) ,.gi(b — 9) 
A A 


= A? + Big}, which is the solution of (E — g))(E — g,)9^ = 0. 
Similarly it may be shown for matrices of any order. 








* In general of $ = ( $$... ... dre), then | 9u — E $nu...... Pro is the latent function of #. 
Paras Ae Pre $n Gas —&. -faw 
wi eus... deo $e: sense tt n doses —Q 
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2).— Matrix of order 3. 
Pn $1 Pis 


and 9* = {(p")u (9) (9). — 
Qu Pas Pas ($^) (P" Jas ($)2: 


Par Paz Q3 ($")n (9")s ($")s 
Proceeding as in the previous case and forming the difference equation, we get 
(E — gi) (E — g:\E — 95)?" = 0, where g, gz, gs are the latent roots of 9. 

The solution of this is | 


Suppose $ = 














p = Agi + Ey? + gt, 








tdd pq 
P 92 Js 919 9s 
. and L= |o gg, B—=|9 6 gi 
. A © A 








1 11 1 1 1 
: NIP 91 9s 9s | 
| = TA ^ -—|gi $i gs 
3).— Matriz of order o. 
Suppose @ has as latent roots gi, gs, gas... Ja: 
Forming the difference equation we get 
(E— gy — gs)... (E— $9" = 0, 
the solution of which is 
"= Ag? + Bygt +... + Mig. 
Giving n successively the o different values 0,1,...., o — 1, we. get o 
equations linear in Ay, B,, ete, which are sufficient to determine Ay, By, ete., as 
follows: . | | 





A = Qr gr s P" , and similarly, for By, Co, etc., 
A . gS 


1 Io 
Si Jats + Gu 
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2. Powers of $.—The matrix all of whose constituents are zero except 
those along the principal diagonal, which are units, is called the matrix unity 
and is generally denoted by 1. 

If from the array of constituents representing a matrix we ‘form another 
matrix ® by replacing each constituent of the first array by the logarithmic 
differential derivative with respect to that constituent of the determinant of the - 
array; then the product of @ and the transverse of ® in either order is the matrix 
unity. 

The transverse of ©, written d, is denoted by 97 and is termed the 
reciprocal of ®. 

From this definition of the dose which is as given by Sylvester (Am. 
Jour., Vol. VI) we see that a matrix has no reciprocal when any of its latent 
roots are zero. i 

We may observe that the expressions for A), Bo, ete., as given in the pre- 
ceding examples, are functions of $ containing the (o — 1)" and lower powers; ' 
and eonsequently we have a formula for. Oa Dressing all other powers of in 
terms of these. 


3. Ao, Bo, etc., are idempotent and mutually nilfactorial.— The formula for 
Q" gives | M | 
Q" = Agi + Big +... + Wn 
a — ($—9)(9—9). - um = Helge + (P= INO —9)- -: (6135. E 


(gı— 9: (9— 9s) - - ge) x (91— 93 (95— 93) - + + -(95—9.) 


E E. 
(g.— 91)9.— Gs) ++ + + (Ja Jo) 


— ($—9X$—932-...-($—9) 
(9.— g3)(91— Je) --- + (9— Gu)’ 


— (P= H)(P— Gs) ++ em Iu) | 
= (9a— 99s — 93) - + ++ (ga— Ju)’ m 


Writing a scalar symbol x for $ in the above formula we have 





or $ 








since À, = 











w — ER — Ju) 4 (£— ge — 99 e (09)... 
i — g9) S ay NE (g,— g(9s— Js) mun (95— gA” “Fete: 


an equation in z of the degree o, whose roots are gi, g, .... Js, 88 is evident 
39 | 
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on substituting g, for x, ga for x, etc., in the equation. The equation may then 
be written as follows: 


(x — g;)(x — ga) - ... (2 — ga) = 0, or replacing x by $ we have 
P — AN — G2) +--+ (P — Gu) = 0. 
Again the formula for $^ gives 
1= Ay + By... + Mo; 
A, = Aj, ` 
B, = B$, etc... 
since A,B,, A,C,, etc., contain all the factors of the above equation and there- 
fore vanish. g 


This proves that the letters A, Ba, etc., are idempotent and mutually nil- 
factorial. . 


| 4. Rational function of ¢.—Having obtained expressions for powers of $, 
we come naturally to the consideration of a rational integral function of $ of an 
order not less than o, which may be written as follows: 


Sota = M ra[Agt Bil s + Mi], 
0 "0 | 
or Fo = A lg + Bolg, +... + WE. 


We saw that a matrix $ had a reciprocal provided none of its latent roots 
. were zero, and, since & rational integral function of & matrix is a matrix, the 
rational integral function F$ will have a dis nix (FQ)! provided none of its 
latent roots are zero. 

The reciprocal of Fọ would be written 


(GF) = Ag) + BF) + 2. + WF); 
because Fp.(Fp) = A4, + Bot... +W, 
= 1. 
We may write then a rational function of $ as cii $ 
| fo= Fe. As Fig; + Blige d WV. 
Fo Ag + Bg... FW. 
where Fig and F;$ are rational integral functions of @ and where none of the 
. latent roots of F;@ are zero. . This function may be written 


` 
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— 4 Fig Fig, | . 4g. 
Won p dope Pesos 


or fo = Af, + Bg +... +H Wafa. 


5. Identical equation.—The formula for Q" gives 
(0 P= Age + Bgi ob Wags, 


and, as we have already observed, A,, By, etc., are functions of the first (o — 1) 
powers of $ and unity, and consequently the above is an equation between the 
first o powers of @ and unity. No other equation of this or lower order will be 
satisfied by $, since Ay, B,, etc., are linearly independent and therefore this is 
Cayley's "identical equation.” 

The A,, By, etc., may readily be shown to be linearly independent ; for ir 
they.are not, suppose the relation 


aodo + bBo + .... + wW, = 0, where ay, 59... W 
are scalar constants. Multiplying this by A, we get 
i aA; = 0, 
since A, is idempotent and nilfactorial with respect to all, the other letters B,, : 
Q,, ete., as shown in Art. 3; therefore a, = 0. 
Similarly we may alio that b SS os Et mU and there is therefore 


no linear relation between these letters. 
Again we have 


= Agi + By +... + Woga» 
P — n= Big — 9) + Olgas — gi) + Wig. 99) 
$ — Ge = Agi — 92) + Ov(gs — gs) + +... + Wolga — 92) 


$—9.— Ag: — Ju) + BGs — Ju) + <e Vg. g.)- 
Then since Ap, B,, etc., are mutually nilfactorial we have 


(P — ANP — 9) +--+ (P — 9.) = 0; 
which is the identical equation in product form. Here again it is obvious that 
$ satisfies no other equation of this or lower order, since the letters A,, By, etc. 
are linearly independent. 
Hereafter when I use the term “the letters” without further specification, I 
shall mean the A's, B's, etc. - - 
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6. Sylvester's Formula.—The rational function of Art. 4, when written in the 
form f$ = Avg + Bofgs + ove Wu, - 


is obviously Sylvester's formula for the particular case of a rational function, 


($ — g-Y(à — gs) --- - (P — 9.) and similarly for: 


since the expression for À, is 
5 "(i= gs) pz— Ys) ++ + + (61— Yo) 


the other letters. : . 

"We have then, thus far, a means of reducing & rational function of $ to a 
rational integral function containing only the first o powers of @, beginning with 
Qs. 

(b). Sets of equal roots. 

7. Let us for convenience take the three examples that we considered in (a), 
where now we suppose some of the roots to become equal. 

1). Matrix of order 2,—Suppose in this case gı = gz, then proceeding as in 
Art. 1, we find for the difference equation 


(E— nye" = 
Q^ = (A, + n4) gt. 


the solution of which is | 


If n= 0, then 1 = 4, 
“n=l, " $—(Ad4)g; 
À; = = RE , and A= gr. 
2). Matrix of Ps 3.—In example 2) of Art. 1, put gj = gi, then the differ- 
ence equation becomes . 
| (E— gy (E — 9)" = 


Q^ = (A, + ni) gt + Bugs". 
The expressions for the 4's and B, may be found as before. 

3). Matrix of order w.—Suppose we have a matrix of order o having as latent 
‘TOOLS gi, Ga. + Jrs Ja Of multiplicities pj, py. ... p,, p,, respectively. The 
difference equation then becomes i 

(E — g)” (E — gs)... (E — g)” = 0; 
DR y= (4 + nd, + RA, +... +14, gi + (B+nB+.... 
4T nBB, Jg ce (So + nS, +... +2? IS, gt 


Pili pal 


= ee + g Ses, +. eb gt YS S. 
Hi 0 





. The solution of this is 
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The expressions for the A’s, B's, etc., are obtained as before by giving n, o 
different values, when we get o linear equations for their determination. We 


shall find that 


1 0 0 esl. 1 0 0 
gi gi ga + -92 * Js gr Ys 
gi 2i 4gi e| e 2g; oP igs 

E ATUS 3g? 89-19 


eee ea o 


etia s. vase 5 


e.s... 


g?7 (a—1) ge! (o—1Ygt....987....92 ^ (o—1)g? 1... .(o—1)?7gg 3| 





The factors of A may be found without serious difficulty. They are as 
follows : es 

" a8 B=8 =8 
A-—P.H gpa aH (gg — g,)?&?» , 
B—1 yol MS 


al 


where B2y, 


and pe=(m—1)+(pm—2)+....+2+1 
z= PA Pa us 1) ; 
2 
Let us for convenience use A (0) to denote the detérminant formed from 
A by substituting for its g column the column | 1 ; also let Sp, denote 
po 
| à 
Pi + Pa +....+ pus where À has any of the values 1, 2....7r. Then 


À 





PNY C P | i 
Daa aata B,, etc. 
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. We get pees 
ans H (p — ge)” 
a({)= P.T gè E E E 
(9 7 9)^ 
F,-au($-—9). T am pec DRE SUI. T T (9). 
S=? 


CC sl l l loloa lya ‘l ‘l a‘ ‘l U ‘l l i 


ss 9 c5 5 


^ 9 =P. T T (@— g)” 
(sp, + 1 ga”? om Gap Pati | 
x Fee 10 ga) H (pm ga, ÉTÉ (gi gon 


where (à + 1)20ZeZ(à + 1) Z y, and where à has any of the series of values 
mentioned before. p r - 
The factor TO ($ — ga+1) is a function of ($ — 9, 4.1) of the order (p, ,— 1), 
A+1 ` 
which does not contain as a factor $ less either of its latent roots, and is in ' 


general different for each of the letters. This formula gives the expression for 
the numerators of all letters with the subscript zero, and for the numerators of 
the letters with subscripts other than zero we have 


a8 


"ES 
Tl ge IL ($— gj)?» 


$ = pyta) ol . Bl pote ne 
Alsat yt) P gx (P— Jay) B (D 9441) 


=8 «a ` 
Eun (Japi — g)9 77. YE. (gs — ge) Pe, 
=l - 
where y has any of d series of values 1, 2, + Papi — 1, and where 
yz 12820204 1). 
The numerical factor remains the same for all the letters with subscript zero, but 


varies for the others, 
Introducing now the denominator A on both sides we get 


Becr B—s 
A5 = H@ — ge)” . Fp- ($ — 91) = IL (C — ge) t aD, 


: 2E 
A,= P9. IL — g). (e —g) -Fg-.a($—9)79? ^ T n9. P; 


and similarly for the other letters. - 
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8. Powers of ¢—The difference equation gives an expression for Q^, and 
(since the latent roots of $ are different from zero) n may have any integral 
value positive, negative, or zero; and here again the A’s, B’s, etc., are functions 
of $ containing the (o — 1) and lower powers, so that we have a formula for 
expressing in terms of these all other powers of $. | 


9. Rational function of > .—Here as in Art. 4 we may obtain any rational 
integral function of $, and hence any rational function of $, viz. fe gb 
provided none of the latent roots of F;$ are zero. 

It may be written as follows: 


n n pi—1 p3—1 : Pr] 
P= Je ag = $3 [s $564 gi Mesa eec dus] 
0 0 0 0 | en 0 


10. Vacuity and. Nullity.—The determinant of the array of constituents 
forming the matrix is called the content of the matrix, and is denoted by |]. 
If the latént function of ọ be written in the form 


are m, qx" 14 MoT’... . + mr F m = 0, 


then it is obvious that m is the content of $; m, is the sum of all the principal 
first minors of ||, and generally m, is the sum of all the principal x™ minors of 
|p|. Ifm=0, the matrix $ evidently has one latent root zero and is termed 
vacuous. lf m — 0, and m, + 0, then $ has but one latent root zero, and is then 
said to be simply vacuous or to have the vacuity one. More generally, if all the 
m’s from m to m,. , are zero, and m, + 0, then $ has x latent roots zero, and is 
said to have the vacuity x. If |$| + 0, has no latent root zero, and is then 
non-vacuous. 

If all the (x — 1)" minors of the content of a matrix vanish, but not all the 
x** minors, the matrix is said to have a nullity x. The nullity may be equal to 
. or less than the vacuity, but never can exceed it. 


11. Identical equation.—If gi, 9;,..+-g, of multiplicities p,, Ps, ....p, Te 
spectively are the latent roots of $, then the latent function of @ may be written 


F(x) = (2 — ge — 9)... (@ — g)^ 
= am" +a, +....+az+a,=0, 


where:o is the order of the matrix. 
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Then F(p)= ag" +a, 0TH .... ats 
= Aagi + aa—191 7 + c agi + do) 
+ Ai(ca,gt + © — 1. af these Hag) 


CT rt aa +... + ay) + ete. 
+ Basg + a_195 d... + Gaya + ao) | 
+ Boag? + © — 1.a uo 74+... + 4) 

+ ete., etc. 


= Ag, + aei +... + nus T. 


HB Egy H oss asa eh + Bi 955 \ Fon + 
+ ete., etc 
. But Fg, Fg, Pg=... . = Fg = 0, 
Fg = F'g =.. = Feng, = 0 
ete., etc 


F(?) = ( — g) ($ — gs}... (0 — g.) = 0. 


In general $ does not satisfy an equation of lower order than the one above, 
in which case it is the identical equation. : 

When $ does satisfy an equation of lower order the identical equation is 
` said to degrade. It is evident that $ satisfies but one equation of lowest order. 

We have yet to prove, however, that @ less either of its latent roots must be 
contained among the factors of this equation of lowest order. We proceed in 
the first place to prove certain properties of the A's, B's, ete., which we require. 

Having the above equation and knowing the factors of the A's, B's, ete., we 
see that the letters of one set are nilfactorial with respect to the letters of any 
other set, and that all the letters except those with subscript zero are nilpotent. 


We have 
1= A+ B+....+8&; 
s A= A}, B, = Bi, ete. (multiplying by 4o, By, etc.) ; 
also A, = A,A, = A,Ay, A, = A) A, = A, Ap, etc. 


B, = B,B,= BUE, ete, 
etc., etc. 


Therefore the letters with the subscript zero are idempotent and also idemfac- 
torial with respect to all the letters of the same set. 
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Some of the letters with subscripts other than zero may vanish. If A,— 0, 
then all the A’s with higher subscript vanish, for A, contains the factors 
(D — gs)(o = gs)... (P — 9,)*(@ — gı)" besides a homogeneous rational 
integral function of @ and its latent roots, which is non-vacuous as mentioned 
in Art. 7, and therefore does.not affect the vanishing of A,; consequently 
(> — gy)... =. (p — g)^($ —g) — 0. But this is a factor of all the A's with 
higher subscripts, they then also vanish. | 

The A's, B's, etc., are linearly independent. To prove this it is sufficient to 
show that the A’s are linearly independent, for assuming. a linear relation 
between all the letters we have but to multiply it by À to get rid of all the 
other letters, leaving a linear relation between the A’s. 

Suppose Áp 4a, Bai: sS oui are the letters with the highest 
suffices which do not vanish, and suppose the relation | 


GA + aA; + asde +... -+ a, 14 1 = 0. 

Multiply by (9 — g)” 7*7}; | ME. 

A? — gh = 0, but Ai — g)^7^7 x0; 

do = 0. 

Similarly all the other coefficients may be on to be zero and therefore 

. no linear relation éxists between the A’s or any of the letters. 
Now suppose . 
Fg = ag" + bg" + . .lg4- m 
to be a rational integral function of g, of order x Mme to da: order of the lowest 
equation which $ satisfies. Then 


FQ = ap + bp" +....+lp+m- 

. = A (agi + bgf E... lg +m) | 
+ A,(xagi + x — ibg +... . + ig) 
+ Alagi + x —1bgi +... +lm)+ete. . 
+ Biagi + bg +....+ lg + m) 

4 Bi(xags + x — 15g; + ....+1g,) + ete., etc. - 

= AE + gd Pg, + JA Fg a BE") + RAF g + 3g,F"g, + gi E" gy) 

+ qi A Ug, H IgE" g + GE" + GRE) 
+ gi A(F!g; + 15g Fg, + 25g] Fg, + 10g] Fg, + gg) 
+ etc. 


+ ByFg, + 928 Fg, + gs By( gg + Pg + etc. 
ete., etc. - 
-40 ` 
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i, ; B P ` g 
= À, ü + fA +- VAS LA + ES + À, | qud. Fg + 
d. 
- fu 


E. 
+ B,Fg, + g,B,Fg, +... + B (org) Fac... 
+ etc., etc. | 


Since the A's, B's, ete., are linearly independent, the necessary and suff- 
cient condition that F = 0 is 


Hj 0, Pg, 0,0... Fco) =; 
-Fg = 0, F'g,== 0,.... Fm = 07 
Fg,—0, Fig, 0 .... Fay = 0. 


These results show that the roots of Fg —0 are gi, gy. . . . g,, of multiplicities 
| Di — Oy, Di — Og, à + Pe — Oy a and consequently | 

Fo = ($ — g)?-*($—99)^?7*....($—9,"-*, (to a scalar factor), 
Where Q less each of its latent roots occurs as a factor. 








. IL. Some latent roots zero. We now come to the case miners some of the 
latent roots of are zero. | 
12. As before, let us consider a few examples and observe the form of the . 
difference equation and its solution. l 


1). Matrix of order 2. 
Latent roots g,, 0 | 
We obtain the difference tes 
J E(E— gi" = 0, which gives as solution 
gt sz 4,91, forn=1; 
: p= og. 
‘This is abe: same value of $" as would have been obtained by putting g= = 0 in’ 
the expression for $^, in example 1), of Art. 1. 


..2). Matrix of order 3. 
Latent roots g,, 0, 0. 
The difference equation is 

. EE — 9)?" = 0; 
Q^ = Agr, for n> 2 
Q^. 
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This again is the same expression for $^ as we should have obtained by putting 
= 93 = 0, in example 2) of Art. 1. 


3). Matrix of order o. 
Let the latent roots be g,, and 0 of multiplicity &— 1. . s 
The difference eqdeson is | 


EE — gy = 0s 
Q^ = Ag?, for nzo—1; 
gS gg Hs 7 
This also is the same expression as'we should have obtained by putting 


BEBE.. =J = 0, in example 3), of Art. 1. 


4). Matrix of order o. 

Take the most general case, where the latent roots are gj, g....g, 0, of 
multiplicities p,, p, . .. . Pa, respectively, and where p. +pet.... +p, =o. 

The difference equation is found to be 





(B—g,)"(E— gy ++. (Eo g)m EP? = 0. 
For n= > SDs the solution of this i is. 


p,—1 Pa—1 . pr—i b 
"gy nA ESRB +... + gt Enh. 
0 0 : . 0 


It is obvious that it makes no difference what values we give to n, in the 
solution of the difference equation, to obtain expressions for the A’s, B's, etc., as 
long as we take any o different values which n may have ; 80 that in this.case we 
get for A the following: | | hou € 


gr Dub. eee GR hig dine a. “eg 
A= |G p, TI) GT. aei. ege Le (p eigen 


CC 
AJSETEIWO cn — 0 E E S 


+ 





gr^ (9 — 1) dicto eis ge WE go i (o—1) g^ 
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If we examine the equations from: which the A's, B's, ete., are determined, - 
we shall easily see that the A's, B's, ete., of this case are what the A's, B's etc, — 
of example 3), Art. 7; become, when g, is put equal to zero; and consequently ` 
the expression for $^ found here is what that found in example 8), Art. 7,' 
reduces. to when g, = 0. | 

. For n< p,, the solution of the Ru equation is 


a pi. Opel 0 | 
f = gl 22 “A, +: AGE DA aT + Man | 


shake MN, is some expression resulting from the solution of Z*$^ = 0, and may 
be determined in the same way as the expressions for the A's, B's, etc. When 
nz ZP, N, = 0. * | 


If the expression for V, be determined, as | just mentioned, it will be found 
, p-—1 

to, be what the term gf Sx nS, reduces to when g,— 0. This terni does not 
vanish when g, becomes zero, as might appear. 

"We have S, = 0, when nz 1 and g, — 0; 

and ` g^8,—0, " nZp," g,=0; 

as may easily be seen from their factors given in Art. 7. 

- That N, is what this term reduces to wa g, — 0, is also apparent from the 
fact that the solution of | : 


Qi) g”... (E— gP Brg = 0 
is the same as what would result from putting g, = 0 in the solution of 
(E— gJP(E —gih. (E gPCE— gg? = 0. 
We arrive at the conclusion, therefore, that the formula for $" when none of its 


latent roots are zero, still applies when some of them become zero. 


18. Expression for umity.—In the cases where none of the latent roots were . 
zero we could put n — 0 in the solution of the difference equation and obtain an 
expression for unity, but when $ is vacuous we cannot do so. In the general 
case when none of the latent roots are zero we have 


id 5 aC ase SK 
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which is an identity; that is, if developed according to powers of $, the coeffi- 
cient of each power of @ (which is a function of the latent roots) would be iden- 
tically zero. This property of the coefficients still subsists however small any of 
the latent roots become, and consequently is still true when one of them becomes _ 
zero. Suppose g, — 0, and denote by Aj, Bj.... 8 what A,, B,.... S become. 
We have then i . 
mE =Ap+ Bot+.... +S, 


which is an expression for unity when some of the latent roots are zero. 


14. Powers of $.— The difference equation gives us an expression for $*; 
but $, being vacuous, has no reciprocal and therefore n can have only positive 
values. This formula for Q^ gives a means of expressing the a and higher 
powers of $ as rational integral functions of the (o —1)** and lower powers. | 


,15. Rational integral. function.of .—Having an expression for any positive 
l integral power of $, we can write any rational cd al function of an order not 
less than @ a8 follows: 


Ys w= Y [eS +. ate a) 
| 


16. Identical’ Equation.— We have T 
= (4,+ 04, + ete.)g? + (B, + oB, + eto.)gg de . + (Re+ of, + etc.)g? ; 
= it has been observed that the A’s, B’s, etc., lon: are what those of Art. 11 
reduce to when g, = 0. This expression for $" is therefore what the expression 
of that article reduces to when g, — 0, and therefore it may be written 
(> — gi)? —9)^ ....($ —9.)"9" = 

which is the identical equation unless $ satisfies an equation of lower order. 

Having this equation, the factors of the various letters show that (1) the 
letters with subscripts other than zero are nilpotent and (2) the letters of any 
one set are nilfactorial with respect to the letters of any other set. From the 
expression for unity, as given in Art. 13, it may be sbown in the same manner 
as in Art. 11, that the létters with subscript zero are idempotent and also idem- 
factorial with respect to all the other letters of the same set. 

Each one of the sum of Ss of which N, is composed contains all the factors 
of the dense equation, and consequently N, is nilpotent. | 
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It may easily be shown that all the letters, including N,, are linearly inde- 
. pendent; and we have therefore sufficient data for showing in precisely the same 
manner as it was shown in Art. 11, that @ less each of its latent roots must 
appear as a factor in the identical equation; and also that @ satisfies no other 
equation of the same order. The identical equation may then be written 


(6 —g)?7*($ — g) "EWU (D E gy nec — 0. 


82. RL of the ae B’s, ete. 
17. We have already proven that: 
(1). The letters with the subscript zero are idempotent and idemfactorial 
with respect to all the other letters of the same set ; 
. (2). The letters of any one set are nilfactorial with respect to the letters of 
any ‘other set; and l 
(3). The lettere with subscripts other than zero are nilpotent ; 
and we shall now establish a relation between the letters of any set. 


18. Relation between the A’s.—All the letters of any set, with subscripts 
greater than unity, can be expressed as powers of the letter with subscript unity 
Recording to the following law: - 

i Lb-—A p L. 
- This relation may be established in two different ways as follows : 
First Method. 
We may. write | ` 
| Aq = Ad(6 — 9) + 91] | 
= AA — 9) + 2] 
Z Ag [ 449 — gi) + 1] 


AEN +1], 


where N is put for Ae 9). 
| . 1 
Let us denote by log (NW + 1) the series . 
8 4 
a a ertt + + etc. 


4 


which is finite, since the p% iid all higher powers of N vanish. 
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If we ; develop glos (F+D — a+ Free —— T to ascending powers of N, 
we shall find that the coefficient of N is unity, that the coefficients of the 2"° and 
of all higher powers as far as we choose to-go vanish, and we know that all terms 
containing the př and higher powers vanish, because N? contains the identical 
equation as a factor. : 

We may therefore write 

1+ Nzgeaokm. | 
AP = Ag 
| = Ag 164 ! | 
where A is put for log " E N). 
Ag’ = Ag? e^; 


Agr= Agi nd + 2A + A 


— + ete) 


m  L'ete.), 





x gu T nÀ + ve LT 
À, being idemfactorial with respect to the .A"'s. 
The expression already found for $^ is ` | | 
or = (A, + nA, + nd, + eto.)g? + (By + nB, + ete.)g? + etc. ; 
Ag" = (Ay +A; + nA, + ete.)g?. 
These two expressions must be identical ; 


Ay + nå, + ete. + m7 As 1 = Ay taat TES. E con 
= 





It is obvious that A” = 0, since Nes 2205 


(A— a+ (4) +0 (4-4) +0 À A) + ete 
| | o pea ( Asa) 


In any case this is true for all positive integral values of n, and therefore the 
coefficients of the various powers of n must be identically zero. We have then -` 
A zz A, and generally L= A | Ax. | 


Having all the .A's expressed in terms of A, we can find the relations 
between them; and in an exactly similar manner the same relation may be 
found to exist between B's, C's, etc. 
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This proof of the relation is due to Dr. Henry Taber. I have found a proof 
of it based on the fact that | 

(Ap + A; + ete.) = A, + 24, + 274, + ete, | 
which is somewhat long aud compared but not without some interest. It is 
as follows : 


Second method. 

For a suppose we have a matrix $ of order o whose latent roots 
ATC Ji, d... gs occurring gi 1, 5-1, . Pe +1 times respectively. Write 
PE for À — 2, 


8 
s tt 35— 3 — 3 (2 — 2), 


og 4.3 Y 
a, © 4f—4— 3. [31—8 —3(2: = 2)] — 4(21—21, 


Poe n u "ug! m E 1! LA | pum 5 

Gp, n — Pi (p,-5)81^— 9^ ett n (n ETAT (p 1—1)! fpi? 
À 

where a, = 2 — 2, 


a, 3—3 — 3(2 — 9), eto, ete; 
also write 
` $ T for Ay + A, + .... + Ap. 
Tt is readily seen that 
a, 9 — 2, > 
a= (3—3) —8(P— 0), ^ 
4 T TET 
xis — 4) — 4(3$— 3) + a (2 — 2), 


a= (85) — s(é— e BE ar a, 
a = (Pp) — (9 + ER — 73)... 
ae (p P=) (2—9), 


. where the subscript of p has been Pepen for convenience, since no confusion 
. ean thereby arise. ' 
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Separating the value of i into two ia we get 





mol ue nu) © = n» 
=p! FAT E: 
=p!. 

We know that 


d, — 0 for x «n, 

a =n], 

nl I 

i m etc. a 
On + sie 2, 


ma ` | ( —1) 1 
in ete ami tnt] TN 
q nn—1)(m—2)f 1 3 
| dcum lanta Drop t ete.) 
e | x1 
LLL coner ln CIF ase to} 


oe (n + A) H 


= coefficient of "+? in the expansion of (e* = cs. tgi +3 pb is 
multiplied by (n + à) F. 
Having obtained the foregoing auxiliary theorems we may proceed to the 
more direct consideration. of the relation between the letters. 
Taking the various powers of T up to the p™ we get 


1. T=A, + À, T ....4- A, 
T? + 2T= 2A, + PA - ..-. + 2? A,, 


ue 8 D s 
2). P=2l A4 talt... Hal = SA? + 254,4, 
41i . | | : 
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, 8). T= 81 4 + aki +... mA, = SAP 4 35434, + 6EA,A,A,, 
: | 24-1 : - | i | i | ae a 
n) =n! A, a A Lid .... + aS, = EAT + nE 41714, + eto., 

p) =p! 4, SA. ne 


From these equations we easily get, on | multiplying by proper powers of 
the various A's, 


M—(p—x2AMÁ,.  =z2l(p—2)l4, 4, 
Ap AK = (p — uà)! A, — wå, 
ete. LE 
AES (ss D (ns D... (m (Dat a) A Aut Lat 


In this way we get all relations between Se AO of weight p. 
From equation p — 1) we get 
| AT + (PAA (p— D! Aya M DpL Ay, 
E | But 427*4,— 4 ip!4,; | 
| AP? = (p— 1) 1 Apa: 

Similarly, as in case of weight p, all relations between en of weight 
(p — 1) can be found. , 
ATA, = (p — À)! A, A n 

ete. etc. : 
ARH? = (o 1) (xa o... (An D-(p—ar — xg... 21) AS... Ay, 

From equation p— 2) we get 


AE? + (p— 2) APH As + 4) + PPP) gag 


Dm ares 


—(p—314,, + HP —M(P— 11d + [PE + PORES iota 
Aj~*=(p—2)! Aps. | | 

Again, we could proceed as before and obtain all relations between expressions 

of weight (p — 2). at 


Suppose we have performed all the operations and found all the relations 
between expressions of the sáme weight'to APH! =-(n + 1)! 4,43. © F 
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Then let us consider equation n). — | 
A7 + nd??? (A, + 4, + etc.) + ie MD ag (Ag + A; + etc. + etc. . 


=n! 4, Pu E Ardea ee Ge 
I wish now to show that the terms of "weight (n + A) on the one side of the 
equation cancel those of the same re on the other side, where À may have 
any integral value from 1 to p — n. 
Collecting the terms of weight n + A on the left hand side of the dr: we get 


nAp714, H” Le n(n — 1) yp- fe Lee Mid, 244, Lm 


4 8D n Ar UR Leet SZALAL, + ete) 


nl à 
pu F 1)! (n—x +1)! 
Replacing each of the terms in this by the proper function of A+? we get 


(n—1) 2 
nt ent n natsaa gr] 


n(n—1i1)(n—2)f 1 
+4 * ts LT ay CER D gna xj! + «e. 


gro Cite it (x+ 1)EALA,. "US + etc. 








m x-F1 | 
+. CR O a 
+ete.... jar 
; . kA 
" . d, CUM 
This is at once seen to be GFI A? 


But Aft’ = (n +2)! 4,4. 
Therefore the term of icu n, $ 4 on the left is equal to the term of 
weight n + à on the right which is ps Ai | 
| At=n! A,, 
where n may have any value from 2 to p, and ibérelóre our theorem is 
established. i 


In a similar manner the same relation may be shown to exist between the 
letters B, C, etc. 





* These terms will not appear unless ip is an integer. 
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19. Relation between the N,.—We have already observed that N, was: nilpo- 
tent and nilfactorial with respect to all the other letters, and, knowing the fore- 
- going properties of the A’s, B’s, etc., we Hay now find the relation between the, 


N, of Art. 12. | - . 
$ =(Art Ar + ete)g + (B+B, + ete)g t . m (B, + R, + etc.)g, 4- M, 
i = (A, + 24, + etc.)gi + (JB, + 2B, + ete)g$ + .... + (Ry + 2E, + ete.)g? + M, 
Ede Ai + ete.)g1 +... + (Rot & + get Np 
= (A, + 24, + etc.)gi + (B, + 2B, + etc.)g? e. + (Ri + 22 + etc.)g? + N3; 


N,= Ni, and generally it will be found that N,zNt. 
I shall hereafter omit the subscript of M. 


$3.—Law of Lateney. 


. 20. I shall consider the two cases, first where none of the latent roots are 
zero, and second where some latent roots are zero. 


First case.—Suppose Åp a Bp- a- -Spa are the letters with greatest 


subscripts which do not vanish. The rational function of Art. 9 may be written 
as follows: 


Ps oe 


M. pros [nacta + gt + ws]; 
1 


then, writing D. Q" =f, we have 


Pi— a Py— 45 
(f$ — fg) -Ms [et deus + (gi 95 oa sen + ete. 
paca. 
+ (g — AGT g ous], 


Pia Ps — au 


A =) Mu ne gr cS ones] 


GR -=$ a (9t — 95) 40 +. ahi] 


. - In the i equation dd in the second Bp i in the third a, etc. and in the 
last Bo do not appéar. 
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Again ` a 
(fo — fn)" | obviously contains none of the A’s, 
(fo — fg) Ta E . | a u TN T B's, 
(fo —Jfgy7 u " u ti ^s, 


o — fo) = (fo — fas)! "^, neither A's nor B's, 
but contains all the other letters, f 
(fo —Jgp = ( fo — gs}... (f — ion "= contains none. of the letters but 
S’s, and | 
(fe — Pa Ub — fy... Uo — fy m 0 

The above expressions of the type (f — fa) and their products and powers | 
are evidently the expressions of lowest orders in f$ that have the characters 
specified viz. as to the absence of the A's, B's, etc. 

The latent roots of f are fg, fge. . .. fg, of HARRIS at jait: Pi — %, 
Pa — 03... B, — Oy respectively. 

If ede ps zm then the latent roots of f$ are fis Fes E DÀ 


of multiplicities Dy Pa- -- - Pa respectively, since D p=, aud. So has @ latent 
roots. ~~ 

Second Case EE ag in the previous case, that A, Bis 
are the letters with greatest subscripts which do not vanish and that N*-* is thé 
greatest power of N that does not vanish. The rational integral function of 


Art. 15 may be written as follows : 


Fo= Ms aj = Ns [sta pa Suae. gen ae]. 
vo | 


Making use of the expression for unity and proceeding as before we have 


Pia 


| (Fe— a-Ys PE es m + ete... — Sigh +H], 


"Pia Pa —ay 3, 


(Fo— mes Ta mái eA m Seem) 


Drm ar 


ef = Salen gA +... + 2D Ne], 


Pima Pr— ar 


Fine Ye EDEN +. eM RB, + Ne]. 
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A, disappears from. the first equation, 


B, 2 P second ‘ 
S, 6 te last ti 
(Fọ— Fg)y-^ obyigusly contains none of the A’s, 
dog n e u a si si B's, 
| (Fi Ey-- a does not contain N; ` 
and as before, P 
(Fig — Fg)" (Fg — Pym" ce (Fe Fg) * (Fo — iy = 


The above expressions of the type (F@—-Fg) and their powers and sidus 


are evidently the expressions of lowest orders in F$ that have.the characters 


specified viz., as to the absence of the A's, B's, etc. 
: The latent roots of FQ are Fg, Fg,. cU Fy of multiplicities at least 


Pi ai, Pa — Ar +... Py — a, respectively. 
Ffa=a=....=a=0 then the latent roots of Fo. are Fos, Fos, reg Fos à 


of multiplicities P, Ps, Ds, ....p, respectively, since a p=, and Fo has o 
latent roots. | 
— 84— Nullity of the factors of the identical equation. 
21. Let the identical equation bé 
6 0 (9—9P7*(6—9)7^....(9—9) Ag = 0. 


. Denote all the factors of this equation except the first by 4. 


. Then 
($ —9)^7* 4420, . 
N,[$ — g) 94] — o, where N, ,[$] denotes “‘the nullity of 9”. 


But — N,[44] € o — p, since vacuity of di is @— p, ` 
Snc. NGOS gilts d po 
. À, y [34] = = Q—Pii 


and N [(9— —9)^7"] = 5. 
Similarly, N[(6—9,)^79»] = p. 
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Let 
| 34 = ($ — go) h. 
We know that : 


"x Nih] =0— p, 
or A,[($ —9)^^*35] = 0 — p. 
But  NX[(9—g)"-"] ` = p and 
3 N, [4] € o—pı— p, since the TE of 44, is o—pı— Ps; 
: N, [he] = o—p—p- 
Again a a | 
N[(6—9)^7* (9—9)^-*] pi + pas 
A og) ^ *($ —9)^^7* 34] —0; i 
- N[($—9)" *(6—9)"*]— pi + Pa? 
and generally i | 


N,[($—9)"7* (—9)*7*.-..(9—9)^-^]- mtr»... n 


85.— Roots of a Matrix. 


Under this head I shall distinguish two cases, 
I. When the latent roots are all different from zero and 
II. When some latent roots are zero. 


1.—Latent roots + 0. 
22. Knowing the expression for the .A’s, B's, ete, and the relations between 
. them, we may write the expression for $" as follows: 


g" = Agent + Bg... Sg;e^. 


Writing in this formula n= — we get - 


i 1 4 i15 ; 15 
Q^ = Agie” + Bigse” +....+ Ogre" 
Taking the m™ power of both sides we get 
p= Age“ + Bogyel + .... + Sage; 
ac $ has an m™ root. Y 
23. ‘Tn the formula for 9" we have & different m-valued functions, viz. 


g ; g E gi , and consequently taking all possible combinations of these values 
we get m" different mt? roots of @. 
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34. It may be interesting to consider a few examples to show something of 
the character of the various furictions F entering as factors 1 in the A’s, B's, etc. 
1) Matrix of order 5. ve 2 Á 
Latent roots g, of multiplicity five. 
“ps Age = (4, + nA, + nM; + 2 + ntA gf ; 
Azz41 3! 2l g, 





pa = 1, | | 
c dps -gi (@— a _(— gi} ($—9 
4g u 3g; 2g," F 9 c 
ms n @—a) _@— g (6 —g gy 
A 2s UP a m 
— a = gi) + ($— — gi» 

4gi* eg? ' 

a (—99* 

À, — E CHE 


2). Matrix of order 6. 
Latent roots all equal. 





Qe — Agi eti, 
A-5651 41 3! 21 g5, 
A= 15 
À, = G= g _ =) a) Es ($ — ay = Cel ea), 
gr 4g! 3g)" ‘29. 
TN p gi) + 11(p—g) __ ay = =p, 
á= 129, 249," = 
= 7 — 7($ — 9) NEC iesu «y @— Gg" 
A= 
A 3g) gt 6g 
— ($—9),(e—9) 
Lo 129, T Rag? 
dig (P—9). 
5! gi 
3 Matriz of order o. 
Latent roots all equal 
l MEAE 
w— I 
—(o—1)1(0—2)!....21 g^ € , 


pin 
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Å — "1 .(D—g) 7! : A »-i($— gp) M | (o — 9) 
A = (9 —g)^ 
oit Aot ag 
4). Matrix of order 4. 
Latent roots g; = 9s = gus fs. 
Uim (4o + ndi + n149)gt + Big, 





= 2l gi(gi— gs) , 
ach g) ($ — 9 + [m (= p) + (ga — 9} F 
5 gı — s 
B,— ES ( -— 
(95— 9 
6). Matrix of order o. 
Latent roots g, = gg = g, = 


ET ON A= ae 
where p +q — o. f 


p= agire Been. 7 
gp) a " 7 
a= (p-a)! T @— Bi. gh (gs — g)”, 


 ($—9915(9—9)" 7-5. ($—9)* 2. hg y^] 
(— Uf'(gs — 9)" 

= Oak (pI) ^ -h a($—9* (919) + hn 92) 
(— - peel (9s — gi)*—* 








where | 
k=l, 
ky = p, 


Rmi). (pHa), 
T 3) 





la = 1, 
-h =q, 





: _g(@g+1)....(g+a—2) 
í A1). ^ 


42 
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6). Matrix of order 6, 
. Latent s 9: = Ja = gs: Js = gei Is: 
= 2! gigs(gs— Dı) (Js — 9s) (gi — 99; 
h = (p— g9) ($— 99 [(6—391) (3(9,— 9.) 2-3(95—91)(95—91)4-(9&—9)) } 
(o9) 2(9s— 9) (9) (99) (9—9) Us) 9d 
E (gs — 99' (gs — 94) - 


26. Negativ fractional indices.—W e have seen that we may write 


L 14 LB i58 
p° = dgr er + Bge + ....+ igre” 
Substitute in this — m for n and we have 


_1 A 1 _& 
= Agi "e 7 + ecc Segre *, 
| A 24 si 
but D d = Agre" +....+Sgre”. 
By definition Qa = 1; and He the note sides of these 
` two equations together we har 


pT =at.. 


In itis formula therefore for $^ when no latent root is zero, n | may have any 
integral or fractional positive or negative value. x 

Il. Some latent roots zero.— Before proceeding to the case-wheré some but not 
all the latent roots are zéro, I shall consider the case where all the ie roots 
are Zero. 


26.— All latent roots zero—roots of zero. - 
In what follows denote the matrix 


p=(0 0 1 0 0 O)by 13--24-4-36 4- 46.*. © 
0 0 0 1 0 0 ou 
000010 
00000 1 
0.0 0 000 
0 0 0 0 0 ol 





* The linear form representation of a matrix is due to Charles S. Peirce ; and the notation employed _ 
here is virtually his. 
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The first number of each term of the sum indicating the row and the second 
the column in which the constituent appears, that is,@ is a matrix in which 
unity is the constituent in the first row and third column, unity is the con- 
stituent in-the second row and fourth column, unity is. the constituent in the 
third row and fifth column, and unity is the constituent in the fourth row and 
sixth column, all the other constituents being zero. Similarly in general. 

This canonical representation of a matrix was virtually given by Buchheim. 
(in Proc. Lond. Math. Soc. Vol. XVI), but was first explicitly given by Weyr 
` (Comptes Rendus, Vol. C). | : 

If g, is an a°?!° latent root of and ifa, EL Age... UF at agt ....fa,=a, 
are the nullities of the matrices ($ —g.), (d—g.Ÿ....(®—g.), Weyr terms ` 
the numbers (a, &, a4... . ap) the characteristics of the latent root g.. 

I shall term two matrices of the same order equivalent, if they have the same ` 
latent roots with the same characteristics respectively.* : | 

In what follows, since all the latent roots are zero, I shall sion of the 
characteristics of the matrix instead of the characteristics of the latent root zero. 

Consider a matrix $ of order o and suppose . 


N[9] 2p, N[9] -p a. N[9] S pF cas - a0, 
where p Sa 54,5... S ds. 


If 44—$, then 
NE] se; NV] = pas... VA] = 0. 
Let 
uI ‘then 


qa>p,andifa=1, g=p 
et [£1 a= 2, 155. 


b may now establish the following results, the most of which are restrictive 


on g, x being the index of the root. 


1). It is quite obvious that if d,.., is the second last increment of nullity of 
successive powers of $, then g Ž t;s. 





* Weyr defines two matrices of the same order as being “matrices de même espèce ” if they have the 
same latent roots with the same characteristics ; and adds that, if M and N are two equivalent matrices, 
one can always find a matrix Q of nullity zero such that N= ee 7, which is a formula giving all 
equivalent matrices in terms of one of them. 
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2). (a). PXazp— Q1 when = an integer. 
Let AMV] = a, | 
NVI= a+, c 


| N [d] =a tat.. CEU p. 


Then a will have its least value when a4 + ds 4 0704, is greatest, but this 
sum vi be greatest when a =a;=....= a 1 = a; 
. & Will be least when 
aT (g— lja — p, 


Dp.. =p 
or a=— AS 5. 
g’ = 


Again, if a is to have its greatest value, & + ag +. . T a4, must have its least 
value, but this sum is least when Oy dp emu le do mms . 
. a will be greatest when 
atg—l=p; 


a=p—g+i; «+ azp—g+1; 
Pzozp—qi.s P 


b). I] T1ZaeZp-—q4 d when £ T an integer. 


| Where [2 | denotes the greatest integer in ^ as in previous case, a 


will be least Ies a F ag...» 04138 greatest, ists is when o =, lia 
= Qs = a and a,. , is as giai as possible; - . 


a is least when 
OG — 1) + oq — p. 
Now a must be greater than ie for ifa = [7] then a, ,— »—d£] + [z] 
which is obviously opes than E i that is, a, _1 > a, which is ne and 


therefore «> Bi 
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Let a = [2] +1; | | 
"E a1 =p—a[2]—a + [2] +1. 
But p+1— a 2) +1205 

Agi T [7] which is possible ; | 


a= fal +1 is the lower limit. 


If a is to have its greatest value, a + as d-....-FaQ, must have its least 
value; _— 
"ac KS end =p; ) 
ar PEER 


Therefore ED 1ZaZp— qt 1. 


3). If N,[47] =p and qb, then N, y: =p+1. 


In this case aS 2 and hence it is obvious that the increments of nullity must 
reduce to unity at or before the.g*^ power of. . 
As an immediate consequence of this we have © | 
NIV] — p g, NW] =p +29... NA] — p t (5— 205 
and .. Qa ../.= a 3= @. 2 | : : 
Therefore there is no g™ root of @; q being greater than £ , unless the nullity of © 


successive powers of $ increase by equal increments of q. 


4). If a, is the first increment of nullity that is less than 2g, then merae 
has a nullity p + 2(x — 2) + 2a, +1, that is, the increment of nullity for all 
powers of greater than the 1(x Siy +a,}® is unity. 
| Nlp] =p + 2(x — 10 ; 
NV] — + 2x — 1). 
Let 2x + y =a, and s +y =q; 
^ =a q, O y — 29g — a,. 
N+] =p + Ai — 1)g + 22, 
or N,[Vg* a] = p + 2(x — 1)g + 2a, — 29; 
R N [46-0 ae] = p+ 2x — 2)q + 2a,. i 
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But Net] = N [petty] = p+2%—1g+a,, | 
N y [m ey] = p + 2(x— 2) + 2a, 4- y; 
N [emet] — pp 2(x — 2) + 2a, +1; 
and therefore the increment for all powers of Y greater than the le — A pe 
is unity. 
5). If a, is the first of the a’s that is less than 2g, then there is no g™ root: ` 
of $ unless aq, 4,1 = Op yg. .... Gig ER. 
This follows as an immediate consequence of 4). E 
` 6). If a, is the first of the a’s that is less than 2g and if a,,.; = a, 4,4 = -- du 
= a, ., =q, then there always exists a q^ root of 9. | 
Let MN] =a, WV] =a+2... Ml] et 304 —1) =p. 
Then — ; 
v= EATA (x—1. qa, e. qa, )3-«--(x— 1. gta, We emer qta, TA 
++... +(o—a+1)(o — a-t 2), 
where x denotes where & term, which in the natural sequence would appear, 
has been omitted. l 
7). If the nullity of successive powers of $ increase by equal increments of 
uq, (uq p), then there is always a g™ root of 9. 
For.take . ; 
| | o, — p — u(q — 1), 
- and give to successive powers of 4 equal increments of u; 


e ME] =p.. 


And we have 


| J =A. Auta Fi Atut... -A-F9—pa(q—1)—1. RATE 


where À may take any of the values 
1,2,8,....p—u(g —1) +1. 
8). If q= t —r and a> w +3, then N[447] — p —1; and therefore 











there is no g™ S of $ unless there are équal increments of g. 
Of course Q2; and s. pS Ay + 2). 
X] = a, NIV] =a + a, ete. ; 
A a+ Fate... +o, E P. 
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_ Suppose Oy = G=....=a,_,;=—2 anda, ,— 1; 
a+(g—2)2+1=9; 
| a=p— +3 =w+3; — 
and therefore when a5 2» + 3 obviously N [4171] = p — 1. | 
27. I propose now to show that there is always a gt? root of $ unless the 
law of nullity prohibits. 
I shall suppose the law of nullity does not Doni and then show that there 
is a g™ root by finding it. 
Suppose a = i +7 + .... +x +1 | ; 


and ! 
MP] = ba, NV] = abba 1). Np] mp, 
where g= b +b +b +. -e i +b ando 
P=ba + bla —1)+. blei); v» 
NN TE] m p + bia —i1—1).... N [Srt het te] = pt as 


' where 
b, Li bita t er n T5,,,—9 and 


biai It. huy(n—i—j)-ai 


N We S - =p+a + GEP xb mr ANE 1)i etc. 
etc. 


N [447 DO tamet bamet H + eds =p +at+ta t... . + as + D 2, etc. 
Nf Dak dax H bamet te Th] =N „= =p + CAE +a+.... E b, i a, 


where 5,.., obviously equals a,. ,. 
We have then for 4j the following: 


y — [12 + E bla bw qe [ACE T. 54-24. 
| + 205 + — 1. sd Tae. 


+R DES TO 141.0 + bi) +... FR +2+ EN 


A . +81. ees 














+ [bo EL CEST . RE Lea) SRE S DER 
| E D E 1. Peces 


where Zb, denotes by + b+ b,-- .... +8, and where ba + a —1)+. 
+ b,_, = o the last term being therefore (o —1)o. - 


a—11 
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It will be observed that 4 is divided into a sets, each of which I have 
enclosed in brackets with a subscript indicating the power which causes that set 
to vanish. P E 


‘28. I shall now give all possible types of roots of nilpotent matrices of 
orders 3-10 inclusive. . 
(a).—Mairix of order 3. 
N [p] = 2; N[9] = 3; , ; 
: $ —18 = (12+ 28}. | - 
(b).—Matrix of order 4. 
1. M= 2, Nels 4; 
P = 13 + 24 = (12 + 23 4- 34}. 
2. Np] — 3, N[9] — 4; 
$ = 14 = (12 + 23 + 84); 
or = 24 = (23 + 34}. 
©. — Matrix of order 5. 
1). M9] =2, Mle] =4, X [9] 5; 
| P= 13 + 24 + 35 = (12-4 23 + 34 + 46). 
2). N,[9] = 3, N,[95] = 5; 
p = 14 + 25 = (12 + 28 + 34 4046), 
or = 24 + 86 = (23 + 34 + 45}. 
3). N[9] = 4, N,[#1=56; 
. Q = 15 = (12 + 23 + 34 + 45) = (13 + 24 + 35), 
bane qid es | 
M = 85 = (34 + 45)! = (12 + 34 + 45). 
E Here, for the first time thus far, we have more than one type of root.of the 
same index ; and hereafter when this occurs I shall give the characteristics. 
In this case we have, using ch. to denote “ characteristics," 
ài ((6; 3, 1, 1, 0) 
o ap 9 E Eng. 
(d).—Matriz of order 6. - 
1). A,[0] =2, NP) =4, X [9] — 6. | 
Instead of indicating the nullity of successive powers of $ as heretofore, L 
shall for convenience simply write the characteristics of $.- 
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In this case we. have iP 

. ch. $ (6; 2, 2, 2, 0); 

.$ 5 18 + 24435 + 46 = (12 + 23 + 34 + 45 + 66). 
2). ch. @ (6; 8, 3,0); .- 

8 — 14 + 26 + 862 (12 23 + 34- 45 + 50), 

no. sq. root vide Art. 26. 3). 

8). ch. @ (6; 3, 2, 1, 0); l 

P= 24435 +46 = (28 + 4 + 45 + 56). 
4). ch. @ (6; 4, 2,0); — E N uu 
($—154- 26 —(12 4-23 + 34 + 45 + 56* = (13 + 24 +35 + 46), - 
or = 25 + 36 = (23 + 34+ 45 + 56}, ` e l 
_ “ = 86 + 46 = (84 + 45 + 56)? = (12 + 34 + 45 + 56), 


(6; 3, 1, 1, 1, 0). 
ch. oF ne 2, 2,0,) . 
(6; 2:2, T, 1, 0). 
5). ch. @ (6; 5,1, 0); 
à = 16 = (12 + 23 + 34 + 45 + 56), 
or = 26 = (23 + 34 + 45 + 66)! = (24 + 35 + 46), 
“ = 36 = (34 + 45 + 66) = (12 + 34 + 45 + ie 
i = 46 = (45 boy. DR 
+ ((6; 4, 1, 1, 0) x ERER, 
as fair we gine 


(e).— Matriz of De 7. 
1). ch. ọ (7; 2, 2, 2, 1, 0); 
$= 13 + 24 + 35 + 46 + 57 = (12 + 23 + 34 + ete... 
3. ch. $ (7;-8, 8, 1, 0); 
= 14+ 95 + 36 + 47 = (12 + 23 + 34 + ete), 
no. sq. root. 
8). ch. @ (7; 8, 2, 2, 0); ` | i | 
| P= M95 46 DT 448400 D 
4). ch. $ (7; 4/3, 0); 
o= 1564+ 26 + 37 — (084 29-4 mL 
Cre ree re oe ae tenet nons 
43 o g 
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5). ch. @ (T; 4 2, 1, 0); 
@= 35 + 46 + 57 = (34 + 45 + 56 + 67), 
= (12 + 34 + 45 + 56 + 67), 
+ ((7; 3, 1, 1, 1, 1, 0) 
ie lé 2, 2, 1, 1, 4, 0). 
6). ch. $ (7; 5, 2, 0); m 
b= 16 + 27 = (12 + 23 +etc.), 
or = 26 + 37 = (23 + 34 + ete.) = (24 + 35 + ete.), 
* 236 + 47 = (34 + 45 + etc. = (12 + 34 + 45 + ete), 
“== 46 + 57 = (46 + 56 + 67) = (12 + 46 + 56 + 67). 


(7:41,1,10) . ; 
| 7; 3,1,1,1,1,0 
ch. gt 4 (7; 3, 2, 2, 0) ch. oF ere ae. 
(7; 3, 2, 1,.1, 0), JO AE 


7). ch. (7; 6,1,0); . 
$ = 17 = (12 + 23 + ete.) = (13 + 24 + ete)! = (14 + 25 + etc.}, . 
or = 27 = (23 + 34 + ete., | 
6 == 87 —(34 + 45 + 56 + 67) = (12 + 34 + 46 + eto.) 
= (35 + 46 + etc)! = (12 + 35 + 46 + 57}, 
à = 47 = (45 + 56 +67) = (12 + 45 + 56 + 67} 
m a a 
“ = 67 = (56 + 67). 


(T; 5,1, 1, 0) (t; 4, 1,1,1,0) ac. 
ch. gt 4 (T; 4; 2, 1,0) c9 À (7; 8,2,1,1,0) Ag? is 2 à 1, n 
(7; 3, 3, 1, 0), (7; 2, 2, 2, 1, 0), (AE rte h 
(f). Matrix of order 8. 
11. ch. @ (8; 2 2 2 2, 0); 
$ = 13 + 24 + ete. = (12 + 23 + ete.)*. 
2). ch. $ (8; 8, 3, 2, 0); 
_p=14+ 25 + etc. = = (12 + 28 + ete}. 
3). ch. 9 (85 3, 2, 2, 1, 0); 
Boo PF A E 
4). ch. $9 (8; 4, 4, 0); 
SR Que SR TE wa eur 


` no..cu. root. 
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5). ch. @ (8; 4, 3, 1, 0); 
p= 25 4-:36 + 47 + 58 = (23 + 34 + 45 + etc}, 
or = 18 + 46 + 57 + 68 = (12 + 23 + 45 + 56 + 67 + 78). 
6). ch. @ (8; 4, 2, 2, 0); 
$—35-- 464-57 4-68—(34 -- 454-56 4- etc.)!—(124- 344-46 4- 56 4- etc.)?*. 
ch, e (C: 5. 1, 1:151, 1, 9) 
(8; 2,2, 1, 1, 1, 1, 0). 
T). ch. @ (8; 5,8, 0); 
® —16 + 27 + 38 — (12 + 28 - efe.) | 
. or = 26 + 37 + 48 = (23 + 34 -p etc.) = (24 + 35 + ete}, 
“ = 86 + 47 + 58 = (34 + 45 + ete.) = (12 + 34 + 46 + eto.)*. 
ch. at (e; 3, 1, 1, 1, 1,1, 0)’ 
(8; 2, 2, 1, 1, 1,1, 0). 
8). ch. $(8; 5, 2 1,0); — 
p = 46 + 57 +68 = (45 + 56 + 67 +78} = (124454564674187. 
| + ((8; 4 1, 1, 1, 1, 0) _ = 
a“ n 3, 2, 1, 1, 1, 0). 
9). ch. @ (85 6, 2, 0); 
9 — 17-28 = (12+ 23 + 34 + ete.) = (18 + dp 35 + ete)! 
" = (14 + 25 + etc.}, 
or = 27 + 38 = (23 + 34 +etc.), 
" = 87 + 48 (84 + 45 + 56 + ete.) = (12.4 34 + 45 + ete.) 
= (35 + 46 + etc.) 
i = 47 + 58 = (45 + 56 + eto.) = (12 + 45 + 56 + etc)? 
= (12 + 23 + 45 + 56 + ete)’, ` 
n = 57 + 68 = (60.4 67 + T9) = (12-86 + ote} 
“= (12 + 84 + 56 + ete. }. 

(8; 5, 1; 1, 1, 0) 

(8; 4, 2, 2, 0) TV 
ch. 9! À (8; 4 2,1,1,0) ^ ch ot 
| (85 3,8, 2, 0) 

(8; 3, 3, 1, 1,*0), 


va 


(8; 4, 1, 1, 1,4, 0) 
(8; 3, 2, 1. 1, 1, 0) 
(8; 2, 2, 2, 2, 0) 

t (85 2, 2, 9, 1; 1, 0), 


(8; 3, 1, T, 1, 1, 1, 0) 
(8; 2, 2, 1,1, 1,1, 0). 
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10). ch. @ (8; 7, 1,0); ` 
= 18 = (12 +28 + ete, 
or — 28 — (23 + 34 + ete} = (24 35 + ete.) — (25 + 36 + etc}, 
“ = 88 = (34 + 45 + etc.) = (12 + 34 + 45 +ete.), | 
oO" 48 = (45 + 56 + 67 + 78)! — (12 + 45 + ete)! - 
= (12 + 23 + 45 + ete.) = (46 + 57 +68} 
= (12 + 46 + 57 + 68), 
= 58 = (56 + 67 +78) = (12 + 56 + 67 + 78), 
= (12 + 34 + 56 +67 + 78}, | 
“= 68 — (67 + 18) —- (12 $ 67 + T8) — (19-4 84-4. 67 + 78). 


(8; 6, 1, 1, 0) (8; 5, 1, 1, 1.9) 
3 5 ta 4, Redes Rp 
ch p (8; 5, 2, 1, 0) ch. 9i ( 1 3 ; 1, 1 ) 
(8; 4, 8, 1, 0) (8; 3, 3, 1, 1, 0) 
e ? ra , i (8; 8, 2, 2, 1, 0), 
(8; 4, 1, 1, 1, 1, 0) | 
ch. gt 4 (8; 3, 2, 1, 1, 1, 0) ch. ot ead d 
(8; 2, 2, 2,1 (853,0 13,1, 3, 0). 
) E , , 3 


(g).—Matria of order 9. 
1). ch. $ (9; 2, 2, 2, 2, 1, 0); 
P= 13 + 24 + eto = (12 + 28 + ote). 
2). ch. @ (9; 3, 3, 8, 0); : 
p= 14 + 26 + 36 + etc. = (12 + 23 + ete.)*. 
8). ch. @ (9; 8, 2, 2, 2, 0); | 
RENE ER RER (I qoa depete e 
_4). ch. b (9; 441,0). - | 
m 15406 4974484 59 = (12 4 28 + eto)! = (13 4-34 ce. 
b). ch. @ (9; 4, 8, 2, 0); 
? = 25 + 36 + etc. = (23 + 34 + etc), 
or =18 + 46 4.67 + 68 + T9 — (12 + 23 + 45 + 56 + etc). 
6). ch. 9 (9; 4,.2, 2, 1, 0); 
P= 35 + 46 + ete. = (34 + 45 + etè)? =(12 + 34 + 45 + ete.) 
ch e Ši 1, 1, 1, 1, 1, 1, 0) 
i (95.3, 9/3, 1, 3, 1,2, 0): 
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T). ch. @ (9; 5, 4, 0); 
p= 16 + 27 + 38 +49 — (12 + dia 
or = 26-37 -+48 +59 = (2334-445 J-ete.)! = (24435446 + etc}. 


8). ch. @ (9; 5, 3, 1, 0); ; 
= 86 + 4 + 58 + 69 — (84 + 45 + eto.) == (Peg Rete 
or = 13 + 67 + 68 + 79 = (12 + 23 + 57 +ete.}. 


a. e fC: 3, 1, 1, 1, 1;.1, 1, 0) 
Le (9 ; 2, 2, 1, 1, 1, 1, 4 9 


9). ch. @ (9; 5, 2, 2, 0); 
pase PIE 96-79 — (0-466 + elo m [12-4 46-458 + le 


oa er {0 4, 1, 1, 1, 1, 1, 0) 
(9;3,2,1,1, 1, 1,0). - 


| 10). ‘ch. $ (9; 6, 3, 0); 

D= 17 + 28 4-39 — (12 + 23 + 34 + ete) = (18-4 24-4 ote)? 
© = (14 + 25 4-36 + ete), © 

or = 27 + 88 + 49 = (28 + 84 + eto), "s 

" = 87 + 48 + 59 = (34 + 45 + ete.) — (12 + 34 + 45 + etc.) 
© = (35 + 46 + ete.) = (12 + 35 + 46 +ete.), 

En bici M UL 


lx EE 
07 (9;42210 ^ - ".((9;41 L 11 1 0) 
ch. $i 4 (9; 8, 8, 8, 0) ‘ch. Q* 4 (9; 3, 2, 1, 1, 1, 1, 0) 
(9; 3, 8, 2, 1, 0). (9; 2, 2, 2, 1, 1, 1, 0), 


(9; 3:33.73, 450) 


h d 
^ Ps. 2, 2,1, 1,1, 1, 1, 0). 


11). ah o (8; 6, 2, 1, 0); P ed 
= 87 +68 + 79 = (56 + 67 + etc)! = (12 + 56 + 67 + ete.) - 
| | = (12 + 34 + 56 + 67 + etc.)*. | | 
(9; 5, 1, 1, 1, 1, 0) 
ch. elus 2, 1, 1, 1,0) 


(9; 3, 3, 1, 1, 1, 0). 
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12). ch. $ (9; 7, 2, 0); 
$ — 18 + 29 = (12 + 23-+ etc), ; 
or = 28 39 — (28 + 84-4 eto) = (24 + 98 + ote)? 
| = (25 + 36 + etc}, 
“ = 88 + 49 —(34.+ 45 + etc.) = (12 + 34 + 45 + etc.)5, 
“ = 48 + 59 = (46 + 56 + ete.) = (12 + 45 + 66 + ete.) 
| = (12 + 23 + 45 + 56 + eto.)*, | 
" = 58 + 69 = (56 +67 + ete.) = (12 + 56 + 67 + etc.)? 
= (12 + 34 + 56 + etc.) = (12 + 23 + 56 + etc.)*, 
: eser quitus (Uc 8d 88) = (12- porq TS- eno 
| = (12 + 34 + 67 +etc.), - 
" = 18 + 79 = (12 + 93 + 78 + 89). | 
1,4; 1, 0) 


( (9; 6, 1, 1, 1, 0) [9511 
(9; 5,.2,.2, 0) | (9; 4, 2, 1, 1, 1, 0) 
ch. o* À (9; 5, 2, 1, 1, 0) ch: @ 4 (9; 3, 8, 1, 1, 1, 0) 
- | (9; 4, 8, 2, 0) [usnaxo 
(9; 4, 8, 1, 1, 0), _L (95 3, 2, 2, 1,1, 0), 
(9; 4, 1, 1, 1, 1, 1, 0) i 
ch. gi fe 3, 2, 1, 1,1, 1,0) ch. gt fe EU) 
(9; 2 2 2, 111,0) (9; 2, 2, 1, 1, 1, 1, 1, 0). 


13). ch. ẹ (9; 8, 1, 0); 
$= 19 — (12-4 23 + elc) = (13 + 24 + ete = (15 + 26 + eto, 
or — 29 = (23 + 34 + etc.)".. 
‘“ = 89 = (84 + 46 + 56 + etc.) = (12 + 34 + ete.) 
= (35 + 46 + etc.) = (12 + 35 + 46 + ete.) 
= (36 + 47 + etc.) = (12 + 36 + 47 + etc), 
= 49 = (45 + 56 + ete.) — (12 + 45 + 56 + ete.) 
= (12 + 23 + 45 + etc)’, 
“ = 59 = (56 + 67 + etc.) = (12 + 56 + 67 + eto.) 
= (12 + 28 + 56 + 67 + ete.) = (12 + 34 + 56 + 67 + eic.) 
= (12 + 23 + 34 + 56 + 67 + etc.)* = (57 + 68 + etc.) 
= (12° 57 + 68 + 79) = (12 + 34 +57 + etc.?, 
" = 69 = (67 + 78 + 89)* — (12 + 67 + 78 + 89? 
= (12 + 34 + 67 etc.) = (12 + 28 + 67 + 78 + 89) 
= (12 + 23 + 45 + ete}, 
“ = 79 = (78 Tue Qr 78 + 89)*. 
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(9; 7, 1, 1, 0) [. (9; 6, 1, 1, 1, 0) 
| (95 5, 2, 1, 1, 0) 
h i (9; 6, 2, 1, 0) x 4 / 
P (9; 5, 3, 1, 0) ch. $* 4 (9; 4, 3, 1, 1, 0) 
lo; 421. | 9; 4, 2 2 1 
| (9; 4,4, 1, 0), (9; H 3 [1 , 0) 
. ; .(9; 8, 3, 2, 1, 0), 
. 9: v 
d j : i : à (9; 4, 1, 1,1, 1, 1, 0) 
ch. 9! 5 E i : » 2 ch o! (9; 3, 2, 1, 1, 1, 1, 0) 
| ( 3 9; 9d, d, 1, ) (9; 2, 2, 2, 1, 1, 1, 0), 
| E L (9; 2, 2, 2, 2, 1, 0), 


à m 3, 1, 1, 1, 1, 1, 1, 0) 
(9; 2, 2, 1, 1, 1, 1, 1, 0). 


3 
© 


E Matri of order 10. — 
1). ch. @ (10; 2, 2, 2, 2, 2, 0); 
p= 13 + 24 + 35 + eto, = (12 + 23 + ete}. 
2). ch. @ (10; 3, 3, 3, 1, 0); 
= 14 + 25 + ete. = (12 + 23 + ete. 
8). ch. @ (10; 3, 2, 2, 2, 1, 0); | 
$ = 24 +85 + etc. = (23 + 34 + etc.) 
4). ch.’ (10; 4, 4, 2, 0); 
Q = 15 + 26 + etc. = (12 + 28 + ee) (18 + 24 tele). 
5). ch. @ (10; 4, 3, 8, 0); - 
? = 25 + 36 + ete. = (23 + 34 + ete.)*. 
6). ch. @ (10; 4, 3, 2, 1, 0); | 
$ = 13 + 46 +57 + ete. = (12 + 23 + etc). 
7). ch. $ (10; 4, 2, 2, 2, 0); 
dux Lc M e opp | 
= (12 + 34 + 45-+ etc.)?. 
4 ((10; 3, 1, 1; 1, 1, 1, 1, 1, 0) 
Sem in: 23:150, 1,1, 1, 0* 


8). ch. 9 (10; 55,0; | É 
PE E ea 


9). ch. (10; 5, 4, 1, 0); i 
P= BO} OT oto = (28 4-04 ta (24 4 35 Feta 
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10). ch. @ (10; 5,8, 2 0); ` 
@ = 36 + 47 + etc. = (84 + 45 + eté)? = (12 + 34 + 45 -+ etc), 
or = 13 + 67 + ete, = (12 + 23 + 56 + 67 + ete.). 
ch. at i $,1,1,1, 1, 1, 1,1, 0) 
l(10;-2, 2, 1, 1,1, 1, 1, 1, 0). 


11), ch. $ (10; 5, 2, 2, 1, 0); 
P= 46 + 57 + 68 + etc. = (46 + 56 + ete) = (12+45+56+ SH 


gpl nn | 
(10; 8, 2112119. ; 


12). ch. @ (10; 6, 4, 0); 
P= 17 + 28 + elo. = (13 + 29 t oto) = (18 + 24 + eto)! 
= (14 + 26 + eto.*, | 
or = 27 + 38 + ete. = (23 + 34 + ete), 
" = 37 p 48 + ote. = (34 + 45 + ote)! = (13 + 34 + 45 E ete) 
= (35 + 46 + etc.) = (12 + 35 + 46 + etce.)?, 
= 14+ 58 + 69 + 710 = (12 + 23 + 34 + 56 + 67+ ete. — 
(10; 4,.2, 2, 2, 0) 
ch. gt À (10; 3, 3, 8, 1, 0) ch. ot 
(10; 3, 3, 2, 2, 0), - 
| e 
(10 2,21, 1, 1, Í 1, 1, 0) 


(10; 2, 2, 2, 2, 2, 0). 
(105:9/2.2:3, 1; 4, 0). 


18). oh. 9 (10; 6, 3, 1, 0); | . 
$ = 47 + 58 + eto. = (45. 56 + ete. = (12 + 45 + eto.)? 
= (12 + 23 + 45 + ete), 
or = 13 + 68 + 79 + 810 = (12 + 23 + 67 + 78 + ete.) 
à = (12 + 23 + 46 + 67 + 78 + etc.}. 


| | mE COs art a 4 Goa: 3:0) 
La 9 À 1:0) " 
ch. Qi (10; 4, 1, 1, 0) ch. Q* À (10; 3,2, 1, 1, 1, 1, 1, 0) 
(10; 8, 8, 2, 1, 1, 0), (10; 2, 2, 2, 1, 1, 1, 1, 0) 
> H 3 J H 3 ) * 


14). ch. $ (10; 6,2, 2, 0); 
PHOT + SHE 19-4810=(60 + 07 + ste) = (19+ 68 ato) 
D ee 
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16). ch. $ (10; n»0j. 
p= 18 + 29 + 310 =: (12+ 23 + ete)’, . 
f or = 28 + 39 + 410 = (23 + 34 + ete.)' = (24 + 35 + ot.) 
. ` 5 = (25 + 36 +etc.}, 
M = 38 + 49 + 510 = (34 + 45 + ete) = (12 + 34 + 45 + ete), 
“ =48 + 59 + 610 = (45 + 56 + eto.)! = (12 + 45 + 56 + ete.) 
= (12 + 23 + 45 + etc.) = (46 + 57 + etc)? 
= (12 + 46 + 57 + ete}, E 
“ = 58 + 69 + 710 — (56 + 67 + ete)! = (12+ 56 + 67 + ete.) 
.z—(12 + 28 4- 66 + ete.)? = (124-34 -- 56-Fete. y 


(105 9, 1;1,1, 1; 1,0) 
(10;.5, 2, 2, 1, 0) (105 4, 2, 1, 1, 1, 1, 0) 
ch. $3 4 (10; 4, 8, 3, 0) ch. ¢* 4 (10; 3, 8, 1, 1, 1, 1, 0) 
(10; 4, 8, 2, 1, 0), ^ [(10;, 2, 2, 2, 1, 0). 
— (10; 3, 2, 2, 1, 1, 1, 0) 
" (10; 4 1,1, 1, 1,1, 1, 0) dab (00133 0f, 1:35:19) 
ch. $* 4 (10; 3, 2, 1, 1, 1, 1, 1, 0) " da 2.9 1, 1, 1, 1, 1, 1, 0). 
(10; 2, 2, 2, 1, 1, 1, 1, 0), : 


16). ch. $ (10; 7, 2, 1, 0); 
$= 68 + 19 + 810 = (67 + 78 + eto)! = (12 + 67 + 78 + ete.)* 
= (12 + 34 + 67 + 78 +etc.). 
(105 6, 1, 1; 1, 1, 0) 
ch. Q* 4 (10; 5, 2, 1, 1, 1, 0) 
| (10; 4; 3, 1, 1, 1, 0). 


1T) ch. @ (10; 8, 2, 0); . 
P= 19 + 210 —(12 + 23 + ete)! (13 + 24 4- eto) 
— = (15 + 26 +etc.}, 
or = 29 + 310 = (23 + 34 + etc.) 
i = 39 + 410 = (34 + 45 4 ete.) = (12 + 34 + 45 4p ete) 
ER dm el 
= (86 + 47 + etc.) D EE ORE. 
44 . | 


-872 


ch. Qi 


ch. 9i 
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ere ee we ae € (12 + 45 + 56 + ete.) 


= (12 + 23 + 45 + etc.)’, 


s == 69 + 610 = (56 4 67 ete)! — (12 + 56 + 67 ete.) | 


= (12 + 23 + 56 He} = (13-84 Kep + ete.) 
- = (12 + 23 + 34 + 56 + ete.) = (57 +68 + ete.) 
= (12 + 57 + 68 ces (12 +34 +57. + ete.), 


u — 69 + 710 = (67 + 78 + ete.) = (12 + 67 + 78 ni 


= (12 + 98 + 67 + 78 + ete.) 
= (12 + 23 + 45 + 67 +78 + eto.)*. 
= (12 + 84 + 67 + 78 + etc.)’, 


" 79 + 810 = (78 +89 + 910) = (12 + 78 + 89 + 910)? 


(10; 
(10; 
(10; 
(10; 
(10; 
(10; 


(10; 


(10; 
(10; 
(10; 
(10; 
(10; 
(10; 


= (12 4-84 + 78 + etc.) = (124344564784 etc}. 


7, 1, 1, 1, 0) “10s 6,1, 1, 1, 1, 0) 

6, 2, 1, 1, 0) - (10; 5, 2, 1, 1, 1, 0) 

6, 2, 2, 0) i (10; 4, 3, 1, 1, 1, 0) 

6, 3, 2, 0). ch. $$ 4 (10; 4, 2,2, 2,0) 

5, 3, 1, 1; 0) l … | G0; 4, 2, 2, 1; 1, 0), 

4, 4, 2, 0) (10; 3, 3, 2, 2, 0) 

4, 4, 1, 1, 0), fe (10; 3, 3, 2, 1, 1, 0), 

5, 1,1, 1, 1,4, 0y (10; 4, 1, 1, 1, 5 1, 1,0) 
4, 2, 1, 1, 1, 1, 0) ch. gt (o 3, 2, 1, 1; 1, 1, 1, 0) 
3, 3, 1, 1, 1, 1, 0) (10; 2, 2, 2, 1, 1, 1, 1, 0), 
3, 2, 2, 1, 1, 1, 0) | 

2, 2, 2, 2, 2, 0) ch. Qi (ee 3, 1, 1, 1, 1, 1, 1, 1, 0) 
2, 2, 2, 2, 1, 1, 0), (10; 2, 2, 1, 1, 1, 1, 1, 1, 0) 


18). ch. $ (10; 9, 1, 0); 
= 110 = (12 +. .23 + ete.) = (14 + 25 + eto), 
or — 210 = (23 + 34 + etc.) = (24 + 35 + ete. 


= (26 + 37 + etc.), 


= 310 = (84 + 45 + ete.) = (12 + 34 + 45 +.ete.)!, 


ll 


410 = (45 + 56 + etc.) = (12 + 45 + eto.) 
= (12 + 23 + 45 + 56 + etc.) = (46 + 57 + ete.) 
= (12 + 46 + 57 + ete.) = (12 + 23 + 46 + ete.)? 
= (47 + 58 + ete.) = (12 + 47 + ete.) = etc., 
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or = 510 = (56 + 67 +'ete.) = (12 + 56 + etc.) 
. Sepaket) = (12 + 34-50 F ote)! 
Se eee | 
“ = 610 = (67 + 78 + etc.) = (12 + 67 + 78 + etc.) 
= (12 + 34 + 67 + ete.)* — (12 + 23 + 67 + 78 + id 
= (12 + 23 + 34 + 67 + 78 + eto.) 
= (12 + 23 + 45 + 67 + etc.) = (68 + 79 + 810) - 
= (12 + 68 + 79 + etc.) = (12 + 34 + 68 + eto.)*, 
“ = 710 = (78 + 89 + 910) = (12 + 78 + etc. 
= (12. + 23 + 78 + ete.) = (12 + 34 + 56 + 78 + etc.) 
— (12 + 23 + 45 + 78 etc.) 
= (12 + 23 + 45 + 56 + 78 + etc.)° 
=. (12 + 34 + 56 + 78 + etc.}, 
." = 810 = (89 + 910) = (12 + 89 + 910) 
' = (12 +84 + 89 + 910)? = (12 + 34 + 56 + 89.+ 910). 


(10; 7, 1, 1, 1, 0) 
TIER n 
ge (10; 7, 2, 1, 0) Jr arte 
eh. $ (10; 6, 3; 1, 0) ch. 9 (10; 5, 92, 2, 1, 0) 
(10 5 : 1, 0), (10; 4, 4, 1, 1; 0) 
(10; 4, 8, 2, 1, 0) 
| (10; 3,8, 8, 1, 0), 
(10 ;.6, 1, 1, 1, 1, 0) 
. (105 5, 2, 1, 1, 1, 0) (10; 5, T, 1, 1; 1, 1, 0) 
ch. ef (10; 4, 3, 1, 1, 1, 0) dh. gt ) 001.4 2, 1 1, 1, 1, 0) 
(10; 4, 2, 2, 1, 1, 0) (105-3, 8; 1, 1, 1, 1; 0) 
. (105 8, 8, 2, 1, 1, 0) (10; 2, 2, 2, 2, 1, 1, 0), 
(10; 3, 2, 2, 2, 1, 0), 
(10; 4, 1, 1, 1, 1, 1, 1, 0) E" 
ch. oi [an 8,2 1,1,1,1,1,0) eg { e 3, 1, 1, 1, 1, 1, 1, 1, 0) 
(10; 2, 2, 2, 1, 1, 1, 1, 0), (105.3, 2,.1, he ib 


374 | Marzzxh: On the Roots of Matrices. - 


29. Proceeding now to the. consideration of matrices having some latent 
roots zero and others different from zero it may be observed that: 


(1) The nullity of N depends on the nullity of ĝ and in the following may 
N,LN'] — Mp] +o—p... 


And consequently when the nullity of @ is equal to its vacuity the nullity of N is 
o, and therefore V vanishes. 


(2). When the nullity of pis eimi to its vacuity. it has an n° root, and 
_ when the nullity is less than the vacuity ? obviously. cañnot havé a root with. 
index greater than its nullity. 

(3). If Xe) = =p, $ cannot have a (p— —)™ root unless N has a (p— u) | 
root. . 

30. N is a ‘nilpotent matrix —& root of zero — such as was considered in 
Art..28, and as was there shown will have a g™ root unless the law of nullity 
prohibits. The relation existing between the nullities of .N and $ shows us 
that if the law of nullity permits one it will also permit the other to have a g™ 
root, and consequently we have the theorem that: ener will always be a ig root 
“unless the law of nullity prohibita: | 


|. $6.— Transcendental Functions of a. Matriz. 


31. In this section I shall consider a few cases ‘of the elementary transcen- 
dental functions of a matrix. 
n du function.—1 define e* by the dus series, viz.: 


E eite pet + ete ie + ete. 
E 
rar | | 
“Let 9" = (Ay pes bo Te. .. + nA, gt + (By + nB, + Tr bn B, gt 


Fees H(I EN + tee + PSE, 
then: | | - ; 


e- MS (Ag+ uda uir PA gi +... TENTE AR 
e | ul. : 











+ ur Jg } 
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=e eae ee es 


875 


$ à 9 6 4 99 * 9 9$ eee & à € 9 98 ? «e $ 5 v 9 9 9 e 0959999 * 


P 

= Ag + gA + TM gae 
p 

Beh + Bi +... + T B ais 

He Shs, eee tes ue en pe e Du 

DIM 

| Se aS essc Er ge 
Again — i 


et D (— pet. 


-5o HE LE uPA, gtt. d (S uS d 





u! 


(= ee gi Het yo ibus PA, 


nn se nn mn ta o oa is rr | n g s 
Gs 


= 4 gl (n— 9)4— -$ (ag, en 


` í À | 
TB — gs Bi — GE Z (aps D 


& à 8 9 9 46 9$ 9» 9 9 99 5» B 9» $ OHHH €& » ses HHA OHHH 9 * Y» * * a 


ARCS RE 998 — -- Een. 
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(b). Logarithmic function—I define log $ by the series : 
log 6 = (6 —1)— &(6 — 1} - &(6 — 19 — H(p — D* + ete. 


= Mc rye — D? 1) 


Let pen a M 
then (p—1) = Ad — 1) + Big — “I+ . + Wig, — 1) 
and 





log $ — Mc QUE o(g1—1) DA DE v 


HAD AL... x Y ez 


. Bn qq uda 
Again let "= (A, -n4)gt + (By + nBy)g? + ....+(S+né)gr 
then  (p—1) = Ag — 1) + A4sgi(g; — 1^7 + Big —1) + AB gg —1) 77 
Tec pU MG SUUM m 
and log $ = Ay log gı + Blog g+.... + 8 log a 
+ A LÀ +... + Si. 


Having defined e* and log $ independently, let us see what el^£ * becomes, using 
the definition given for log $. 
“We have 
glos e — e^» log 2; + Be log gs + + Wo log gs) 

= Agen + Belo g... o. Wels ae 

= Ag, + Bogs VM 

xw. 
which shows that having defined e by the ordinary geries, we were » justified in 
defining log as in (b). Do s 


(e ). Sin $.—I define sin @ as follows : 


T. 
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Let Ctm Agt + Bit .... + Wal) 
hen sin = (19 {oct eng iven) 
Ca HDI 


= A, sin gı + Bo sin g3 c... + Wsin g.- 
Againif ^ $"—(4 Fn4)gi + (Bot m + (8 + n.8)g*., 
then sin $ = À, sin gı + B, sin g +. ot Sysi sin g, 
+ grA; cos g, + gB: 608 gs ES - + gS; cos gs. 


(d). Sin-1@.—1 define sin—1@ as follows : 


C ain b1 ge [1.8 g 1.3 2r—1 gt! 
My gg a DOR t xl cum COR 
OON 1.8... AI ot 

"4. D i 
Let = Ag + Bai. Eb 
then 


sinio = 


Aiae ma {4e qp Bra. TER) 


— 23. i... HA 2 F1 


= À, sing, + Bising +...:+W, sing. 


Having defined sin $ and sin! $ race let us see what Sin sin” $ 
becomes, using the definition given for sin! 9. 











We have | 
Er 1.3 94-1 g^" 
LE Eus AGE | | 
: 0 - mh 
AS 1.3. 2—1 Agtt Bapt + omen] 
A 3.4.... A Wi 


1 : . 
= sin { A,sin 1g + Bysin gs +... E W, sin !g.] 
= Agi + Bg +... +Wg : 
= >, 
which shows that having defined sin@ by the ordinary series we were justified 
in. defining sin-! . as in (d). 
WOoROESTRR, MASS., April 15, 1892. - - 


Simple Groups from Order 201 to Order 500. 
Bx F. N. Coreg, Px. D. | 


. In a recent number of the Mathematische Annalen* Dr. Otto Holder has 
determined all the simple groups as far as order 200. The importance of this 
class of groups and the lack of any general method for their construction render 
it desirable to extend this census as far as possible. Only the simple groups 
furnish new algebraic problems, the reduction of & compound group being.effected 
by means of a series of simple groups of lower orders. The number of simple 
groups is very limited. Beside the (necessarily cyclical) groups of prime order, 
which are always simple, Dr. Hólder finds below order 201 only two other cases, 
both of which have long been known, viz., a simple group of order 60, isomorphic 
with the alternating group of permutations of 5 letters, and a simple group of | 
order 168, isomorphic with the group identified with the Wao torno con of the 
7th order of the elliptic modular functions. 

From order 201 to order 500 there is one known simple group of order 360, 
isomorphic with the alternating group of permutations of 6 letters. Beside this 
‘I find only two other possibilities of compound order, both of which present 
more.serious difficulties than I have as yet been able to meet. I do not here 
prove or disprove the existence 1) of a second simple group of order 360 not 
isomorphic with the group of even permutations of 6 letters, or 2) of a simple 
group of order 432. It seems, however, a measurable advance to have restricted 
the necessity of further consideration to these two cases. 


I.— Preliminary Theorems. 


The general method here employed is identical with that of Dr. Hólder's . 
article, to which and to the works of Netto and Serret the reader is referred for . 
further particulars. It is to be especially noted that, the simple or compound 


* Math. Ann. XL, 1, p. 55. 
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character being a property of a group in itself, independent of the particular 
form in which its operations are expressed, we deal here primarily with groups 
in the abstract, only recurring when convenient to their ECCE in terms 
of substitutions of n letters. 

In the analysis of the structure of a group the theorems of Sylow * are 
indispensable : 

I_—A group the order of which is a power of a prime number is compound. 

IL—Jf p* is the highest power of a prime number p which divides the order r 
of a group G, then the subgroups of order p^ contained in G are all conjugate, and 
their number is x p + 1, where - | 

= r=p*.v.(xp+1), 
the integers v and x remaining to be determined in each particular case. 

From these Dr. Holder deduces the two following: 

IIL—4Jf the order of a group is a product of two or of three prime factors, 
including the case where any of the factors are equal, the group is compound. 

IV.—JIf the group G of Theorem II is simple, it ts holoedrically isomorphic 
with a transitive group of substitutions of xp + 1 letters. : 

It follows at once from the last Theorem that the order > of G must be a 
divisor of (xp 4-1)! ` Also, since there is only one group of substitutions of 6 
letters, the alternating group of order 360, the order of which lies between 201 
and 500, we must always have x p 4- 17» 6, except when r — 360. 

The following well known theorem t is also of great use for the present 
. cd 

Yo a transitive group we of substitutions of n letters contains a transitive 
subg? oup of lower degree, then G is either doubly transitive or non-primitive. 

-It is to be noted further that if a simple group G of an order above 120 
is non-primitive, its number of systems of non-primitivity must exceed 6. 
Otherwise it would be possiblef to construct a simple group of substitutions 
holoedrically isomorphic with G and affecting not more than 6 letters. 

Finally, a simple group G, expressed in substitutions, cannot contain any - 
odd substitution. For the even substitutions would then give a self-conjugate 
subgroup.|| 





* L. Sylow: Math. Ann., V, p. 284. 
T Cf. Netto: Theory of Substitutions, p. 95, Corollary. 
` tXbid., p. 76. i| Ibid., pp. 85 and 81. 
45 i 3 ` 
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Il.— First Reduction of the Number of Possible Orders. 


Between 201 and 500 I find the following 84 numbers which are not powers 


of a single prime or products of two or of three primes: 


*204— 2.3.17 


* 208 — 921. 13 
210— 2.3.5.7 
** 216 — 25.3 
*990-— 93.5.11 
1224— 25.7 
* 995 — 3, 5? 
* 293 —%,3.19 
#932 — 93.99 
*934— 2.837.183 
240 — 8.3.5 
* 248 — 59,81 
*950—2.5 . 
252—2,8,7 
*960— 2.5.13 
264— 99.3.11 


** 270 S28 2 
+272 = 9 17 
P2627 68 228 


280 — 95.5.7 
288 — $5.3? 


* 294 = 2.3.7? 
* 296 == 2.91 


* 997 — 38.11 

** 300 — 2.3.5? 
*304— 25.19 . 
806 == 2.8.17 


* 808 = 2.7.11 


Of these those marked * or ** are to 


*319— 2.3.13 


815 = 3°.5.7 
** 320 — 25.5 
** 394 — 23,9! 
* 398 — 2.41 
*330—2.8.5.11 
336 = 2.3.7 


* 340 == 2.5.17 
* 342 —2.3*.19 


* 344 — 2. 43 
* 348 — 2°.3.29 
* 350 == 2.52.7 
351 = 3°. 13 
* 859 — 95,11 
360 — 2.395 
*364— 2.7.13 
* 368 — 2*. 23 
* 372 == 21.8.81 
* 375 = 3.5! 
* 376 — 25.47 
*378 — 2.85.7 
380 — 2.5.19 
**984— 95.3. —— 
*390— 2.3.5.13 
1399 — 9,7 
396 — 2.37.11 
400 — 9: . 5° 
* 405 — 3. b 


* 500 — 2. 


* 408 — 28.3.17 
*414— 2.35.23 
* 416 — 25.13 
420 = 2.8.5.7 
* 494 — 95. 53 
432 == 2, 3? 
*440 — 95.5.11 
* 441 — 9,7 
*444—2,3.87 
t448 — 95. 7 
** 450 = 9, 31. 5 
* 456 — 925.3. 19 
. * 459 — 35,17 
* 460 — 93.5.23 
* 462—2.93.7.11 
* 464 — 91,29 
* 468 = 2. 33. 18 
* 479 — 925.59 
*476 — 98.7.17 
480 — 95.3.5 
* 484 — 23, 11? 
* 486 — 2.35 
* 488 — 2.61 
*490— 2.5: 7 
*499— 2.3.41 
495 — 33.5.11 
* 496 — 2,31 
D? 


be rejected, the former because for 


one or another factor p the. number xp +1 can only be 1, the latter because 
Xp + 1 is less than 7. Further, the three cases 224, 392, and 448 are excluded, 
since these orders are not divisors of corresponding numbers (xp +1)!. The 
possible simple groups are therefore included among the following 18 orders: 
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210 — 2.3.5.7 306 = 2.37.17 396 = 22.32.11 
240 — 21.3.5 315 = 3.6.7 400 = 24.5? 
259— 9.32. 336 — 91.3.7 490 = 2.3.5.7 
264 — 95.3.11 351 = 35.13 432 = 24,33 
280 — 95.5.7 360 = 23.3.5 480 — 95.3.5 
288 — 95. 3? 380 — 2.5.19 495 = 33.5.11 


IIL.— Further Reduction of the 18 Cases to 7. 
1. Of the remaining 18 orders the following 7 are at once disposed of: 
| 240, 280, 306, 351, 380, 396, 495.. - 


Thus, if r = 240 = b.v.(5x-- 1), we must take 5x +1—6 or 16. 6is 
excluded. A simple group of order 240 must therefore be isomorphic with a 
transitive group of 240 substitutions of 16 letters. The subgroup which leaves 


one of the 16 letters unchanged is then of order e 15. But a group of 


order 15 is necessarily cyclical; its operations are all powers of a single one 

| among them, s., The powers of s, the exponents of which are divisible by 8, 
form a self-conjugate subgroup of order 5. Every operation of this subgroup, 
except identity, must consist of exactly 3 cycles of five letters each. Otherwise 
the same subgroup of order 5 would occur in several of the groups which leave a 
‘single one of the 16 letters unchanged, and there would therefore be less than 16 : 
subgroups of order 5. The operation s, accordingly cannot consist of cycles of 5. 
letters with cycles of 3 letters, but must be a single cycle of 15 letters. 
Every power of s, therefore affects all the 15 letters. The group of order 240 
then contains 16.14 — 224 distinet operations of order 15, leaving only 16 
further operations. There can therefore be only one AIOE OE of order 16. 
Consequently a group of ordér 240 is compound. 

Again, if r = 280 = 7.v.(7x +1), we have 7x+1=8. There is therefore 
to be a simple transitive group of 280 substitutions of 8 letters. This requires a 
subgroup of order 35 affecting 7 letters. But a group of order 36 is cyclical, 
and such a group cannot be constructed with 7 letters. 

For r= 306 = 17.».(17x + 1) we have 17x+1—18, and a simple transi- 
tive group of 306 substitutions of 18 letters, with 18 subgroups of order 17 
affecting 17 letters. These give 18.16 — 288 operations of order 17, leaving 
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only 18 further operations, each of which must affect all the 18 letters. Among ` 
these there must be a substitution of order 2, which must then consist of 9 cycles - 
of two letters each. But such a substitution is odd. 

l For r = 351 = 18.v.(18x + 1) there must be 27 subgroups of order 13, 


.involving 27.12 = 324 distinct operations. There remain only 27 further opera- , ` 


tions, which can furnish only one group. of order 27. 

For r = 380 = 19.v.(19x + 1) we have 20 subgroups of de 19, with | 
20.18 = 360 distinct operations. Also from 380 = 5. ».(5x +1) it follows that 
there are 76 subgroups of order 5, with 76.4 further operations. But these 
cannot all be included in & group of ordér 380. 

If r= 396 = 11.».(11x + 1), there must be a Simple transitive group of- 
396 substitutions of 12 letters, containing 12 subgroups of order 33 affecting 11 
letters. But a group of order : 33 is ae and is impossible with only 
11 letters. 

Finally, if r = 496 = 11.». „(11x + 1), we have 45 subgroups of order 11, 
containing 45.10 = 450 distinct operations of order 11. But from 495 = 
5.v.(5x + 1) it appears that there are also 11 subgroups of order 5, containing 
11.4— 44 operations of order 5. These two sets of operations together with 
identity make up the entire group, leaving no opportunity for any operations of 
order 3. 

The 7 orders just Mecneed therefore afford no simple groups. 


2. Of the 11 cases remaining, the ue 4 also present. no considérable 
iiau 
210, 264, 315, 336. 


For r= 210 = 7.v.(7x+ 1) there must be 15 subgroups of order 7, con- 
taining 15.6 = 90 distinct operations of this order. Also from 210 = 3.v.(3x +1) 
we have 3x + 1= 7, 10, or 70. In the last case there would be 70.2= 140 
operations of order 3, which could not all be included in the group. Also if 
8x + 1 = 7, there must be a simple transitive group of 210 substitutions of 7 
letters. This would contain subgroups of order 30, affecting 6 letters. But a 

"group of order 30 contains a cyclical subgroup of order 16, and this cannot be 
constructed with 6 letters. Finally, if 8x + 1 — 10, the isomorphic group of 
210 substitutions of 10 letters would inélude a circular substitution of 7 letters, 
and must therefore be doubly transitive or non-primitive. Both of these possi- 
bilities are lere excluded. There is therefore no simple group of this order. 
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Again, if r= 264—11.».(11x + 1), we require a simple, transitive group 
of 264 substitutions of 12 letters. This will inclüde 12 subgroups of order 22, | 
affecting 11 letters. Such a subgroup consists of the powers of a circular substi- 

' tution of 11 letters and 11 substitutions with 5 cycles of two letters each. The 
latter substitutions being odd, there is no simple group of this order. ` 

If r= 315 = 9.v. (3x + 1), there must be a simple, transitive group of 315 
. substitutions of 7 letters. This group must contain a circular substitution of 
6 letters. But the group is neither doubly transitive nor non-primitive. 

For r = 336 = 7 .v.(Tx + 1), we must have 7x -- 1— 8. The corresponding . 
simple, transitive group of 8 letters contains subgroups of 42 substitutions of 7 
letters. Such a subgroup contains a further, self-conjugate. subgroup of order 7, 
consisting of the powers of a circular substitution of 7 letters. It contains further 
an operation of order 2. This operation cannot consist of 1 or of 3 cycles of 
two letters, since both of these cases are odd. But 2 cycles of two letters cannot 
transform the circular substitution of 7 letters into any, of its powers, as must 
here be the case. 


IV.—The Orders 252, 288, 400, 420, and 480. 


. These require a more detailed consideration, involving a somèwhat elaborate 
` determination of the possible orders of the included operations. 


1. r= 262. This case requires 36 subgroups of order 7, furnishing at once - 
36.6 — 216 of the 252 operations. The corresponding simple, transitive group 
of 36 letters contains 36 subgroups of order 7 affecting 35 letters each. : Every 
actual substitution of these subgroups must consist of 5 cycles of 7 letters each ; 
otherwise there would not be 36 distinct subgroups of this type. The remaining 
85 actual substitutions affect all the 36 letters. Every one of them must be 
regular, i. e. must consist of cycles all of which contain the same number of letters. 
Otherwise a proper power of one of them would affect less than 35 letteré, 
without being identity. 

There can be no operation of order 9 in the group. For such an | operation | 
must consist of 4 cycles of 9-letters each. An operation of order 7 could not 
transform this operation into itself or into any of its powers. Every operation 
of order 9 would therefore give rise, on being transformed by an operation of 
order 7, to 7 conjugate operations of order.9. The 1st, 9d; 4th, 5th, 7th, and 
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8th powers of these 7 operations must all be distinct. We should have there- 
fore 7.6 = 42 distinct new operations, . whereas there can be only 36. "There is 
therefore no operation of order 9, 18, or 36 in the group. 

The possible orders beside 7, which must all be divisors of 36, are (therefore | 
reduced to 12, 6, 4, 3, and 2. An operation of order 12 must consist of 3 cycles 
of 12 letters each, and one of order 4 of 9 cycles of 4 letters each. Both of these 
cases are odd. There therefore remain only the orders 2, 3, and 6. The sub- 
stitutions of thesé orders, like the hypothetical substitutions of order 9, must be 
joined in conjugate sets of 7 each. At least one subgroup of order 2 and one of = 
order 3 are present. These give rise to at least 7 operations of order 2 and . 
7.2— 14 of order 3. If any operation of order 6 is present this gives. rise to 7 
conjugate groups of this order, the first and fifth powers of whose generating 
substitutions are all distinct. ` These would furnish the/7.2 — 14 missing 
operations. | 

On the other hand, if no operation of idée 6 is oris) then no operation l 
-of order 3 can transform an operation of order 2 into itself, Fori in this case the 
product of the two operations would be of order 6. Consequently the number 
of the operations of order 2-is a multiple of 3 as well as of 7, and is therefore a 
multiple of 21. There are therefore at least 21 operations of order 2 in the 
group. These, with the 14 necessarily present operations of order 3 and Men 
make up the 36 operations to be supplied. 

In any case, then, the group contains exactly 14 operations of order 3. 
From these 14 operations at least 7 subgroups of order 9 are to be constructed: 
These groups consist of 8 commutative operations of order 3 and identity. Two 
such groups, if distinct, cannot have more than 3 operations in common. In the. 
present case they must have 3 operations in common; otherwise they would 
furnish 16 operations of order 3. If they have 3 ojeras in common they 
furnish together all the 14 possible operatious of order 3. A third group of 
order 9 must therefore have all its operations in common with these two. But 
it can have only 3 (including identity) in common with each, or 5 with both. 
Accordingly, from the 14 operations of order 3 only two (if any) groups of order 9 
can be constructed. A group of order 252 is therefore simple. 


2. r= 288.. We must have here 9 conjugate subgroups of order 82. 
There is therefore to be a simple, transitive group of 288 substitutions of 9 letters. 


Cors: Simple Groups from Order 201 to Order 500. 385 


The 9 subgroups which affect 8 letters are those of order 32. The operations of 
such a group are of orders 32, 16, 8, 4, and 2; 32 and-16 are here excluded. 
Also a circular substitution of 8 letters, being odd, is inadmissible. Every 
operation of the subgroups of order 32 therefore consists of cycles of 4 and of 2 
letters; 1 cycle of 4 letters, or 1 or 3 cycles of two letters are odd; 2 cycles of | 
2 letters cannot occur in a primitive group of degree 9; 1 cycle of 4 letters with 

1 of 2 letters is excluded, since its square would have 2 cycles of 2 letters. : 
There remain only substitutions of 2 cycles of 4 letters, or 4 cycles of 2 letters. 
Every substitution of the 9 subgroups of order 32 therefore affects all the 8 letters. 
These subgroups accordingly furnish 9.31 == 279 distinct substitutions, leaving 
only 9. The latter can form at the most one subgroup of order 9. 


3. r— 400. In this case there must be 16 conjugate subgroups of order 25, 
and therefore a simple, transitive group of 400 substitutions of 16 letters. The - 
subgroups which leave one letter unchanged are the 16 subgroups of order 25. 
These cannot be cyclical, since they affect only 15 letters. Any one of them 
therefore consists of 24 commutative substitutions of order 5 and the identical 
substitution. Suppose that & and s, are any two of the substitutions of such a 
group. Then s, transforms s, into itself, and since s, contains at the most 8 cycles, 
8, must transform every cycle of s, into itself. Consequently the cycles of s, are 
powers of cycles of s, so far as s, and a have letters in common. It follows that 
the 15 letters affected by the group divide into 3 transitive systems of 5 letters 
each, and that every substitution of the group is a combination of one, two, or 
` three circular substitutions u, v, w, of order 5, each of which affects one of the 
- three systems of transitivity. | 

No substitution of the group of order 400 can consist of a single cycle of 5 
‘letters. For the group would then be non-primitive. The only admissible dis- 
tribution of the 16 letters would be into 8 systems of 2 letters each. But 400 is 
not a divisor of 2.8! Also the substitutions of the subgroup of order 25 

cannot all consist of three cycles each. For then these subgroups would furnish . 
16.24 — 384 distinct operations, leaving only 16, from which de one subgroup 
of order 16 could be formed. 

A subgroup of order 25 therefore contains some operations with two cycles 
of 5 letters. Suppose one of these to be uv. There can then be no other 
operation u'vJ(i j) in the group, for (uv) ^* u*v? would consist of a single cycle. 
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The 6 powers of uv cannot make up the entire subgroup. We must therefore ` 
add to these some uw, or vw, or uv w^". Whatever choice is made, there is 
essentially only one result. The subgroup must contain the combinations 


i 


uv, uw, ww, 


j uot, uu, uou. 0.0 
These with their powers furnish all the 6.4 + 1= 25 operations of the sub- 


group. i 
The group of order 400 contains therefore 1.12 — 32 substitutions of order 


5 with two cycles. These divide into 8 groups. There must therefore be a 
simple, transitive group of 400 substitutions of, at the most, 8 letters. But such 
a group is impossible, since 400 is not a divisor of 8!.  . | 


4. r= 420. Here 7x + 1 must equal 15. We require therefore a simple, 
transitive group of 420 substitutions of 15 letters. A subgroup which leaves one 
letter unchanged is of order 28, and therefore contains an operation of order 7. 
This cannot be a circular substitution ; it consists then of two cycles of 7 letters 
.each. The subgroup composed.of the powers of this operation is self-conjugate 
in respect to the group of order 28. Of the remaining 21 operations of this 
group none can be of-order 14 or 28. Fora cycle of 14 letters is odd, and any 

combination of a cycle of 7 letters with one of 2 or 4 letters contains among its 
powers a single cycle of 7 letters. | ' 

All the 21 remaining operations are therefore of order 2 or order 4: One 
of order 4 is inadmissible, for an operation of order 4 cannot transform an 
operation of order 7 into any of its powers except the first. And in the latter 
case the product of the two operations would be of order 28. Also the opera- 
tions of order 2 cannot transform the operation of order 7 intó itself, for then 
we must have operations of order 14. Consequently every operation o of order 
. 9 must transform the operation 8 of order 7 into its 6” power; c cannot inter- 
change the two cycles of s, for then c must consist of 7 cycles of two letters. 
Accordingly o leaves 1 letter of each cycle of s unchanged, and interchanges the 
remaining 6 letters of each cycle in paire. As soon as the two fixed letters are 
assigned, c is fully determined. Moreover, a given letter of the one cycle cannot 
be paired as fixed letter with two different letters of the other cycle. For then 
_ the product of the two corresponding substitutions of order 2 would be different 
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from identity, but would not affect the letters of the first cycle of s, and could 
not therefore transform this cycle into its 6" power. It is therefore possible to 
construct only 7 of the 21 required substitutions of order 2. 

There is then no simple group of order. 420. 


5. r— 480. We must have here either 16 or 96 subgroups of order 5. In 
the former case the corresponding group of substitutions of 16 letters contains 
subgroups of order 30, affecting 15 letters. Each of these subgroups contains a 
sélf-conjugate subgroup of order 5. Every actual operation of the latter consists 
of 3 cycles of 5 letters each ; otherwise the group of order 480 would not contain 
16 subgroüps of order 5. A group of order 30 contains, moreover, a cyclical 
subgroup of order 15, the generating operation of which must here consist of a 
single cycle of 15 letters, since its 34 power is of order 5. The remaining sub- 
stitutions of the group of order 30 are of order 2, and each consists of 7 cycles 
of 2 letters each, and is therefore odd. Consequently a simple group of order 480 
contains 96 subgroups of order 5. These furnish 96.4 — 384 iR operations 
. of order 5, leaving 96 — 1 to be identified. . | 

The number of subgroups of order 3 cannot now exceed 48. Below this 
limit we find 3x + 1— 10, 16, or 40. The last two numbers are impossible. 
For 40 subgroups of order 3 would furnish 80 operations, leaving only 16 from 
which to form groups of order 32. And 16 groups of order 3 would require a 
simple, transitive group of 480 substitutions of 16 letters, which, we have just 
shown, does not exist. There are therefore exactly 10 subgroups of order 3. 
The corresponding group of substitutions of.10 letters contains 10 conjugate 
subgroups of order 48, affecting 9 letters.’ Hach of these contains again 1 or 3 
subgroups of order 16. We show that i actual substitution of son 8 gub- 
group affects exactly 8 letters. 

In the first place there can obviously be no operation of order 16 present. 
Also an operation of order 8 must here consist of a-single cycle of 8 letters, which, 
being odd, is also excluded.. Every operation of the groups of order 16 under 
consideration must therefore be of order 4 or order 2; 1 or 3 cycles of 2 letters, 
1 cycle of 4 letters, and one cycle of 4 with 2 of 2 are excluded, being odd; 2 
cycles of 2 letters are also excluded. There remain only 2 cycles of 4 letters, 
4 cycles of 2 letters, and 1 cycle of 4 letters with one of 2 letters. The last case 
is also excluded, since the square of such a substitution would consist of 2 cycles 


46 
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of.2 letters. Every substitution .of the groups of order 16 therefore affects 8 
letters. The 8 letters are the same for' every substitution of the same group. 
For if we multiply 4 cycles.of 2 letters into 4 cycles of 2 letters having 7 letters 
in common with the first set, it is impossible to remove one letter, without 
removing two. - | | 
Now a primitive group of substitutions of n letters contains a subgroup 
actually affecting any n — 1 letters.* If a subgroup of order 16 contained in a 
group of order 48 is transformed by a proper operation of the group affecting all 
the 9 corresponding letters, the result is a new subgroup of order 16 affecting a 
different 8 of the 9 letters. Each group of order 48 therefore contains more than 
1 subgroup of order 16, and therefore contains 3 such subgroups. Each of these 
subgroups, leaving 2 of the 10 letters unchanged, occurs in two of the groups of 
order 48. There are therefore iz 15 subgroups of order 16. The actual 
operations of these groups must all be different, since each group affects a different 
set of 8 letters. They furnish therefore 16.16 — 225 new operations, whereas 
only 75 are admissible, i | 
: There is, then, no simple group of order 480, and the possible orders of 
simple groups of compound order between 201 and 500 are reduced to 360 and — 
439... 75 
ANN ARBOR, June, 1899. 


* Nétto : p. 94, Theorem XXII. 


Extrait d'une lettre de M. d! Ocagne à M. Craig. 


. Une faute s'étant glissée dans mon Mémoire Sur certaines courbes... . 
paru en 1888 dans l'American Journal of Mathematics, je vous serais obligé de 
faire savoir à vos lecteurs qu'il y a lieu de substituer au passage qui commence à 


la page 59 (14°. ligne en remontant) par les mots: “En particulier pour 
p= 1, .” et qui finit à la page 60 (6° ligne) par ceux-ci: " ... . tangente en 
Oàla pou ”, le suivant: a 


“L’équation de la droite n est, d’après ce qui vient d'étre vu, 
(p d-9)y — (pg —1)2 — o. —0. 
Celle du cercle décrit sur OP comme diamètre est 
2 +y—ar=0. 
Multiplions la premiére de ces Equations par: æ et retranchons les l'une de 
l'autre ; il vient | 


y+ poe? — (p + g)ay = 0 
(y — px) (y — gx) = 0. 
Ainsi, la droite n passe par les points de rencontre du cercle OP avec les 
droites y — px = 0 et y — qx = 0. 
© Faisons p= 2u, q- u. Nous avons alors x équation de la courbe, en 


ou 


posant = À, 

. (y ss 2ux)° = À. 
| y — um. 

C'est l'équation générale des paraboles passant en O et coupant normale- 
ment l'axe Ox au second point où elles le rencontrent. Pour une telle parabole, 
y — 9uz = 0 est le diamètre passant au point O, y — uz = 0, la tangente en ce 
point. Comme d'ailleurs le point P est pris d'une manière quelconque sur Oz, 
on peut, dans ce cas, énoncer comme suit le théorème précédent : 

St sur une normale à une parabole, coupant cette courbe, en dehors de son pied, 
au point O, on prend un point P quelconque, la droite n, qui passe par les pieds 
des deux autres normales quon peut mener du point P à la parabole, rencontre le 
cercle décrit sur O.P comme diamètre aux points où ce cercle est coupé par la diamètre 
issu du point O et la tangente en ce point.” 


